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Jim Gates (Physics Today, June 2006) describes the AdS/
CFT correspondence: Òan unexpected link between gauge 
theories like QCD and gravitational theoriesÓ that Òmay 
be used to carry out high-precision calculations in gauge 
theories.Ó



Connection of AdS to QCD

picture borrowed from Stan Brodsky

¥  What is it?

3

Relation---precise 
enough to do 
calculations---
between 

¥ gravitational theories 
in a curved 5D space, 
AdS space and

¥ conformal Þeld 
theories in ßat 4D 
space.



AdS
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One start:  AdS is 5D hyperboloid embedded in 6D space,

extra dim.ordinary dimensions

with metric

t2 ! y2
1 ! y2

2 ! y2
3! "# $

! y2
5 + y2

6! "# $
= L2 (= 1)

¥  Invariant under SO(4,2) transformations
   [ language: Lorentz transformations are SO(3,1) ]

¥  Has constant negative curvature

¥  Usually change variables so that  ( 0 < z < ! )

ds2 =
L2

z2

!
dxµdxµ ! dz2

"
=

L2

z2

!
dt2 ! d!x2 ! dz2

"

ds2 = dt2− dy2
1− dy2

2− dy2
3− dy2

5 + dy2
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CFT in 4D (soon QCD)
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Usual symmetries:  translation and Lorentz invariance

also dilations

Commute generators:  
get 4 new operators called special conformal transformations
commutation relations then close
15 generators

ÒConformal groupÓ 

algebra same as SO(4,2)

xµ ! x"
µ = xµ + aµ

xµ ! x"
µ = ! ν

µ xν

xµ → x′µ = ! xµ



CFT (soon QCD)
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Problem:  Conformal theory has continuum of masses, 
                or zero mass

!   not QCD

but maybe QCD approximately conformal

and/or

break conformal invariance in AdS by 
(e.g.) restricting the range of z:  0 < z < z0



Nearly conformal QCD?
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PQCD suggests 

s7 d!
dt

(" p ! # + n) = const" $6
s(t)

from diagrams like

 running of �� s not seen here;

�� s does not run in conformal thy.
!

s (GeV)



Set-up summary
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Have a 4-D nearly conformal Þeld theory (QCD, in 
some limit)

Have a 5-D gravity theory on a cutoff AdS space.

5-D coordinates are x_mu and z, and AdS metric is

The 5-D theory at z=0 boundary maps onto the 4-D 
theory

ds2 =
R2

z2

!
dxµdxµ − dz2

"
=

R2

z2

!
dt2− d!x2− dz2

"



Correspondence
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Z4D[! 0] =
!

exp
"

iS4D + i
#

d4x O(x)! 0(x)
$%4D generating function

Correspondence

5D action evaluated for classical solutions 
with boundary condition

(in simple cases " = 0)

Calculate expectation values

lim z! 0 ! cl(x, z) = z∆! 0(x)

Z4D[φ0] = eiS5D [φcl ]

!O(x) . . . " = # i
δZ4D

δφ0(x) . . .
= # i

δ (iS5D)
δφ0(x) . . .



Dictionary
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(the last being

gµ! (x, z) =
1
z2

!
" µ! + hµ! (x, z)

"
)

speciÞc 4D operator -- 5D Þeld correspondences
!

O(x) ! ! (x, z)
"

q̄" µtaq = Jaµ(x) ! Vaµ(x, z)

q̄" µ" 5taq = Ja
5

µ(x) ! Aaµ(x, z)
Tµ#(x) ! hµ#(x, z)



Some references for this talk
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AdS/CFT now extensive Þeld---apologies for all omitted references
Original 1997 Maldacena paper has 5286 citations

Calculations of form factors:  ÒfancyÓ
Start from string theory, develop QCD analogs 
on lower dimensional branes

Sakai & Sugimoto

ÒBottom-upÓ
Start with 5D Lagrangian modeled on sigma models,
directly involving desired rho, pi, a1, ...  Þelds and 
connect to matching QCD structures

Erlich et al.
Da Rold & Pomarol

EM form factors in Òbottom-upÓ approach Brodsky & de Teramond
Radyushkin & Grigoryan

Gravitational form factors in bottom-up approach Zainul Abidin & me



Action
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The whole 5D action, w/gravity, 5D gauge Þelds, and pseudoscalars:

Lots of deÞnitions:
R = scalar curvature

�ý =12 cosmological constant (gives AdS with 

constant negative curvature)
FMN

L,R = ! M AN
L,R− ! N AM

L,R− i [AM
L,R, AN

L,R]

AM (x, z) = Aa
M (x, z)ta (ta are n x n matrices)

DM X = ∂M X ! iA M
L X + iXA M

R

S5D =
!

d5x
!

g
"

R + 12+ Tr
#
|DX|2 + 3|X|2 "

1
4g2

5
(F2

L + F2
R)

$%

X(x, z) =
1
2

v(z)1exp(2ita! a) ;



Two-point function for vector Þelds
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g ≡ det gMN =
L10

z10 ; V a
KM = ∂KV a

M − ∂M V a
K

Action

EoM

SV =
∫

d5x
!

g Tr{ "
1

2g2
5

F2
V }

= "
1

4g2
5

∫
d4x

∫ z0

!
dz

!
g gKLgMN V a

KM V a
LN

!
z ! z

" 1
z

! zV a
µ (x, z)

#
! ! " ! " V a

µ (x, z)
$

"
= 0



Two-point function for vector Þelds
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Switch to momentum space for x (derivative -> iq)

¥  q2 is 4D momentum squared
¥  Eqn. same for all µ 

V! µ(q, z) = V (q, z)V0
µ (q)ProÞle function V(q,z)

V(q, ε) = 1 ; ∂zV(q, z0) = 0BC

ÒAnyone can seeÓ solutions are Bessel fcns.,z J1(qz) & z Y1(qz)

!
z ∂z

!
1
z

∂zV a
µ (q, z)

"
+ q2V a

µ (q, z)
"

!
= 0



Two-point function for vector Þelds

15

V(q, z) =
π

2
zq

(
Y0(qz0)
J0(qz0)

J1(qz)−Y1(qz)
)

w/ BC

z ! z

!
1
z

! z" n(z)
"

+ m2
n " n(z) = 0

BTW, make Eqn. Sturm-Liouville

using BC ! n(" ) = 0 & #z! n(z0) = 0

solutions are ψn(z) = const. ! z J1(mnz)

but only exist for mn s.t. J0(mnz0) = 0



Two-point function for vector Þelds
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V(q, z) = ! g5 ∑
n

Fnψn(z)
q2 ! m2

n
Expand

Put solutions in action;  only get surface term:

SV =
∫ d4q

(2π)4 V0µ
(q)V0

µ(q)

(
−∂zV(q, z)

2g2
5z

)

z= ε

AdS/CFT

!0| T Jaµ(x)Jb! (y) |0" = # i
"2SV

"Va0
µ (x)"Vb0

! (y)



Two-point function for vector Þelds
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i
!

d4x eiqx 〈0| T Ja
µ(x)Jb

! (0) |0〉 = !
n

F2
n " ab

q2 − m2
n + i#

"
$µ! −

qµq!

q2

#
!

Poles in 4D q2 (masses) Þxed by eÕvalues of 5D equation

Alternative: insert complete set, with

< 0|Ja
µ(0)|ρb

n(p) >= Fnδabεµ(p)

Get same result, i.e., same Fn .

BTW, using rho mass  ->   J0(m�� z0) = 0  -> 
1
z0
≡ ! QCD ≈ 0.31 GeV



Three point functions: form factors
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¥  EM FF deÞned from matrix elements of an EM current,

!
! a

n( p2, " 2)
"
" öTµ#(0)

"
"! b

n( p1, " 1)
#

〈
! a

n(p2, " 2)
∣∣Jµ(0)

∣∣! b
n(p1, " 1)

〉

¥  or gravitational FF using the stress [energy-momentum] tensor

¥  illustrate with latter



Three point functions: form factors
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〈
0
∣∣T

(
Ja

! (x)Tµ" (y) Jb
#(w)

)∣∣0
〉

Start with

!
n

! d3p
(2π)32p0

"
"ρa

n(p)
#$

ρa
n(p)

"
" = 1Insert complete sum (twice)

Isolate
!

ρa
n(p2, λ2)

"
"T̂µν(0)

"
"ρb

n(p1, λ1)
#

= lim
p2

1,p2
2! m2

n

ε"
α( p2, λ2)εβ( p1, λ1)

$
p2

1 # m2
n

% $
p2

2 # m2
n

%

$
1
F2

n

&
0
"
"T

'
Ja

α( p2)T̂µν(0) Jb
β( p1)

( "
"0

)



Three point functions: form factors
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AdS/CFT Tµν(x) ! hµν(x, z)

gµ! (x, z) =
1
z2

!
" µ! + hµ! (x, z)

"
for

Need development of 5D hµ�� as boundary term × proÞle function,

hµ! (q, z) = h0
µ! (q)H(q, z)

more AdS/CFT

〈
0
∣∣T J! (x) öTµ" (y) J#(w)

∣∣0
〉

=
−2$3S5D

$V0
! (x)$h0

µ" (y)$V0
# (w)



Three point functions: form factors
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Only need relevant part of S5D

S5D
→= − 1

4g2
5

!
d5x
√

g glmgpnVa
mnVa

lp

→=
1

2g2
5

! d5x
z

"
! "# ! $%h#%

#
−V$zV" z + ! &' V$&V"'

$
%

!
ρa

n(p2, λ2)
"
"Tµν(0)

"
"ρb

n(p1, λ1)
#

= ε!
2αε1β

"
$

# 2A(q2)ηαβ pµ pν

# 4
%
A(q2) + B(q2)

&
q[αηβ](µ pν) + 4 more

'

Proceed, express results using form factors



Three point functions: form factors
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A(q2) =
! z0

0

dz
z

H (Q, z)ψn(z)ψn(z)

B(q2) = 0

. . .

Obtain

�! n already known,

5 10 15 20
Q2 !!QCD

2"

0.2

0.4

0.6

0.8

1
A!q2"

H (Q, z) =
1
2

Q2z2
!

K1(Qz0)
I1(Qz0)

I2(Qz) + K2(Qz)
"



Three point functions: form factors
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!
r2

"

grav
= ! 6

! A
! Q2

#
#
#
#
Q2= 0

=
3.24
m2

"
= 0.21 fm2

Gravitational radius

!
r2

"

C
= ! 6

∂GC

∂Q2

#
#
#
#
Q2=0

= 0.53 fm2

¥  Note can do same for EM form factors

¥ Energy in rho constituents more concentrated than charge



AdS form factors: asymtotic limits
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More commentary on EM form factors

¥  "  three EM form factors for spin-1 particles, GC, GM, & GQ

¥  Old high Q2 PQCD result GC = ( Q2/6m2
n)GQ

satisÞed by AdS/CFT rho meson results

¥ Further Brodsky-Hiller results following if corrections to 
dominant PQCD are neglected,

GC : GM : GQ =
!
1− Q2

6M2
"

: 2 : −1

exactly satisÞed by AdS/CFT results



AdS form factors: why gravitational?
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Related to integrals of generalized parton distributions (spin-1)
! 1

! 1
xdx H1(x, ! , t) = A(t) ! ! 2C(t) +

t
6m2

n
D(t)

! 1

! 1
xdx H2(x, ! , t) = 2 (A(t) + B(t))

Relations between the stress tensor and the 
momentum and angular momentum operators lead to

A(0) = 1

A(0) + B(0) = ( Jz)max = 1

Quark ßavor speciÞc version of latter exploited by X. Ji in his 
Òkiller applicationÓ for the GPDs.



The axial sector: pions and axial mesons
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restart

S5D =
!

d5x
!

g
"

R + 12+ Tr
#
|DX|2 + 3|X|2 "

1
4g2

5
(F2

L + F2
R)

$%

with

To 2nd order in axial Þelds,

S(A)
5D =

!
d5x

!
g

"
v(z)2

2
gMN (! M " a " Aa

M )( ! N " a " Aa
N )

"
1

4g2
5

gKLgMN Fa
KM Fa

LN

#

Fa
KM = ! K Aa

M ! ! M Aa
K

X(x, z) =
1
2

v(z)1 exp(2it a! a) ; A =
1
2

(AL ! AR)



The axial sector: pions and axial mesons
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∂z

(
1
z

∂zAa
ν⊥

)
+

q2

z
Aa

ν⊥ −
g2

5v2

z3 Aa
ν⊥ = 0

∂z

(
1
z

∂zφa
)

+
g2

5v2

z3 (πa− φa) = 0

−q2∂zφa +
g2

5v2

z2 ∂zπa = 0

EoM

( Split A into transverse and longitudinal part                                  )Aa
µ = Aa

µ⊥ + ! µ" a

For looking at two point functions, q2 -> m#2 -> 0 (chiral limit) in 
last equation, and

∂z

(
1
z

∂zψa(q, z)
)

!
g2

5v2

z3 ψa(q, z) = 0



The axial sector: pions and axial mesons
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Choice  v(z) = ! z3

ProÞle function ! a(q, z) = ! 0a(q)Ψ(z)

Get Ψ(z) = zΓ[2/3 ]
! !

2

" 1
3

#

I! 1
3
(! z3) ! I 1

3
(! z3)

I 2
3
(! z3

0)

I! 2
3
(! z3

0)

$

!
for ! = g5" /3

"



The axial sector: pions and axial mesons
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Study two-point functions to Þnd masses and decay constants

Along way, deÞne
!

0
"
"
"Ja

A,µ(0)!

"
"
"! b( p)

#
= f! pµ" ab

Learn f 2
! = − " z! (z)

g2
5 z

!
!
!
!
z=#

Use f# = 92.4 MeV to Þx �� .

Find
AdS/CFT data

ma1 1376 MeV 1230 MeV

(Fa1)1/2 493 MeV 433 MeV



The axial sector: pions and axial mesons
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Get gravitational form factors 
!

πa(p2)|Tµν(0)|πb(p1)
"

=

δab
#
2Aπ(Q2)pµ pν +

1
2

Cπ(Q2)
$

q2ηµν ! qµqν
%&

from three point function as before:

¥  Þnd part of S5D linear in hµ��  and quadratic in axial Þelds

¥  do functional derivative to Þnd three-point function

¥  etc.



The axial sector: pions and axial mesons
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Find A! (Q2) =
∫

dzH(Q, z)

(
(" zΨ(z)) 2

g2
5 f 2

! z
+

v(z)2Ψ(z)2

f 2
! z3

)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  5  10  15  20

Aa1
,Aπ

Q2(ΛQCD
2)

Gravitational Form Factors

#

a1

〈
r2
!

〉

grav
= 0.13(fm)2 = ( 0.36 fm)2

radii

Cf.
!

r2
π

"

C
=

#
(0.57 fm)2 AdS/CFT
(0.67 fm)2 data

¥ Again, energy in constituents more 
spatially concentrated than charge



Summary/Conclusions
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Connection between 5D theories with gravitational interactions 
and 4D conformal or QCD-like theories.

Did the less-fancy Òbottom upÓ approach.

Calculate two-point functions---propagators with 
interactions---to obtain masses and decay constants.

Obtained form factors from three-point (vertex) functions  
Results for both electromagnetic and gravitational form factors.

Particles appear smaller viewed gravitationally than 
electromagnetically.  Energy is more concentrated than charge.



Needs

Extension to baryon states.

Flavor decomposition.
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The end


