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〈Oa(p)〉 OMS(2 GeV )

ORI(µ)

Z MS
a

Z RI
a Z MS

RI

Martinelli et al., 1995; Gockeler et al., 1999
Franco and Lubicz, 1998; Chetyrkin and Retey, 2000
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General idea

Oren|µ2
.
= Obare

free |µ2 = Oa
free|µ2

Oren = Z RIOa

Z RIOa|µ2
.
= Oa

free|µ2
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Example: Renormalization of the propagator
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S = 〈ψψ̄〉

function of S(p)
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Z (p)
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The RI scheme

Fix the gauge to Landau gauge: tr
(

∑

x,ρ(Uρ(x) + U†
ρ(x)

)

OΓ = ψΓψ

GΓ(p,U) =
1
V

∑

e−ip(x−y)ψxOΓ(U)ψy

=
1
V

∑

e−ip(x−y)S(U)xz Γ S(U)zy

ΛΓ(p) = 〈S(p,U)〉−1〈GΓ(p,U)〉〈S(p,U)〉−1
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The RI scheme

ZΓZq ΛBorn
Γ (p)|p2=µ2 ≃ (ΛΓ(p))free |p2=µ2

ZΓZq× ≃
pppp

ΛΓ(p)free = 〈S(p,U0)〉
−1〈GΓ(p,U0)〉〈S(p,U0)〉

−1

= S−1
freeGfreeS−1

free

= S−1
freeSfreeΓSfreeS−1

free = Γ

ZΓZq tr
(

ΛΓ(p)Γ−1
)

|p2=µ2 = tr(I)
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The origin of the artefact

M4×4 = a0I + i aµγµ + a5γ5 + . . .

a0 =
1
4

tr(M) , aµ =
−i
4

tr(γµM) . . .

Massless case

D−1
cont(p) = Scont(p) = γµpµ f (p2)

Slat(p) = 〈Slat(p,U)〉 = b0(p)I + i bµ(p)γµ
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The origin of the unit matrix part

Dγ5 + γ5D = a Dγ5D 2κ

γ5Sxy (U) + Sxy (U)γ5 = a γ5 δxy2κ

Averaging over the configurations U and using

Sxy = (b0)xy + iγµ(bµ)xy

(b0)xy = aκ δxy , b0(p) = aκ

Off-shell propagators and Green’s functions need O(a)
corrections!
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Demonstration of the effect on the propagator S(p)
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Demonstration of the effect on the propagator S(p)
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For p2 > 4[GeV 2]:
1 − cos(θ(p)) . 10−5

θ(p) . 0.3 ◦
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Proposed solution

S(p)
.
= S(p) − b0I = S(p) −

1
4

trD (S(p)) I

S(p)
.
= i bµ(p)γµ

bµ(p) =
−i
4

trD(S γµ)

Sxy (U)
.
= Sxy (U) − (b0)xy I = i (bµ(U))xyγµ
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Proposed solution

ĜΓ(p,U) =
1
V

∑

e−ip(x−y)Sxz(U) Γ Szy (U)

Λ̂(p) = S(p)−1〈ĜΓ(p,U)〉S(p)−1

(ZΓZq) (µ2) tr
(

Λ̂Γ(p)Γ−1
)

|p2=µ2 = tr(I)
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Example: ZsZq
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Summary

The O(a) effects need to be subtracted from off-shell
quantities.

The technique we suggest is simple and applicable to all
kinds of Diracoperators.

However, it does not remove all O(a) effects from
non-Ginsparg-Wilson fermions.
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