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Introduction

QCD = Gauge theory with the color group SU(3)

LQCD = −1

4
TrGµνG

νµ +
∑

q̄(γµDµ −m)q

Gµν = ∂µAµ − ∂νAµ − ig[Aµ, Aν ]

Quark = Fundamental representation 3
Gluon = Adjoint representation 8

= Massless spin 1 → 2 polarization states

Gluon coupling → Bound states: Glueballs

Vincent Mathieu (UMons) Gluonic dof Trento, September 2009 4 / 24



Gluon Mass

Cornwall [Phys. Rev. D26, 1453 (1982)]

Gluons massless in the Lagrangian
Couplings and nonperturbative effects
→ Dynamical mass

m2(q2) = m2
0

 ln
(
q2+4m2

0
Λ2

)
ln
(

4m2
0

Λ2

)
−12/11

Gluon ∼ massive spin 1 → 3 polarization
states

Non relativistic models for the low-lying glueballs

Hgg = 2m+
p2

m
+ V (r)
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Cornwall’s model for two-gluon glueballs

Cornwall and Soni [Phys. Lett. B 120, 431 (1983)]

H0 =
p2

m
+ 2m(1− e−r/r0).

Degeneracy between states with different S
→ OGE with corrections of O(1/m2)

Voge =λ

[(
1

4
+

1

3
S2

)
U(r)− π

m2
δ(r)

(
5

2
S2 − 4

)
3

2m2

U ′(r)

r
L · S − 1

6m2

(
U ′(r)

r
− U ′′(r)

)
T

]

with λ = −3αS and U(r) = exp(−mr)/r.

Every gluons on the same footing
Massive exchanged gluons

Vincent Mathieu (UMons) Gluonic dof Trento, September 2009 6 / 24



Cornwall’s model for two-gluon glueballs

Cornwall and Soni [Phys. Lett. B 120, 431 (1983)]

C = + and P = (−1)L

J = L + S with S = 0, 1, 2.

Spin-1 gluons → SU(2)

S : 1⊗ 1 = 0S ⊕ 1A ⊕ 2S

→Vector states 1−+

Lowest three-gluon glueball 0−+

Hierarchy with OGE:

0++ 0−+ 2++ 1−+ 2−+

No lattice results at that time

Other models for 2-gluon glueballs using (massive) spin-1 gluons:
Simonov (1990), Kaidalov and Simonov (2000)
Brau and Semay (2004),
Abreu and Bicudo (2007),...
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Massive Gluon without Longitudinal Component

Dynamical mass but WI satisfied

kµΠab
µ (k) = 0

Gauge invariance → transverse gluons
with no longitudinal component

Gluon massless in the UV region

Other possibility:
Gluon with only 2 polarization states
even thought dynamical mass

J 6= L + S only J
Same hamiltonian but
other construction for the basis
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Barnes’s model for two-gluon glueballs

Barnes [Z. Phys. C 10, 275 (1981)]

H =
p2

m
+ σr − 3

αS
r

Transverse gluons with 2 helicities {−1,+1} → J 6= L + S
Other formalism by Jacob and Wick (1959)

General geometrical construction (with Λ = λ1 − λ2)

|J,M ;λ1, λ2〉 = N
∫
dUDJ∗M,Λ(φ, θ,−φ)R(φ, θ,−φ) |Ψλ1,λ2〉

State with total J in term of usual (L, S) states:

|J,M ;λ1, λ2〉 =
∑
L,S

[
2L+ 1

2J + 1

]1/2

〈L0SΛ| JΛ 〉 〈s1λ1s2 − λ2|SΛ 〉
∣∣∣2S+1LJ

〉
Not eigenstates of the parity and of the permutation operator.

P |J,M ;λ1, λ2〉 = η1η2(−1)J |J,M ;−λ1,−λ2〉 ,
P12 |J,M ;λ1, λ2〉 = (−1)J−2si |J,M ;λ2, λ1〉 ,
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Helicity Formalism for two-gluon glueballs

Construction of symmetric states (bosons) and with a good parity → selection rules.∣∣S+; (2k)+〉 ⇒ 0++, 2++, 4++, . . .∣∣S−; (2k)−
〉
⇒ 0−+, 2−+, 4−+, . . .∣∣D+; (2k + 2)+〉 ⇒ 2++, 4++, . . .∣∣D−; (2k + 3)+〉 ⇒ 3++, 5++, . . .

Hierarchy [Barnes, 1981]:

0±+ 2±+ 3++ 4±+ . . .

States expressed in term of the usual basis (useful to compute matrix elements!)∣∣S+; 0+〉 =

√
2

3

∣∣1S0

〉
+

√
1

3

∣∣5D0

〉
,∣∣S−; 0−

〉
=

∣∣3P0

〉
,∣∣D+; 2+〉 =

√
2

5

∣∣5S2

〉
+

√
4

7

∣∣5D2

〉
+

√
1

7

∣∣5G2

〉
,

∣∣D−; 3+〉 =

√
5

7

∣∣5D3

〉
+

√
2

7

∣∣5G3

〉
.

Degeneracies survive at the OGE in hyperfine splittings
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Coulomb Gauge Approach to Glueballs

Szczepaniak, Swanson, Ji, and Cotanch [Phys. Rev. Lett.76, 2011 (1996)]

Transverse gluons with 2 helicities {−1,+1}
Gluon mass given by gap equation

ω2(k) = k2 +m2e−k/κ

Relativistic Hamiltonian with

V (r) =
9σ

4
r(1− e−Λr)− 3αs

r

No vector state (Yang’s theorem)
Agreement with (preliminary) lattice results
without OGE

Small gap, 250 MeV, between 0++ and 0−+
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Lattice QCD

Morningstar and Peardon [Phys. Rev. D60, 034509 (1999)]

Glueball spectrum (pure gluonic
operators) on a lattice
Identification of 15 glueballs below 4 GeV

M(0++) = 1.730± 0.130 GeV

M(0−+) = 2.590± 0.170 GeV

M(2++) = 2.400± 0.145 GeV

Quenched approximation (gluodynamics)
→ mixing with quarks is neglected

Lattice studies with nf = 2 exist. The lightest scalar would be sensitive to the
inclusion of sea quarks but no definitive conclusion.
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Model with Massive Gluons

Brau and Semay [Phys. Rev. D70, 014017
(2004)]

Massive gluons → J = L + S
Spin-spin and spin-orbit interactions to split
degeneracies
Hamiltonian with OGE

H = 2
√

p2 +
9

4
σr − 3αs

r
+ VOGE

Good agreement with lattice QCD
Gluons = spin 1 → spurious J = 1 states and
indetermination of states
For instance, 0++ can be (L, S) = (0, 0) or (2, 2)

JPC (L, S)

0++ (0,0) (2,2) (0,0)∗

0−+ (1,1) (1,1)∗

2++ (0,2) (2,0) (2,2)
2−+ (1,1) (1,1)∗

3++ (2,2)
4++ (2,2)
1++ (2,2)
1−+ (1,1) (1,1)∗
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Three-gluon glueballs C = −

V.M., Semay, and Silvestre-Brac [Phys. Rev. D77, 094009 (2008)]

Extension of the model to three-gluon systems

H =
3∑
i=1

√
p2
i +

9

4
σ

3∑
i=1

|ri −Rcm|+ VOGE

Same parameters (σ, αS , γ) as for two-gluon
glueballs

VOGE = −3

2
αS

3∑
i<j=1

[(
1

4
+

1

3
S2
ij

)
U(rij)−

π

µ2
δ(rij)

(
β +

5

6
S2
ij

)]

−9αS
4µ2

3∑
i<j=1

Lij · Sij
1

rij

d

drij
U(rij) with U(r) =

e−µr

r

Eigenvalues found thanks to a Gaussian basis
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Three-gluon glueballs C = −

V.M., Semay, and Silvestre-Brac [Phys. Rev. D77, 094009 (2008)]

Gluons with spin → J = L + S
Good results for 1−− and 3−− but
higher 2−− ← symmetry

Disagreement with lattice QCD for
PC = +−
Impossible to explain the splitting ∼ 2
GeV between 1+− and 0+−

0+−, 1+−, 2+−, 3+− are L = 1 and
degenerate in a model with spin

JPC (L, S) JPC (L, S)

1−− (0,1) 0+− (1,1)
2−− (0,2) 1+− (1,1)
3−− (0,3) 2+− (1,1)
0−+ (1,1) 3+− (1,2)

Solution: Implementation of the helicity
formalism for three transverse gluons.

dabcA
a
µA

b
νA

c
ρ [(88)8s8]1 C = −

fabcA
a
µA

b
νA

c
ρ [(88)8a8]1 C = +

S Sint Symmetry JPC

0 0 1 A 0−+

1 0, 1, 2 1 S, 2 MS 1−−

2 1, 2 2 MS 2−−

3 2 1 S 3−−
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Three-gluon glueballs C = −

Gluons with spin → J = L + S
Good results for 1−− and 3−− but
higher 2−− ← symmetry

Disagreement with lattice QCD for
PC = +−
0+−, 1+−, 2+−, 3+− are L = 1 and
degenerate in a model with spin

JPC (L, S) JPC (L, S)

1−− (0,1) 0+− (1,1)
2−− (0,2) 1+− (1,1)
3−− (0,3) 2+− (1,1)
0−+ (1,1) 3+− (1,2)

S Sint Symmetry JPC

0 0 1 A 0−+

1 0, 1, 2 1 S, 2 MS 1−−

2 1, 2 2 MS 2−−

3 2 1 S 3−−

Other models for 3-gluon glueballs with massive gluons by:
Hou and Soni (1984),
Kaidalov and Simonov (2000 and 2006),
Llanes-Estrada, Bicudo and Cotanch (2005),...
But not the same conclusion !!!
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Two Transverse Gluons

V.M., Buisseret and Semay [Phys. Rev. D 77, 114022 (2008)]
Gluons with 2 polarization states → Jacob and Wick formalism

∣∣S+; 0+〉 =

√
2

3

∣∣1S0

〉
+

√
1

3

∣∣5D0

〉
∣∣S−; 0−

〉
=

∣∣3P0

〉
∣∣D+; 2+〉 =

√
2

5

∣∣5S2

〉
+

√
4

7

∣∣5D2

〉
+

√
1

7

∣∣5G2

〉
Application with a simple Cornell potential

H0 = 2
√

p2 +
9

4
σr − 3

αs
r
.

Parameters:

σ = 0.185 GeV2 αs = 0.45

Same matrix elements (L2,S2,L · S) for 0++ and 0−+ !
Addition of an instanton induced interaction to split the degeneracy between 0++

and 0−+

∆HI = −P I δJ,0 with I = 450 MeV.

Instanton attractive in the scalar channel and repulsive in the pseudoscalar and equal
in magnitude [Forkel, 2005]
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Two Transverse Gluons

V.M., Buisseret and Semay [Phys. Rev. D 77, 114022 (2008)]
Szczepaniak and Swanson [Phys. Lett. B 577, 61 (2003)]

Application with a simple Cornell
potential

H0 = 2
√

p2 +
9

4
σr − 3

αs
r

Parameters:

σ = 0.185 GeV2 αs = 0.45 I = 450 MeV

Very good agreement without spin-dependent potential
Instanton interactions required
Extension for three-body systems ?

Vincent Mathieu (UMons) Gluonic dof Trento, September 2009 18 / 24



Three-gluon glueballs with transverse gluons

Boulanger, Buisseret, V.M. and Semay [Eur. Phys. J. A 38, 317 (2008)]
SU(2)× SU(3) decomposition for two gluons → to the lowest J :

F aµν ⊗ F bαβ → δab
(
F cαµF

c
µβ −

1

4
gαβF

c
µνF

c
µν ⊕ F aµνF aµν

)
⊕ εab(· · · )

a ⊗ b
=

(ab) ⊕ •(ab) ⊕ [ab]

Lowest J allowed for 3 gluons with helicity:
a ⊗ b ⊗ c

=
(abc) ⊕ (abc) ⊕ · · · ⊕ •[abc]

Low-lying states are J = 1 and J = 3 with
symmetric color function and J = 0 with an
antisymmetric color function

Low-lying states: the 1±−, 3±− and the 0±+

J = 0P− are not allowed for three-gluon glueballs
→ 0+− ≡ four transverse gluons

Models with transverse gluons agrees with Lattice

What about experiments ?
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Future Developments

Group theory:
a ⊗ b

=
(ab) ⊕ •(ab) ⊕ [ab]

a ⊗ b ⊗ c
=

(abc) ⊕ (abc) ⊕ · · · ⊕ •[abc]

Jacob and Wick formalism for 3-gluon glueballs ?

|J,M ;λ1, λ2〉 = N
∫
dUDJ∗M,Λ(φ, θ,−φ)R(φ, θ,−φ) |Ψλ1,λ2〉

|J,M ;λ1, λ2〉 =
∑
L,S

[
2L+ 1

2J + 1

]1/2

〈L0SΛ| JΛ 〉 〈s1λ1s2 − λ2|SΛ 〉
∣∣∣2S+1LJ

〉

Existing developments :

Giebink (1985),

Stadler, Gross and Frank (1997),

Klink (1998),...

But still no application to glueballs for now
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Finite Temperature

Levai and Heinz [Phys. Rev. C 57, 1879 (1998)]

Equations of state for Gluon Plasma

Number of effective gluonic degrees of freedom D(T )

Fitted thanks to lattice data for Pg(T ) and εg(T )

D(T ) = 14.5± 1

Close to 8 colors × 2 helicities

Support the transverse gluon picture
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Conclusion

Spin-1 gluons Models for C = +
Agreement with lattice but with OGE and
unwanted vector states

Spin-1 gluons Models for C = −
cannot reproduce the lattice data

Helicity-1 gluons Models for C = +
Agreement with lattice without OGE and but
instanton interaction

helicity formalism for three transverse gluons
would solve the hierarchy problem ?

Pure gauge but what about experiments
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Conclusion

How many degrees of freedom has the gluon ?

Helicity-1 particle {+1,−1} ?

Spin-1 particle {+1, 0,−1} ?

A smooth function from 2 (UV) to 3 (IR) ?
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