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Jim Gates (Physics Today, June 2006) describes the
CFT corresponderia® unexpected link between gal
theories like QCD and gravitational theoriesO that

be used to carry out high-precision calculations in ¢
theories.O



Connection of AdS to QCD

¥ Whatis it?
Relation---precise
enough to do Dmensiond
calculations--- Spacetime

between

¥ gravitational theories
In a curved 5D space,
AdS space and

¥ conformal Peld
theories in Rat 4D Fa Spacetime
space.

picture borrowed from Stan Brodsk



AdS

One start: AdS is 5D hyperboloid embedded in 6D space,

2 2 2 2 2 2 — 12 (—
1oy yal V3! YsihYe= L Gz Y

ordinary dimensions extra dim.

with metric
ds® = dt® — dy — dy5 — dy5 — dyz + dyg
¥ Has constant negative curvature
¥ Invariant under SO(4,2) transformations
[ language: Lorentz transformations a{&1pO
¥ Usually change variablessothat (0<z<!)
e iieias dx,dx ! dz* = L a1 a1 d2

72 72
4



CFT in 4D (soon QCD)

Usual symmetries: translation and Lorentz invariance

X! x;l = xy + ay

xy ! xL =1 Jx
also dilations

Xy x; =alinE

Commute generators:
get 4 new operators called special conformal transformati

commutation relations then close
15 generators

OConformal groupO
algebra same as SO(4,2)
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CFT (soon QCD)

Problem: Conformal theory has continuum of masses,
Or Zzero mass

I not QCD

but maybe QCD approximately conformal

and/or

break conformal invariance in AdS by
(e.g.) restricting the range of z: 0 <z <z



s’do/dt (10°GeV' nbiGeV?)

Nearly conformal QCD?

PQCD suggests

* Fujilet al (1977) - d! 6
ujireta - " | + — n
1: élr}‘gf?‘rastc;rlmatggls1976) S —dt ( p: # n) const $S(t)

© Fischer et al (1972)
v Data taken Before 1970

- MAID (2000 from diagrams like

T
i running of snot seen here;

1 15 2 25 3 35 4 sdoes notrun in conformal th



Set-up summary

Have a 4-D nearly conformal peld theory (QCI
some limit)

Have a 5-D gravity theory on a cutoff AdS spac

5-D coordinates are Xx_mu and z, and AdS metr

2 ! !
ds” = R—2 dx dx! —dz® = —; dt® — dx* — dz°
Z

The 5-D theory at z=0 boundary maps onto the
theory



Correspondence

* 4D generating function
_ T e
Zip[' 1= exp iSyp+i d*x O(x)! (x)

* Calculate expectation values

* Correspondence
Z4D [(PO] = eiS5D [chl}

5D action evaluated for classical solutions
with boundary condition

limz o! g(x,2) = 221 9(x)

(in simple cases " = 0)
9



Dictionary

specibc 4D operator -- 5D Peld correspondenc

i85y irajnn lananlin foey
7Rz id7RE-muGuT 3 JH R Inma Ael it s (5079)
g2t = i (x) 1AM, 7)
Tyu(x) ! hux(x, z)

(the last being

1!

gu! (X,Z) = ? 1 ! + h}.l! (X,Z)" )
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Some references for this talk

AdS/CFT now extensive bPeld---apologies for all omitted references
Original 1997 Maldacena paper has 5286 citations

Calculations of form factors: OfancyO
Start from string theory, develop QCD analogs Sakal & Sugimoto

on lower dimensional branes

OBottom-upO
Start with 5D Lagrangian modeled on sigma models, Erlich et al.
directly involving desired rho, pi, al, ... Peldsand Da Rold & Pomarol

connect to matching QCD structures

N . Brodsky & de Teramond
EM form factors in Obottom-upO approach Radyushkin & Grigoryan
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Action

[H-H i 1 '
@x g R+ 12+ T [DX]*+ 3IX|°" =5 (Ff + Fy)

85
Lots of debnitions:

* R =scalar curvature

* y =12 cosmological constant (gives AdS witf
constant negative curvature)

FUR = IMANE —INAMS —i[AMS, AN

An(X,2) = A§ (X, 2)t° (t2are n X n matrices)

X(x,z) = %v(z)lexp(Zit“! 7 DMx = aMXx 1 iAMX + iXAY
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Two-point function for vector bPe

Dy = /d5X - —FV}
95
' 1
Action HoHn = dtx , dz g g<tgMN va va
95 !
LlO

gEdet OMN = ﬁ; V|?|\/| :aKVﬁ _anlg

1 i :

a "\sa 1T
EOM Z!Z E!zvy(X,Z) | !"! V‘u(X,Z) i —O
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Two-point function for vector Peld:

Switch to momentum space for x (derivative -> iq)

|
20, E@Vﬁ(q,z) S Rvaeinrsee sl

¥ dis 4D momentum squared
¥ Egn. same for all p

ProPle function V(q,z) Vi ,(9,2z) =V (q, Z)V%?(q)

BC V(g,e) = 1; 9:V(g,20) = C

OAnyone can seeO solutions are Besse&lX€03. & z Y1(q2)

14



Two-point function for vector Pelds

w/ BC V(g,z) = gzq (1;(?((3223)) J1(gz) — Yl(qz)>

BTW, make Eqn. Sturm-Liouville

1
Zly EIZ n(z) + m "n(2)= 0
using BC L, (") = 0 & #! ,(zg) = C
solutions are Pn(z) = const! z J(m,2)

but only exist for my, s.t. Jo(muzg) = 0

15



Two-point function for vector Peld:

TEabLiz
Expand V(g,z) = gsz 21,/) fng

Put solutions in action; only get surface term:

SpEEs / 5 )4v0“(q>v0u(q) (—az\z/ég))
AdS/CFT

10 T ™ (x)]” (y) |0" = #i-

16



Two-point function for vector Pelds

F2 »ab
N —mi i

Poles in 4B ¢masses) bxed by eOvalues of 5D equation

Gt Ou

':d4éqX07 )0} = |
| x €9 (0| 7 J}(x) J(0) |0) D

Alternative: insert complete set, with

< 0| F(0)on(p) >= Fnd®eu(p)

Get same result, 1.e., same F

1
BTW, using rho mass smJzo) =0 -> = | ocp ~ 0.31 Ge\
0

17



Three point functions: form fact

¥ EM FF debPned from matrix elements of an EM current,
(13(p2," 2)|F(O)! B(P1," 1) )
¥ or gravitational FF using the stress [energy-momentum]

A2(pa," ) PHO) 1 B (pr" )

¥ illustrate with latter

18



Three point functions: form factors

Start with (0|7 (Ja' (x)T* (y) ] (w)) |O)

e cBp  w o HE LT
Insert complete sum (twick) (27073210 palpiEred P

n

Isolate PR (P2, A2) TH(0) on(P1, A1)
| $  %g 0
= _lim _g,(p2,A2)ep(pr, A1) pi# m;y  py# m;

p7,p5! m3
)

[ RAL. AR 1
$ = 0T H(p)T"(0) 3P (p1)

IIO
=

19



Three point functions: form factors

AdS/CFT Tw(x) ! huw(x 2)

10 5
for Ou (X, 2) = = "w * hy (X, 2)

Need development of p&a& boundary termproble function,

Py (9,2) = Hpy (9)H(q,2)

more AdS/CFT

—2$°Ssp
$VP(x)$hR- (y)$V.2(w)

(O|T I (x) P* (y) F(w)|0) =

20



Proceed, express results using form factors

0a(P2,A2) TH(0) ‘pp(P1, A1) = enyeap

$
" # 2A() " PpHp”

*% &
# 4 AP+ B d*Pp) + 4more



Three point functions: form factors

Obtain A(g°)

|
L
O
L
<
S
S
<
S
S

| halready known,

1 szz- K1(Qz)

H(Q,z) = 5 1(0Z0) 1,(Qz) + Ky(Q2z)
Al!qz..
018\
0.6
04
0.2

2|A 2II
51015 20Q HoRCD
22



Three point functions: form factors

Gravitational radius

’ | A # 24
iR B Ed REER TR R T JRRRRER 3—2 = 0.21 tm’

grav ; Q2= m

¥ Note can do same for EM form factors
’ oG- #

2 BE CH mEl 2
r =16 —= = 0.53 fm
C BQZ #QZZO

¥ Energy in rho constituents more concentrated than chare

23



AdS form factors: asymtotic limits

More commentary on EM form factors

¥" three EM form factors for spin-1 particles & @

¥ Old high ®QCD result G¢ = ( Q*/6m3)Go
satisPed by AdS/CFT rho meson results

¥ Further Brodsky-Hiller results following if corrections to
dominant PQCD are neglected,

HeEERE e
GCZGM:GQ: 1—m 2 —1

exactly satisbped by AdS/CFT results

24



AdS form factors: why gravitational

Related to integrals of generalized parton distributions (sp

:1 t
dx Hi(x,!,t) = A(t)! 1%2C(t) +
!1XX 1(x,1,t) (1) (1) 2

: xdx Hp(x,!,t) = 2(A(t)+ B(t))

el

D(t)

Relations between the stress tensor and the
momentum and angular momentum operators lead to

A(0) = 1
AQ)+ B(O) = (%) = 1

Quark [3avor specibc version of latter exploited by X. Jiin h
Okiller applicationO for the GPDs.
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The axial sector: pions and axial ir

restart
i=eanan faan 't 2 SRMERES mEmERC mamna s
Sep = et o R [ X T 31X T F(FL+ Ff)
85

with  X(x,z) = %v(z)]lexp(Zita! A= %(AL! AR)

To 290rder in axial belds,

’ ! v(Z2)? - |
1
4g2 gKLgMN FEN

d = ad a
Fem = kA ! T Ak

26



The axial sector: pions and axial me

it oF g2V?
1 2y?
az (Eaz(Pa) I giz3—‘ (TCa— (Pa) — 1
22
P+ B9t = 0

inmn g SREBEE ; i
( Split A into transverse and longitudinalffart Afty

For looking at two point functioaszgn? -> 0 (chiral limit) in
last equation, and

dz (%azzpa(q,z)>! g5v* ——9%(0q,2) =

27



The axial sector: pions and axial me

Choice A=
Proble function 7 SEo L A fhu i)
e P24 racl ans
o= T3 3 JeEEE Ry
Gt R ] o U e

28



The axial sector: pions and axial me

Study two-point functions to Pnd masses and decay const.

Along way, debne

0TauO () = fip"™
| (2)
Learn ff = ——= 2( )=
952 7=
Usef =924 MeV to bx .
: AdS/CFT data
o
f Ma1 1376 MeV | 1230 MeV
(Faa)12 493 MeV | 433 MeV

29




The axial sector: pions and axial me

Get gravitational form factors

(p2) [TH(0)|°(p1) =
H 1 $ WA
6% 2A(QY) PP + SCr(Q%) ! e

from three point function as before:

¥ bnd part ofdinear in o and quadratic in axial belds

¥ do functional derivative to bnd three-point function

M elc!

30



The axlial sector: pions and axial me

(" ¥(2)? , v(z)2T<z)2>

géf!zz 1:!223

Find A (Q?) = /dzH(Q,z) (

Gravitational Form Factors

Ao e

<r.2> = 0.13(fm)2 = ( 0.36 fm)?
grav

T (05 tm) 2 A S CET
C (067 fm)a T dats

0.2 ¢

' 0 | 20 _ _ _
| 7 Q2<A1QCD2) 3 ¥ Agalin, energy In constituents mo
spatially concentrated than charge
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Summary/Conclusions

Connection between 5D theories with gravitational inter
and 4D conformal or QCD-like theories.

Did the less-fancy Obottom upO approach.

Calculate two-point functions---propagators with
Interactions---to obtain masses and decay constants.

Obtained form factors from three-point (vertex) functions
Results for both electromagnetic and gravitational form |

Particles appear smaller viewed gravitationally than
electromagnetically. Energy is more concentrated than «
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Needs

* Extension to baryon states.

* Flavor decomposition.

The end
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