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Generalities of � N in teraction

The pion-n ucleon amplitude can b e presen ted as
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Basic principles:

Analyticit y , unitarit y and crossing.

Fixed- t disp ersion relations can b e pro v en from �rst principles for

4 �

2

> t > � 18 �

2

' � 0 : 35 GeV

2

.

Isospin is an appro ximate symmetry: violated b y the electromagnetic

in teraction and m

u

6= m

d

.

Constrain ts from �xed- t analyticit y and isospin in v ariance are strong

enough to resolv e the am biguities of phase-shift analysis.
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Mandelstam diagram:
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The Karlsruhe analysis

G. H• ohler, Landolt-B• ornstein, V ol. 9 b2, ed. H. Sc hopp er (Springer,

Berlin, 1983).

Analysis in 3 stages

� �xed- t analysis

� �xed cen tre-of-mass angle analysis

� phase-shift analysis

whic h are p erformed iterativ ely un til the amplitudes agree to ab out 3

%; solutions KH78 and KH80.
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F or the �xed- t and the �xed- �

C M

analyses the Karlsruhe group uses

the expansion tec hniques.

Pietarinen's expansion for the amplitudes at �xed- t :

C

+

( � ; t ) = C

+

N

( � ; t ) + H ( Z ; t )

N

X
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;

where H is adjusted to the asymptotic b eha viour of the amplitude

and

Z ( �

2

; t ) =

� �

p

�

2

th

� �

2

� +

p

�

2

th

� �

2

;

where � = 0 : 72 GeV and �
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This maps the ph ysical region on the upp er semicircle of the unit

circle
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The co e�cien ts c

+
n

in the expansion can b e determined b y minimizing

�
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where �

2
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and �

2
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refer to the con tributions from data and the

existing partial w a v e solution resp ectiv ely . The con v ergence and

smo othing is tak en care b y a con v ergence test function
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whic h is added to the �

2

expression with similar terms for the C

�

and B

�

amplitudes.
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The co e�cien ts c

n

are exp ected to go as n

� 3

for large n and for the

C

+

-amplitude w e obtain:
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F or the expansion tec hniques for the �xed cen tre-of-mass angle

analysis, see e.g. G. H• ohler et al., Handb o ok of Pion-Nucleon

Scattering (1979).

The KH78 analysis co v ers the range k

l ab

= 0. - 10. GeV/c and the

KH80 analysis the range k

l ab

= 0. - 0.5 GeV/c.

P artial w a v e disp ersion relations (PWDR) ha v e b een c hec k ed

separately (Hutt and Ko c h) as w ell as partial w a v e relations (Ko c h).

Agreemen t has b een found satisfactory .

F or the details of the KA84 solution, see R. Ko c h, Z. Ph ys. C29

(1985) 597.
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F or the forw ard direction, t = 0, with N=40 w e ha v e:
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A note of the CMU-LBL analysis

The CMU-LBL analysis,

R. Cutk osky et al., Ph ys. Rev. D20 (1979) 2782, 2804, 2839 and the

Bary on'80 Pro ceedings,

fo cused on the determination of the parameters of the n ucleon

resonances and considered the momen tum range k

l ab

= 0.429 - 2.5

GeV/c at 43 di�eren t momen ta (partial w a v e amplitudes can b e

found e.g. in H• ohler's b o ok).
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The analysis w as p erformed in 3 main steps:

� data amalgamation,

� energy-indep enden t partial w a v e analysis incorp orating

iterativ ely constructed disp ersion relation constrain ts,

� parametrization of the partial w a v e energy dep endence to

iden tify resonances and extract their prop erties.

The data amalgamation in v olv es com bining and in terp olating

exp erimen tal data to �xed angular bins at predetermined momen ta.

P articular atten tion w as paid to the error analysis and the full

co v ariance matrix w as calculated.
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F or the partial w a v e analysis the real and imaginary parts of eac h

in v arian t amplitude w as separately written in the form

F ( x ) = B ( x ) + R ( x ) P ( z ( x )) ; where x = cos � :

The \Born term" B ( x ) in v olv es the � , f , N and � exc hanges in the

Regge mo del. The v ariable z ( x ) is constructed in a w a y whic h

accelerates the con v ergence of the p olynomial P ( z ). In the ph ysical

region it con v erges more rapidly than the usual partial w a v e

expansion.

The �xed mo dulating factor R ( x ) tak es care of the appropriate

s -c hannel Regge b eha viour.



Ka rlsruhe-Helsinki T rento 1.6.2009

The co e�cien ts of the p olynomial are the adjustable parameters in

the �

2

�t, whic h in v olv es, in addition to the normal �

2

con tribution

of the amalgamated data, a truncation function and terms related to

the unitarit y and h yp erb olic disp ersion relation constrain ts.

In addition to the forw ard disp ersion relations, 5 h yp erb olic

disp ersion relations are used to constrain the �t corresp onding to

t = �

2

; 2 �

2

; 2 : 5 �

2

; 3 �

2

and 4 �

2

at � = 0 and t = 0 at � = � � .

It turns out that 5 h yp erb olas are su�cien t for a resolution of all

discrete am biguities.
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Recen t activit y with the expansion

tec hniques

In Helsinki w e ha v e b een w orking on a � N PW A for quite some time

(together with P ekk o Mets• a).

The idea has b een to build in the �xed- t constrain ts with the

Pietarinen's expansion, i.e. in this resp ect to rep eat the Karlsruhe

analysis with an impro v ed data base and more computing p o w er.

The latter has made it p ossible for us to pa y more atten tion to the

error analysis.

Our fo cus is more on the lo w-energy scattering to mak e con tact to

the ChPT domain.
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The analysis of the forw ard data has b een completed and published:

V. Abaev et al., EPJ A32 (2007) 321; P . Mets• a, EPJ A33 (2007)

349.

Goldb erger-Miy aza w a-Oehme sum rule:
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= � 1 : 060 � 0 : 030 m b :

This agrees exactly with the H• ohler-Kaiser v alue of 1980, they did

not, ho w ev er, p erform an error analysis.
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If pionic h ydrogen information is used, giving

a

�

�

p

= 0 : 0933 � 0 : 0029 1 =� ,

together with a v alue for the s -w a v e �

+

p scattering length,

a

�

+

p

= � 0 : 0764 � 0 : 0014 1 =� ,

w e get f

2

= 0 : 075 � 0 : 002 for the pion-n ucleon coupling constan t.
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The forw ard solution yields e.g.

 0

 2

 4

 6

 8

 10

 12

 14

 16

 18

 20

 0  0.5  1  1.5  2

C
R

O
SS

 S
EC

TI
O

N
 (m

b)

LAB MOMENTUM (GeV/c)

pi-p diff. cross section at t=-0. GeV**2



Ka rlsruhe-Helsinki T rento 1.6.2009

With the arti�cial input (a v erage of F A02 and KA84) w e ha v e
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and similarly for the �

+

p scattering
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A t t = � 0 : 1 GeV

2

w e ha v e
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and similarly for the �

+

p scattering
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p at t=-0.1-pp-->-pDCS for 
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A t t = � 0 : 5 GeV

2

w e ha v e
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and similarly for the �

+

p scattering
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p at t=-0.5+pp-->+pDCS for 
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p at t=-0.5-pp-->-pDCS for 
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The t -dep endence of the expansion co e�cien ts:
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Conclusions

� In general the KH analysis pro duces a consisten t set of PW A's.

� The data set has c hanged since 1980.

� The GWU-VPI analysis includes �xed- t analyticit y as w ell.

� A t �xed- t KA84 and F A02 agree surprisingly w ell.

� F or our analysis in Helsinki w e need to dev elop a strategy to

incorp orate the exp erimen tal data.


