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Outline
Chiral extrapolations and finite-range 
regularisation (FRR)

Connecting quenched and dynamical worlds

Quantitative  pion cloud

Applications in EM form factors

Extracting GMs & GEs

Comparison with latest experimental results



Nucleon Masses
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Physical point

How to extrapolate?



Chiral expansion

Chiral effective field theory provides the 
quark-mass expansion of hadron properties

EXAMPLE expansion: The geometric series

mq ∼ 0

Each term in series is Ònatural sizedÓ
Radius of convergence |x| < 1

1
1 + x

= 1− x + x2 − x3 + x4 − . . .



Nucleon mass
MN = M0

N + c2m
2
! + ! ! m3

! + . . .

m2
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σN ! 45MeVPion-nucleon sigma term:
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!
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Convergence
Radius of convergence
where one needs infinite number of terms

Use geometric series example to test 
precision for finite number of terms

mπ ! 0.54GeV

m3
!

m4
π

mπ ∼ 0.18GeV

m! ! 0.23 GeV

Demand 1% precision:



Regularisation scale dep

Similar conclusion based 
upon regularisation scale 

dependence

Leinweber, Thomas & RDY, NPA755(2005)

O(m4
! )

O(m5
π)

Renormalisation exact to 

ie. discrepancies start at



Finite-range regularisation
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Independent-of-model chiral extrapolation



Quenched/Dynamical FRR

mB = a0 + a2m2
π + a4m4

π + ! (mπ, " )
Baryon Mass

Residual series

Chiral Loops
ÒPion cloudÓ

(a) (b)
 

Renormalised expansion 
is independent of Λ

Size of Òpion cloudÓ is 
NOT



Quenched QCD vs QCD
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Quenched QCD vs QCD
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a0 a2 a4

N 1.23(1) 1.13(8) -0.35(12)

N(Q) 1.20(1) 1.10(8) -0.42(13)

D 1.40(3) 1.11(18) -0.56(25)

D(Q) 1.43(3) 0.76(21) -0.04(33)

mB = a0+a2m2
π+a4m4

π+Σ



What did that mean?

Difference between quenched and dynamical 
lattice simulations are well-described by 
different meson-clouds

Empirical observation: not QCD proof

But proven successful

Result: can take quenched lattice results to 
estimate QCD



Baryon Masses
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Lattice results:
Boinepalli et al. PLB(2005)

Using techniques just described:
RDY et al. PRD(2002)



Uncertainty

0 0.2 0.4 0.6 0.8
m Π 2 !GeV2"

0.8

1

1.2

1.4

1.6

1.8

m
B

!G
eV

"



0 0.2 0.4 0.6 0.8
mΠ2 !GeV"

1

1.5

2

2.5

3

Μ p
!Μ
N

"

Finite-volume

Magnetic Moment

0 0.2 0.4 0.6 0.8
mΠ2 !GeV"

1

1.5

2

2.5

3

Μ p
!Μ N"

Quenched

0 0.2 0.4 0.6 0.8
m Π2 !GeV"1

1.5

2

2.5

3

Μ p
!Μ N" QCD

RDY et al. PRD(2005)

2)

Investigate applying technique to magnetic moment

SUCCESS



Strangeness

Apply techniques to strange form factors...



The Approach

p=
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3
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! +=
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Lattice QCD

Assume charge symmetry



Constraint on GMs

Gs
M > 0

Gs
M < 0

Gs
M =

(
lRs

d

1− lRs
d

)[
2p+ n− up

u! (! + − ! −)
]

Gs
M =

(
lRs

d

1− lRs
d

)[
p+ 2n− un

u" (" 0− " −)
]



Chiral Loops

! !

B!

π,K

Quenched artefact
Different contributions in 
Quenched QCD and QCD



u-quark in proton

Leinweber, RDY et al. PRL(2005)



u-quark in Sigma



Final Result
up

u! = 1.092± 0.030

un

u! = 1.254± 0.124

Gs
M = ! 0.046± 0.022µN



Octet Magnetic Moments

Leinweber, RDY et al. PRL(2005)



Strange Electric Radius

! −
Charge radii of hyperons not well known

−0.61±0.12±0.09fm2

Obtain best estimates for valence contributions

!s=

!
!Rs

d

1−! Rs
d

"

[2p+ n−up]

!s=

(
!Rs

d

1! ! Rs
d

)
[p+2n! dp]



u-quark in proton

Leinweber, RDY et al. PRL(2006)



Valence charge radii
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Hyperon Charge Radii
Predictions!!

Wang, Leinweber, Thomas, RDY... soon!



Experimental Status
World PVES data

Q2 = 0.1GeV2

CERN Courier(2005)

Analysis relies upon 
theoretical bounds on 
anapole contribution,
Zhu et al. PRD(2000)



G0 Experiment
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Global Analysis

All data for

Extract axial ff (anapole moment)

Q2 < 0.3GeV2
RDY et al. PRL(2006)

Gs
E= ! sQ2+ ! !

sQ
4+ . . .

Gs
M= µs+ µ!

sQ
2+ . . .

G̃N
A = g̃N

A(1+ Q2/Λ2)−2



GMsÐGEs

RDY et al. PRL(2006)
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New HAPPEX
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SAMPLE, PVA4, HAPPEX, G0

Leinweber, RDY et al., 
PRL(2005,2006)

new precision
HAPPEX PRL98,032301(2007)



GMs Form Factor
Numerical lattice calculation actually @ Q2 = 0.23GeV2
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Magnetic Valence
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Wang, Leinweber, Thomas, RDY... soon!

Up

Down

Preliminary



GMs Form Factor
Numerical lattice calculation actually @ Q2 = 0.23GeV2

! s=

!
!Rs
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"

[2p+ n−up]

!s=

(
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)
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Gs
M (0.23) = ! 0.08± 0.11

Gs
M (0.23) = ! 0.034 ± 0.018

Wang, Leinweber, Thomas, RDY... soon!

Preliminary



Remarks

FRR offers robust chiral extrapolation

Also can estimate truncation error

Excellent phenomenological description of sea 
quark effects in lattice simulations

Predictions for strange FFs supported

Exciting times for nonperturbative QCD 
confronting experiment
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Disconnected loops

u,d,s

=
2
3

lGu
M !

1
3

lGd
M !

1
3

lGs
MON =

lGu
M = lGd

M

mu = mdQCD equality for

“l” loop contribution

ON= !
1
3

(lGd
M + lGs

M
)

=
lGs

M
3

(
1! lRsd
lRsd

)

lRs
d = lGs

M/ lGd
M = 0.139±0.042 chiral phenomenology



Nucleon mass
O(p2) : M0+ c2m2

π

O(p3) :
∼ gA

fπ

Nucleon axial charge

Pion decay constant

Do some spin algegra, isospin sum, heavy-nucleon limit, and temporal 
and angular integration:

= !
3g2

A

16π2 f 2
π

! ∞

0
dk

k4

k2+ m2
π



Simple Renormalisation
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+
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Renormalised expansion

Mren
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Nonanalytic term: model-independent

Absorb inÞnities into 
redeÞnition of expansion 

constants
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Finite-Range Regularisation
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