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Generalities of �N intera
tion

The pion-nu
leon amplitude 
an be presented asT�N = �u0[A(�; t) + 12
�(q + q0)�B(�; t)℄uwhere � = s� u4m = ! + t4m:

C(�; t) = A(�; t) + �(1� t=4m2)B(�; t)Opti
al theorem: ImC(!; t = 0) = k lab �Isospin: C� = 12(C��p � C�+p)



Karlsruhe-Helsinki Trento 1.6.2009Basi
 prin
iples:Analyti
ity, unitarity and 
rossing.Fixed-t dispersion relations 
an be proven from �rst prin
iples for4�2 > t > �18�2 ' �0:35 GeV2.Isospin is an approximate symmetry: violated by the ele
tromagneti
intera
tion and mu 6= md.Constraints from �xed-t analyti
ity and isospin invarian
e are strongenough to resolve the ambiguities of phase-shift analysis.
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The Karlsruhe analysis

G. H�ohler, Landolt-B�ornstein, Vol. 9 b2, ed. H. S
hopper (Springer,Berlin, 1983).Analysis in 3 stages� �xed-t analysis� �xed 
entre-of-mass angle analysis� phase-shift analysiswhi
h are performed iteratively until the amplitudes agree to about 3%; solutions KH78 and KH80.



Karlsruhe-Helsinki Trento 1.6.2009For the �xed-t and the �xed-�CM analyses the Karlsruhe group usesthe expansion te
hniques.Pietarinen's expansion for the amplitudes at �xed-t:

C+(�; t) = C+N (�; t) +H(Z; t) NXn=0 
+nZn;where H is adjusted to the asymptoti
 behaviour of the amplitudeand Z(�2; t) = ��p�2th � �2�+p�2th � �2 ;where � = 0:72 GeV and �th = �+ t4m .
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al region on the upper semi
ir
le of the unit
ir
le
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The 
oeÆ
ients 
+n in the expansion 
an be determined by minimizing�2 = �2DATA + �2PW + �2T (4 terms);where �2DATA and �2PW refer to the 
ontributions from data and theexisting partial wave solution respe
tively. The 
onvergen
e andsmoothing is taken 
are by a 
onvergen
e test fun
tion

�2T = � NXn=0(
+n )2(n+ 1)3;

whi
h is added to the �2 expression with similar terms for the C�and B� amplitudes.
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The 
oeÆ
ients 
n are expe
ted to go as n�3 for large n and for theC+-amplitude we obtain:
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Karlsruhe-Helsinki Trento 1.6.2009For the expansion te
hniques for the �xed 
entre-of-mass angleanalysis, see e.g. G. H�ohler et al., Handbook of Pion-Nu
leonS
attering (1979).The KH78 analysis 
overs the range klab = 0. - 10. GeV/
 and theKH80 analysis the range klab = 0. - 0.5 GeV/
.Partial wave dispersion relations (PWDR) have been 
he
kedseparately (Hutt and Ko
h) as well as partial wave relations (Ko
h).Agreement has been found satisfa
tory.For the details of the KA84 solution, see R. Ko
h, Z. Phys. C29(1985) 597.
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For the forward dire
tion, t = 0, with N=40 we have:
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A note of the CMU-LBL analysis

The CMU-LBL analysis,R. Cutkosky et al., Phys. Rev. D20 (1979) 2782, 2804, 2839 and theBaryon'80 Pro
eedings,fo
used on the determination of the parameters of the nu
leonresonan
es and 
onsidered the momentum range klab = 0.429 - 2.5GeV/
 at 43 di�erent momenta (partial wave amplitudes 
an befound e.g. in H�ohler's book).



Karlsruhe-Helsinki Trento 1.6.2009The analysis was performed in 3 main steps:� data amalgamation,� energy-independent partial wave analysis in
orporatingiteratively 
onstru
ted dispersion relation 
onstraints,� parametrization of the partial wave energy dependen
e toidentify resonan
es and extra
t their properties.

The data amalgamation involves 
ombining and interpolatingexperimental data to �xed angular bins at predetermined momenta.Parti
ular attention was paid to the error analysis and the full
ovarian
e matrix was 
al
ulated.



Karlsruhe-Helsinki Trento 1.6.2009For the partial wave analysis the real and imaginary parts of ea
hinvariant amplitude was separately written in the formF (x) = B(x) +R(x)P (z(x)); where x = 
os �:The \Born term" B(x) involves the �, f , N and � ex
hanges in theRegge model. The variable z(x) is 
onstru
ted in a way whi
ha

elerates the 
onvergen
e of the polynomial P (z). In the physi
alregion it 
onverges more rapidly than the usual partial waveexpansion.The �xed modulating fa
tor R(x) takes 
are of the appropriates-
hannel Regge behaviour.



Karlsruhe-Helsinki Trento 1.6.2009The 
oeÆ
ients of the polynomial are the adjustable parameters inthe �2 �t, whi
h involves, in addition to the normal �2 
ontributionof the amalgamated data, a trun
ation fun
tion and terms related tothe unitarity and hyperboli
 dispersion relation 
onstraints.In addition to the forward dispersion relations, 5 hyperboli
dispersion relations are used to 
onstrain the �t 
orresponding tot = �2; 2�2; 2:5�2; 3�2 and 4�2 at � = 0 and t = 0 at � = ��.It turns out that 5 hyperbolas are suÆ
ient for a resolution of alldis
rete ambiguities.
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Re
ent a
tivity with the expansionte
hniques

In Helsinki we have been working on a �N PWA for quite some time(together with Pekko Mets�a).The idea has been to build in the �xed-t 
onstraints with thePietarinen's expansion, i.e. in this respe
t to repeat the Karlsruheanalysis with an improved data base and more 
omputing power.The latter has made it possible for us to pay more attention to theerror analysis.Our fo
us is more on the low-energy s
attering to make 
onta
t tothe ChPT domain.



Karlsruhe-Helsinki Trento 1.6.2009The analysis of the forward data has been 
ompleted and published:V. Abaev et al., EPJ A32 (2007) 321; P. Mets�a, EPJ A33 (2007)349.Goldberger-Miyazawa-Oehme sum rule:C�(�) = 8�f2�(1� ( �2m )2) + 4��J� = 4�(1 + �m)a�0+where J� = 14�2 Z 10 ���p(k)� ��+p(k)! dk;= �1:060� 0:030 mb:This agrees exa
tly with the H�ohler-Kaiser value of 1980, they didnot, however, perform an error analysis.



Karlsruhe-Helsinki Trento 1.6.2009If pioni
 hydrogen information is used, givinga��p = 0:0933� 0:0029 1=�,together with a value for the s-wave �+p s
attering length,a�+p = �0:0764� 0:0014 1=�,we get f2 = 0:075� 0:002 for the pion-nu
leon 
oupling 
onstant.
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Karlsruhe-Helsinki Trento 1.6.2009With the arti�
ial input (average of FA02 and KA84) we have
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and similarly for the �+p s
attering
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At t = �0:1 GeV2 we have
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and similarly for the �+p s
attering
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p at t=-0.1-
πp-->-

πDCS for 
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At t = �0:5 GeV2 we have
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and similarly for the �+p s
attering
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p at t=-0.5+πp-->+πDCS for 
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p at t=-0.5-
πp-->-

πDCS for 
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e of the expansion 
oeÆ
ients:
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Con
lusions

� In general the KH analysis produ
es a 
onsistent set of PWA's.� The data set has 
hanged sin
e 1980.� The GWU-VPI analysis in
ludes �xed-t analyti
ity as well.� At �xed-t KA84 and FA02 agree surprisingly well.� For our analysis in Helsinki we need to develop a strategy toin
orporate the experimental data.


