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Effective Action for Low-Energy Quantum Field Fluctuations
L Introduction

1
Zym = /DAH emp{—4GZVGZV}

Ab initio framework: Lattice Qcd

Powerful tool for obtaining quantitative information on Non-Perturbative
QCD: hadronic spectrum, matrix elements, etc..

Q.: Are there field configurations (instantons, monopoles,
centre-vortices, etc..) which dominate a given matrix element?

We present a method for building an " Effective Theory” for a chosen set

of vacuum field configurations A,,[{;}], starting from configurations
obtained via Lattice simulation

ZYM:/d’Yl .../d’yk exp{—F(W’lw-u,“/k) }

Ex: Instanton-Antilnstanton interaction, etc..
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Suppose we want to evaluate the expectation value of O[¥(z)]

(OAL]) = Z_l/DAH(x)O[AH(x)]e—Sym(w)

Consider a family of configurations A, (z, {7;}) s.t.
(O[Au]) = (OlAL({7}) + Bu))

Au (z,{v}) + BN,(I); (B - gf]y({'%})) =0

O =27 [[Janoldum) [ DB (H (B gi({m») x

Jacobian, Gauge Fixing,... . , )
x det {D,,,(A)D,,,([l + B)} % ...x e~ SIA+Bl+ 5 [d'a(Du(A)B,)
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Suppose we want to evaluate the expectation value of O[¥(z)]

(OAL]) = Z_l/DAH(x)O[AH(x)]e—Sym(w)

Consider a family of configurations A, (z, {7;}) s.t.
(O[Au]) = (OlAL({7}) + Bu))

Au (z,{v}) + BN,(I); (B - gf]y({'%})) =0

O @) =2 [ [0t exp{ = Flon o) |

By evaluating F(v1,...,7x) for different A, ({7}) we obtain important
information on Non-Perturbative dynamics.
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From Lattice Simulation to " Effective Theory”

Identify a set of vacuum configurations A,,({7;}) i.e. a sub-manifold
Mg of the full functional space.

Decompose the partition function,

Tyt :/DAHe—S[AM:M{w}HB#) :/d%__.d% o~ F(in D)

Au(x) = Az, {%}) + Bu(2);  (B-g5({7;})) =0

Zym :/(H dw> /DB <H5(B-g§,({W’j}))> X
=1 ’ .

Jacobian, Gauge Fixing,... i ) ~ t
% det {D”(A)D“(ZX v B)] « .. x e SIA+BI+ Iy [ d'a(Du(A)B,)
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From Lattice Simulation to " Effective Theory”

FUNCTIONAL SPACE

Tangent space

Vacuum manifold
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From Lattice Simulation to " Effective Theory”

3) Generate a statistically representative set of independent
configurations with Lattice simulations

{Apa(2), Apa(x), Aps(),..., Aun(z)}

4) For each configuration A, (z), project onto the tangent space of
MA“ generated by the m "vectors”

Fyu(@AH)s st (Bx) - g5({7;1) =0

Fl[flsim} = (445'1'171 . f/},) = (4‘1(’)’1.’7’% 000 7'7771) . 93;) = @1[’711 Y2y ’\I'm}

Fm ["45im] = (*4sim : g;n) = (’1(’71~ Y2, - 1’7771.) . qiyn) - @771 hl 12

(@1[141], (")2[141], oo ) 5 (@1[142], @2[142], oo ) g ooo (@1[14]\]], GZ[ANL 5o )
1 1 1
(A1l velAd], ) (mlAa]re[de], .. )5 - (mlAN] 72[AN], )
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TEST: Double Well

This is the simplest system with non-trivial vacuum structure

V(2lt]) = ma (22]] - 5%)°,

There are 4 solutions to the (Im. time) Equation of Motion

d‘..

2% [t] — 4az[t] (z[t]* — 5

2 trivial vacua: zg =+
2 Instanton-like solutions: x; 7 = £tanh[V2a4(t —1)] (1)

Instantons are good Degrees of Freedom, but in our method is not
necessary for the family of configurations ¥[] to be solutions of EoM.
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TEST: Double Well

We rewrite Z in terms of a sum of N instantons and N antiinstantons
N — —
i=1

In the limit of very high barrier tanh[\/(2a)3t] — (1 — 26][t])

7,0~ (29" [ (f_v[ / dtidﬂ) OlF — )0(tr 1)

If the barrier is lowered we can consider only a single couple

Z[T;—p,—0] ~ /dhdﬂ (gz,m(h —t1) + g2, a1(t1 — t1)>

We will calculate g2 ra(t1 — t1).
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Double Well: from Lattice simulation to 5

We choose a set of configuration given by a superposition of Instantons:
a(t) =4 (=€) +yt); (Y- gye) =0
with

R R R T}

The manifold M3 is identified by the " Instanton coordinates”
{x = %(tl +t2),& =ta — t1} and its tangent space, whose vectors are

_ . 1 1
I (tx:§) = 5xm(t;x—2€,x+2§> i
X=X,§=¢

- _ 1 1
getx.€) = ez (tix— 56X+ ¢ .
X=X,§=¢
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Double Well: from Lattice simulation to 5

We choose a set of configuration given by a superposition of Instantons:

) =" (t—x:8) +yt); (Y- gye) =0

@Wi:th—ﬁ{l —tanh{‘/ﬁﬁ (t ot g)] Hanh[\/ﬁﬂ (t o gﬂ }
/\&(_ \
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Double Well: from simulation to F5

We choose a set of configuration given by a superposition of Instantons:

) =" (t—x:8) +yt); (Y- gye) =0
with

R R R T}

F\[Is'im] = ("L'S'imr : gk)
Fg[ .,,,n] = ( L sim (]g)
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L Double Well

- Dilute Instanton Gas Approximation

T=200,m=1,6=1,a=17 (N)~31, 77 =0.13

iR
g

4 J ;_J 1 I \_/x_..J U
-100 -50 ot 50 100

Example of configuration generated with DIGA distribution.
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- Dilute Instanton Gas Approximation

Test of the calculation of F,(&)

Dilute instanton gas
4 T T T T

— Calculated
— - Expected theoretical result (dilute gas limit)

Fypraa = —(2(N) — 1)Log[T — ¢]
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L Results

" Effective Potential” for a = 7: high well.
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L Results

" Effective Potential” for a = 1: low well.
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Stochastic Quantization: Perturbative Analysis

Introduce a new coordinate: stochastic time.

5‘;‘?[ ]) +Vhn(t,7); Pl “exp{—i(”'”)}

Parisi and Wu (1981) have shown that
Pla] =% exp { - S[o(®)]}

In the double well case we have

w(t) — wlt, 7] = [t — x(7),&(7)] +y(t, 7)



Effective Action for Low-Energy Quantum Field Fluctuations

L Results

LSmaII fluctuations around trivial vacua.

We expand the fields in e = VA

§r) =) x(m) =) _exlr) yt7) =) ultT)
i=0 i=0 i=1
We can evaluate the mean distance up to A.

(x) = 0+ O(h); Trivial...
9 h
& = @m+(’)(h)>0!
2 9 h 7T2—9
(&) = 32 madl <3mﬁ>+om)
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L Results
L Small fluctuations around trivial vacua

" Effective Potential” for a = 7: high well.
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L Results

L Small fluctuations around trivial vacua.

" Effective Potential” for «
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QCD: Instantons.

We now briefly present the status of the work.

WORK IN PROGRESS

Zo = I Jen [ ( qz',({w})))

Xdet[ (A 1) #(A—S-B)] 7S[A+B]+ﬁ2fd490(Du(A)B“)2

%‘j?t[fij (94, A, B)| x

m Instanton size distribution;

m Instanton-Antilnstanton interaction.
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Single Instanton

Instanton in Singular Gauge

pz(x - xO)V
(z —20)? [(z — x0)? — p?]

A?,u (l‘#; Zo,v, Aa, p) = 2ﬁZVTab[A]

Vectors of tangent space, associated to the manifold M, A -

0 - _

Ip:f; = aﬁ (Il,p — (AI . Cp) = 9;0[/0’ AaJ:O]
P (p=p,A=A,x0=70)

a,c 0 Ta = ® @

G = Fashtu — (47 - ¢A) = B4, A, 30)
(p=p,A=A,x0=70)
a0 - _
;:3;:11/ = a L117;L v (AI . Cfo) = @V,IEO [pv Av xO]

Lo,y (p=p,A=A,z0=70)
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m We described a method which enables to to obtain an " Effective
Theory” for a given family of vacuum configurations, using Lattice
simulations;

m the method has been tested with the Double Well "toy model”: the
simplest system with a non trivial vacuum structure;

m we presented the current status of the work to implement the
method for QCD: single instanton and double instanton.
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