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Good Variational Wave Functions
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Properties of a good many-body wave function:

1) compact description of a large Hilbert space
2) easy to evaluate
3) flexible
4) efficient optimization method
5) proper scaling

|! ! =
∑

!n

ψn 1 ,n 2 ,...,n N |n1, n2, ..., nN !
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Examples of successful wave functions

Weakly interacting particles:
Fermi liquids
Slater determinants
Perturbation theory

Strongly interacting particles:
Inspired guesses

- BCS wave function
- Laughlin wave function
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Matrix product states provide a flexible 
alternative.

Assign a variational object (matrix) to each site.

! n 1 ,n 2 ,...,n N = Tr M n 1
!" M n 2

"# á á áM n N
$!

n1 n2 n3 n4 n5

! ! γ δ
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MPS have many useful properties.

Matrix Product States

! Matrices provide a compact representation

! Easy to evaluate

! Efficient optimization scheme – DMRG

! Excellent (exact) results for 1D systems

n1 n2 n3 n4 n5

! ! γ δ
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Tensor networks extend matrix product states 
to higher dimensions.

Tensor Network States (a.k.a. PEPS)
+ variational object (tensor) at each site
+ nice mathematical properties
- not easy to evaluate
- have not extended accuracy of DMRG



ECT* 2009Jesse Kinder Correlator Product States

Correlated Product States
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CPS provide an alternative to MPS, TNS.

Correlator Product State

1) Start with an “exciting” vacuum.

|! ! =
∑

!n

|n1, n2, ..., nN !
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CPS provide an alternative to MPS, TNS.

Correlator Product State

1) Start with an “exciting” vacuum.

2) Use “correlators” to construct a useful state

|! ! =
∑

!n

|n1, n2, ..., nN !

|! ! =
!

!n

C(n1, n2) áC(n4, n5, n6, n7) á á á |n1, n2, ..., nN !
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Simple example: Pair CPS

|! ! =
!

j>i

öCij |" !

öCij =

!

"
"
#

C00 0 0 0
0 C01 0 0
0 0 C10 0
0 0 0 C11

$

%
%
&
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Properties of correlators

Diagonal in chosen basis
Can be unitary, projective, or a combination
No auxiliary indices
Can correlate any number of sites

|! ! =
!

j>i

öCij |" !
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The product state has many useful features.

No restriction to nearest neighbors
Generalizes to any set of sites in any dimension
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The product state has many useful features.

Second quantization — no problem for fermions

! (r a = x1, r b = x2, r c = x3)

! (r a = x2, r b = x1, r c = x3)

|! ! =
!

x1 <x2 <x3

d"x ! (x1, x2, x3) c  (x3) c  (x2) c  (x1) |! !
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The product state has many useful features.

Gives an antisymmetric wave function for any f.

Ĉij =

!

"
"
#

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 f ij

$

%
%
&

! (rA , rB , ...) = A
!

b>a

f (ra, rb)
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The product state has many useful features.

Example: Laughlin wave function

Ψ =
!

j>i

(zj ! zi ) e!
P

k |zk |2 / 2! 2
B

!" f ij = (zj ! zi ) e! ( |zi |2+ |zj |2) / 2N ! 2B

Ĉij =

!

"
"
#

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 f ij

$

%
%
&
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The product state has many useful features.

No auxiliary indices
No restriction to nearest neighbors
Generalizes to any lattice in any dimension
Second quantization — no problem for fermions
Local operators can give long-range correlations

Phase transition at

! = ! c

C↑↑ = C↓↓ = e−! J

C↑↓ = C↓↑ = e+ ! J
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CPS amplitudes are easy to evaluate.

Direct evaluation: O(N q)

! n 1 ,n 2 ,...,n N =
!

j>i

Cij (ni , nj )
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CPS amplitudes are easy to evaluate.

Monte Carlo sampling:          –

W (!n! , !n) =
" (!n! )
" (!n)

=
!

[ij ]

Cij (n!
i , n

!
j )

Cij (ni , nj )

O(1) O(N q)
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CPS amplitudes are easy to evaluate.

Monte Carlo sampling:          –

W (!n! , !n) =
" (!n! )
" (!n)

=
!

[ij ]

Cij (n!
i , n

!
j )

Cij (ni , nj )

O(1) O(N q)



ECT* 2009Jesse Kinder Correlator Product States

Summary of CPS

• Add correlations to reference state
• Correlators are diagonal operators
• No problems with dimension, lattice
• No problems for spins, bosons, fermions
• Exact in limit of NC = N
• Easy to evaluate
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Connections to Other Wave Functions
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A similar wave function from 20 years ago ...

Huse and Elser: Effective Hamiltonians (PRL 1988)

|! ! = e! eH / 2 |" !

!H = i
"

j

! k Sz
j +

1
2

"

jk

K jk Sz
j Sz

k

+
i
3!

"

jk!

L jk! Sz
j Sz

k Sz
!
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A similar wave function from 20 years ago ...

Huse and Elser: Effective Hamiltonians (PRL 1988)

- few parameter models based on symmetry

- good variational bound for the Heisenberg 
model (in 1988) on square and triangular lattice

|! ! = e! eH / 2 |" !

K ij =
A

|R i ! R j |!
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Relations between CPS and other ansatz

BCS
- superposition of pair excitations
- variable particle number

|! ! = e
P

ij t ij a 
i ! a 

j " |0!
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Relations between CPS and other ansatz

BCS

Projected BCS
- project onto N-particle states
- superposition of all N-particle determinants

|! ! = PN

!
e

P
ij t ija 

i↑a 
j↓ |0!

"
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Relations between CPS and other ansatz

BCS
Projected BCS

RVB
- project out double occupancy
- contains all N-particle singly-occupied states

|! ! =
!

k

"
1 " önk! önk"

#
PN

$
e

P
ij t ija 

i! a 
j" |0!

%
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Relations between CPS and other ansatz

BCS
Projected BCS
RVB

Jastrow-BCS

|Ψ! =
!

e!
P

k ! λk ! ön k ön !

"
PN

!
e

P
ij t ij a 

i ! a 
j " |0!

"
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Pair CPS and Jastrow-BCS share some states.

BCS
Projected BCS
RVB
Jastrow-BCS

Pair CPS
complex t ij ! {0, 1}

|Ψ! =
!

e!
P

k ! λk ! ön k ön !

"
PN

!
e

P
ij t ij a 

i ! a 
j " |0!

"
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Relation to Matrix Product States

Nearest neighbor correlators are equivalent to 
matrix product states:

Cab Cbc CcdCPS
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Relation to Matrix Product States

Nearest neighbor correlators are equivalent to 
matrix product states:

Cab Cbc Ccd

(V a
i V b

i )(V b
j V c

j )(V c
k V d

k )

CPS
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Relation to Matrix Product States

Nearest neighbor correlators are equivalent to 
matrix product states:

Cab Cbc Ccd

(V a
i V b

i )(V b
j V c

j )(V c
k V d

k )

V a
i (V b

i V b
j )(V c

j V c
k )V d

k

CPS
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Relation to Matrix Product States

Nearest neighbor correlators are equivalent to 
matrix product states:

Cab Cbc Ccd

(V a
i V b

i )(V b
j V c

j )(V c
k V d

k )

V a
i (V b

i V b
j )(V c

j V c
k )V d

k

V a
i M b

ijM
c
jkV d

k

CPS

MPS
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Relation to Matrix Product States

For any finite M, the two classes partially overlap.

They are only equivalent in the limit of infinite M.

MPS
TNS CPS
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Implementation and Preliminary Results
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Variational Monte Carlo + linear optimization

CPS is a multilinear ansatz – each coefficient is 
linear in Cij.

1) Fix all correlators except one. 
2) Optimize that correlator.
3) Sweep over all correlators until convergence.
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Variational Monte Carlo + linear optimization

The local updates are obtained as eigenvectors of 
an effective Hamiltonian.

|! ! =
!

a,b

!

!n

! |na, nb! " |n1, n2, ..., nN !

H á!Cab = " S á!Cab
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Results: Heisenberg Model

Pair Correlators (nearest neighbors)

Lattice
Our 

Result
Exact 
Result

Percent 
Error

4x4 -0.6914 -0.7018 1.5%

6x6 -0.6618 -0.6789 2.5%

8x8 -0.6535 -0.6735 3.0%
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Results: Heisenberg Model

Plaquette Correlators

Lattice
Our 

Result
Exact 
Result

Percent 
Error

4x4 -0.6945 -0.7018 1.0%

6x6 -0.6682 -0.6789 1.6%

8x8 -0.661(9) -0.6735 1.7%
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Larger plaquettes give better results.

Mezzacapo, et al.
arXiv:0905.3898 
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Spinless Hubbard Model

Half-filled lattice with one species of fermion.

Nearest neighbors repel each other.

t
U
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Results: Spinless Hubbard Model

One-dimensional chain with periodic boundaries:

L U
Best 

Result
Exact 
Result

Error
Correlator 
Dimension

24 0 -14.931 -15.195 1.7% 6

24 4 -5.4875 -5.6264 2.5% 4

36 0 -22.48 -22.86 1.7% 6

36 4 -8.16 -8.43 3.2% 4

36 8 -4.36 -4.43 1.6% 3
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Conclusions

Correlated Product States
- build correlations with local operators
- any lattice, any dimension
- spins, bosons, fermions

CPS are easy to work with.

Complexity scales with correlation length rather 
than system size.


