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1-1 QCD - the two central anomalies : scale and chiral Ul

Premises

We face the theoretical abstraction of QCD with N fl = 6 , representing strong interactions —

adaptable to two or three light flavors (u, d, s) of quarks and a ntiquarks. —

quarks . coloris countedin 79 — vy

spin and flavor are clearly seenin  gq and 3q , 3q spectroscopy.

_ ;= -
75 2 On O vH g
B f A 1>\A BA*TAS
[ — _,U/L (5 )c/é
- m qc" _qc
R f A f A f A

(1)

— o FHAFRS + AL

quarks : ¢, c=1,2,3color , f = 1,---,6 flavor

B, A = 1,---,4spin, m s mass
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gauge bosons :

A

Flfy — 9, v — Ouviy — fabcwv

7

2 A,B,C =1,---,dim (G = SU3.) = 8
Lie algebra labels ,[%)\A, %)\B} = ifABC%)\C

perturbative rescaling :

A _ A A _ A
U _gvupev"t’Fuv = g

Degrees of freedom are seen in jets , in (e.g.) the energy mome  ntum sum rule in deep inelastic scattering

but not clearly in spectroscopy.
Completing A L in Fermi gauges

1 AN 2

T ong?2 (Opvh)
AL = ;7 : gauge parameter

- +oHreA(D,c)A
ghost fermion fields: ¢, ¢ ; (DMC)A = (9MCA — fABD’UECD

gauge fixing constraint: C 4 = 9 pvH A
-
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Gauge boson binary bilocal and adjoint string operators

One goal is, to identify — not just some candidate resonance — gluonic mesons, binary and higher modes,
and to relate them to the base quantities within QCD.

Blpyyvi], [pave] (Z1,22) =
(4) = Py (z1; A)U(z1, As22, B)F 0, (225 B)

A, B,--- =1,---,8 ; noflavor but spin

F, . (z; A) denote the color octet of field strengths.
The quantity U ( x,A;y, B ) in eq. (4) denotes the octet string operator, i. e. the path or dered

exponential over a straight line patn  C from y to x

U(:c,A;y,B)zPexp(/ dz“%vu(z,D)}"D>

(5) vic AB
(Fp)ap =tfAaDB

with the local limit —

o |
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- A (2)0) .

B[M1V1],[M2V2](x1 = T2 =) = (:)F[ﬁlyl](az)F[

v’
(6)
no flavor but spin
The same procedure involving a triplet string applies to q g bilinears
q _ =cC1 . : c
B[Afl,BfQ](ml’“) =3, (z1)U(z1,c1522,¢2)95, (22)

(7) U(CBl,Cl;mQ,ég):Pexp</

dz“%vu(z,D)%)\D>
y

C

c1C2
flavor and spin
with the local limit
8 B .. xr1 =xz20 =z) = (:)g¢ . (z)qF¢ x) (:
The symbols () in egs. 6 and 8 should indicate that normal ordering of regula ting the local limits is
required and further that such normal ordering is not unique , and dependent on quark masses in the
case of the ¢ q bilinears . —

o |



1-5

The Ul-axial central anomaly involves the local chiral curr ent projections from B [ AfL B ] (x ) in
15 2
eq. 8

.+ q
— BY +
— ¢ +
©) = (7 viwag, (2)()
Y5 = Y5R = TY0V1V2Y3 ; vff=w$(ﬂiv5)
The equations of motion for the fermion fields are and superficially imply
-/ -/ /
pas, = %(wc F o my, ) af,
= C 2 — 7 c ¢ 5c/c'
qfl 4 f1z ( y nlfl)

ov (i) s, = 3 ((mse = mp ) Sy F (mpe 4 my) Pryyy )

. nosumsover f1, fo —

Sf1f2 - (:)6;1(];2(:) ’ Pf1f2 - (:)6;‘175 ch“"2(:)
(10)

Ineq. 10 m ¢ denotes the real , nonnegative quark mass for flavor f. —

o |

_p8
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From eq. 10 the relations for vector and axial vector current s superficially follow
. . 4 J—
G g, = (38) .+ (in),
SAERTE Y f1fe Yo

- 5 ' — _|_ L —
(]“)f1f2 (‘7“)f'1f2 (]“)flfQ

(11)
. 1
8M(‘7“)f1f2_7(mf2_mf1)sf1f2
- 5 — , .
a/'b (]M)f:lfQ_ (mf2+mfl)zpf1f2
As it follows from the original derivation by Adler and Bell a nd Jackiw [1-1-] in QED, the vecor current

Ward identities in eq. 11 can be implemented also in QCD, leav  ing the axial current ones reduced to the
flavor non-singlet case , leaving the U1 axial current diverg ent anomalous
wo( g : — 1 _ :
0 (j“)flfQ_i(mf2 mfl)Sf1f2\/

(12) 5 NS 5 5
i i s > i
o Nyg " f1f2 f

f1fe f1fa fr



and similarly
. S .

5% 5%
J J
(13) T -y, p
P . P :
f1f2 fr
Quark masses and splittings:  m yf and Am f = m s — (m)

In the subtitle above  ( m ) stands for the mean quark mass
_ _1
(14) <m>—N—ﬂmef

The identities for vector currents in eqgs. 11 and 12 can be ext ended separating the conributions

proportionalto A m s and (m)

. 1
OF (Ju) i,y =7 (Amyg, —Amy,) Siifa V

. NS .
s (32)j1f2: (Amfz—l—Amfl)szc.Vle2 v
(15) . S .
ot (ip)s, 4, =2(m)iP®% J[— +05]
_ 1 A puv A .. A _ 1 v A
05 = (2Nfl) 32m 2 FMVFM |—>7’en.g’r‘.’énv ’ F“V o §€/JJVUTFM
* —
a d 5 was — as far as | know — introduced by Murray Gell-Mann in lectu res ~ 1970 in Hawaii .

-p. 10
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The singlet axial current anomaly

We shall return to the question of how the local operator cha (F) = 327T 5 (1) F A FHrYvA(Y s
to be normalized and rendered renormalization group invari ant [1-2-1991] . Here we jUSt assume this to

have been achieved and denote the Ul-axial anomaly, the first of the central two, in its general form

(eq.15)
{ov (55)° =2(m)iPS + 65} (o)

(16) -
65 = (2Np1) gt (), Frvaq]
32m —Ten.gr.inv
From here it is conceptually clear how the scale- (or trace-) anomaly arises but strictly within QCD . The
renormalizability of a field theory in the limit of uncurved s pace-time gives rise to a local , symmetric and

conserved energy momentum tensor , implying exact Poincar € invariance

1Wuv =Vvuj(z)

17)
a v 19 o v — O
In connection with the normal ordering questions it is impor tant to admit in the precise form of the
energy momentum tensor a nontrivial vacuum expected value , which —

o |

-p. 11



1-9

in view of exact Poincar é invariance must be of the form

(QIpv(2) Q) =gnuwT

Nupv = diag (1, -1, =1, —1)
independentof x ——

-
(18)
|
A (2) = 0 (2) = (R Duu () Q) X
or [€Q) (]
with OV AV, (x) =05 (Q| AV, (z)|Q2) =0
In eq. 18 /ﬂT denotes the unit operator in the entire Hilbert space of stat ~ es,while Pg = |Q) (Q|

stands for the projector on the ground state .
Furthermore from the two local,  conserved tensors in eq. 18 only A 9 wv ( x ) with vanishing vacuum

expected value is acceptable as representing the conserved 4 momentum operators in the integral form

(19) 13M=/ d3x A, o(t,T)
t

—

o |

-p. 12
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ill these arguments notwithstanding to subtract any eventual vacuum expected values of local ope rators , —‘
often put forward as mathematical prerequisites , it is wise not to do so in the presence of spontaneous
parameters , the dynamical origin of spontaneous symmetry b reaking, e.g. chiral symmetries in the limit
ior neihbourhood of some m y — 0 .

Using the (classical) equations of motion pertaining to the Lagrangeanineqgs. 1-3 |
(Dy Fr )% =jmA(g,q) 5 F — Fpere
(Do FrY)A = 9o FHVA — fagpvB FprvD
(20) jﬁl(@Q):gai\f(Vu)AB%()‘A)cé/qif
i(’YMDuCI>f4f :qufAf and ¢ — ¢

/

(Dpa)Sy = [0udeer +igv? 5 (A7) 0] ab;

the associated form of the energy momentum becomes —

o |

-p. 13
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F/fl@FQ;/4 — iNuv FaaFeod4

l
@1) o) =~
35 |9 Yug Pvaytpeov

and using once more the fermion part of the equations of motio n the trace of the classical energy

momentum tensor becomes

e
Sfl fa = (:)6?1 qJCvz ()
The scale- or trace- anomaly
From the classical soft ferminic contribution to the trace o f the energy momentum tensor there is a clear

conjecture , also by Murray Gell-Mann , of the anomalous cont ribution , which subsequently became the

scale- or trace- anomaly within QCD
ﬁ“uzzfmfsfzf—l—(S()

“3) 3 1 A A
6o = (=2B(9)/9%) [-zOF, Frva()]

— ren.gr.inv

o |

-p. 14
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The two central anomalies alongside : scale- or trace- and Ul -axial anomaly

We collect the two anomalous identities in eqs. 23 and 16 | |

— Ten.gr.inv

(24)

—Tren.gr.inv

~B8/9% = g bo + O(Y) ; Y = g2 /(167

B(g) : Callan-Symanzik rescaling function in QCD

The qualification 'central’ for the anomalies in eq. 24 stand s for the property that in rendering the square

coupling constant and the associated 1 — parameter in the gauge boson renormalized Lagrangean

density x dependent

o Lon = P EOFAFIAG £ 0

maintains perturbative renormalizability and acts togeth er with suitable boundary conditions

() F i, Frva —

.

-p.15
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as external sources for the scalar and pseudoscalar local fie ld strength bilinears

1 /. A A (. 1 /. A A
(26) Z(')F,uVF'uy () ) Z(')FMI/FMV
We will use the following definitions relative to the rescali ng function [3

—B/g9g=XB(X); B(X)=0boA(X)
B(X)~>X>Xbpn X", A(X)~> X anX"
kK =g2/(167?2) generic X,Y

(27) bo =% (33 —=2Ny) , ao =1, an =bn/bo
b1 = 2 (153 — 19N ;)
bo = & (77139 — 15009 N 51 + 325 N 3, )

bs ~ 29243 — 6946.3 N s, + 405. 089N ; + 1.49931 Nfl

-p. 16
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2-1 The perturbatively accessible region and the long way ba ck to hadronic scales
0.1fm < D < (~)2fm

Renormalization group equation in QCD
We take the short distance expansion for the current product , Subject to the renormalization group or

rescaling equations, the latter representing exact, anomalous Ward identities for the dilatation current

[A21-1976]
T
(11)

In the triple association
(29) Ju(z1),Jv(z2) = O(x3)

(Ju(z+L2)J, (2 - 12))} - Yo Crlg(2)0 ()

— 0

(28)

we will assume that all three local fields are multiplicative ly — perturbatively — renormalizable for

simplicity. Mixing effects of  finite groups of operators

(30) {uo| (01, - ,0n)}
do arise and can easily be incorporated [A22-1974] .
We are mainly interested inthe tw = 4 ; dim 4 operators later

1

Y /,f : Suitable, conserved energy momentum tensor
H

-p. 17
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but discuss the general simply multiplicatively renormali zable case first .

In terms of unrenormalized quantities , generically denote d by the suffix (0) , and renormalization
constants including a Fermi-gauge fixing parameter 1) in order to controle the gauge invariant character

of the so defined operators we set

Ja=(2,)" gy L 0=(Zp) tOWO
(32)
3/2 —1 —1
9=1(23)"2(21) g@ | n=(23)""n®
As renormalization conditions we use a  finite dummy scale ( , as it appears also naturally in
dimensional renormalization , with respect to which unreno rmalized quantities are insensitive
(33) d/dﬂ{gm),n(m;ch0>,@<o>,...<o>}:o

For the choice of currents in eq. 28 and d = 4 scalar operators { O } in eq. 31t follows , always

within the ( asymptotically ) perturbative logic

T (11 T (11
Caéé(2)=(gaBD-—aaaﬁ)CJé)(zumg,n)

with dimC?éH) =0; Z; =1

o |

-p.18

(34)
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The short distance distributions C j‘;én) then are of the form
T (11 2 — ~ T (11
Cjc(o)(Z;u,g,n)Z(ZJ) (Zo) 10Jé)(2;u,g,n)

9=(23)%2(21)" 1 g® | n=(23)"1nO

The p rescaling equation now follows from eq. 33 |

(35)

l’lja/'l’ + 6(.9)89 T Wmamaama
C?(g)n) (Z;:u’ag7mﬁ777) =0
—2v3(ndyn) —vs0

( )

@ | P9 = —9bla®) log ((23)? (21)7")
m 2 7.
<7 2 (97) » = ud/dp | B >
7J@(927(n)) IOg(Z@/Zﬁ)
\ 73(92777) ’ . log(Zg)1/2 J

The brackets in red in eg. 36 shall indicate that upon establi shing that { J, O } are indeed gauge
invariant operators the derivative with respect to the gaug e parameter 77 in the rescaling equation gives
zero and also the combined anomalous dimensions 7y j » do notdependon 7 . Forthe operators in

the group of interest here ( eq. 31) the determination of the ¢ orrect gauge invariant ones has been

derived by H. Kluberg-Stern and J. B. Zuber [A24-1975] . —

-p. 19
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From the partial renormalization systematics given given in egs. 32 - 33 the redundant scale p becomes
an essential argument of renormalized quantities

JOé : :U’d/d:u'(‘]a),u:_/YJ(‘]a)MZO ’ 9
v3 = v3(g9%,1n)
O = pd/dp(0), =-7004 |
with: ¢ ~; =0, Z; =1
pd/dp(g), = B(gu)

n o+ opd/dp(n), = —73nu
(37)

Three remarks are in order :

L 7o =v0(9%,(n))

1) Perturbative accessibility of renormalization in asymp totically free theories
While the entire renormalization procedure thus ( eq. 37 ) be comes within perturbative accessibility
— as explained in textbooks [A25] , [A26-1982] — the associat  ed renormalization group equation

serves to restore renormalization group invariant propert les, in particular such definitions of
operators .

2) Infrared instability

Is associated with all physical scales  not accessible to perturbative approximations .

-p.20
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3) Quark mass dependence

We neglect in the considerations followed here the quark mas s dependence of all Green functions

in the deep Euclidean region on quark masses , the latter also to be renormalized and thus not
renormalization group independent [A27-1975] . This is in | ine with the main short distance
contributions , which are sorting out by the twist character istic leading contributions  modulo less

dominant ones modulo powers of inverse Euclidean distance . These dimensional hierarchies also
break down whence the region of perturbative accessibility Is transgressed . For small quark
masses at a generic scale of ~ 1 GeV the quark mass associated mixing of operators with
different dimensions sets in in subtle ways governed by appr oximate chiral symmetry also outside

the deep Euclidean region .

-p.21
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A2-slsc  The sliding scale coupling constant

From eq. 87 the sliding scale coupling constant follows , con sidering a variation of 1 and g,
t =log (n/p) ;5 0t =nd/dn
(38) g =9(t,gu) ; genericvariableiis : g/ —x ; t —>T

0tg =pB(g) ; g(t=0,9u) = gu
Using the generic variables x , 7 the differential equation ( eq. 38 ) becomes

(d/dt)zxz =p(x) »dr =dx/B(x) —

T 2
ra-rmi= [ de(8(e) 7 = F(a2) - F(on)
T 1
(39) F(z) :/ dx//ﬁ(a:/); generic: x o independentof x 1, T 9
T 0
x1 (T
x=uz(17) — t(7)
xo(7T2)

The function F' (x ) satisfies the ( generic ) equation

(40) B(z)0z F(z) =1

o

-p. 22
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From the generic identities a consequence follows, relevan t for the short distance limit of the rescaling

equation (eg. 36)/, for the solution to the associated homoge neous partial differential equation  #|
(0r = B(g)0g) h(7,9) =0 —
h=h(g(Tt=1t,9 =g9gu)) with g asdefinedineq. 38

(41)

Leaving aside quark mass dependence for simplicity here , be aring in mind remark 3) above, we turn to
the properties of the sliding scale coupling constant , i.e. the function g = g ( t, gu ) and the
associated differential equation defined in eq. 38 readapte d below. The universal independence of the

sliding scale coupling constant can be maintained independ ent of quark masses .
t =log (p/p) ;5 0t =nd/dpn

0tg = B(g) 5 g(t=0,9u) = gu

(42)

Thus we are to determine the functon ~ F' ( z ) as defined in eq. 38 such that
xr

“3) t=F(g)—F(g); g=gu; Fla) =/ dy/B(y)

T 0

2 Note the - sign in the first line of eq. 41[.

-p.23
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We have followed the concise treatment and notation of C. G. C allan [A28-1970] and K. Symanzik
[A29-1970] on whose formulation and structural discussion the modern form of the renormalization

group equation(s) relies . The two loop renormalizability o f nonabelian gauge theories is due to G. t'Hooft

[A210-1971(2)] and contain all elements which determine th e sliding scale function discussed here.

These quotations duely made including [A211-1969] , [A212-  1972], | continue using selected changes of

variables, transforming eq. 43 |
s=2t=log | (7/n)?]

K,:g2/(167r2) and Kk — K generic Kk — X ,Y

@y s=F(R)—-F(ru); rp=g9g;/(1677%)
X0
Fx) = [ (v ) sy

B(y)=—-yb(y?); B(Y)=0b(y?)/Y < Y =y?/(1672)

With the substitutions in eq. 44 we have

s=F(R)— F(r,) = /M (dY /Y?)(B(Y)) !

K

(45)

B(Y)=1bg+b1Y +b2Y?2 + ... -

—-p. 24
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There exist many ways to separate the limiting part kK — 0 < s — 4 oo oftheintegral in eqs. 44,
45 . We use ( two ) partial integrations

s= (YB(Y))™!

T [Ty vy agay) (B(y))

(46)

Ais=s— (YB(Y))™} . AgB~' = (B(Y))!

R

Upon the substitution s — A 1 s we obtain

Ars= (log(V))(=d/dY) (B(Y)) ' +Aa.F

K

AQF::/K”dY(—kgyw(—d/dY)Q(B(Y)y4

(47)

K
Going step by step we evaluate first the derivatives as acting on B 1 ( Y )

(—d/dY)(B(Y)) L =B (Y)/B2(Y)=A,B"' = - (B~')’
(—d/av)? (B(v) = (2(B'(1) =B (VB ) (B(r))

2

= AB ! = (B71)

/ /7

=d/dY, = (d/dY )?, .-
e

o

-p.25
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Collecting the definitions in eqs. 46/- 48 we restate

n=0 AgB~! = (B(Y))™!
(49)
n>1 Ap,B 1 = (=d/dY)" (B(Y)) !

and

s=[(Y"1)AgB 1(Y) + (logY)AlB_l(Y)]Eu + Ao F

K

(50) K
Ag F :/ dY (—logY) Ao B =1 (Y)

We add two representations valid in the perturbatively acce ssibleregion 0 < Z < X =R

B~1(0)+
sy (Y 7')AeB N(Y)|,_x = X

_ +/de (-A1B~ 1) (Z2) |

-p. 26
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Also we anchor A oF' ineq.50lat X — 0
Y

A F = / dY (—logY) A2 B~ (Y)
(52) = Fo(Xu)— Fa2(X)
X Xy =Ky
FQ(X):/ dY (—log Y) A2 B-1(Y) ; {
0 X =K

We decompose s in eq. 50
s=3(X)-2(Xpu)

53

> E(X):(X_l)AOB_l(X)—I—(logX)AlB_l(X)—FQ(X)

For X — X , we do not know the form of the functions determining 3 ( X ) ,in particular if we
choose the scale p outside the region of perturbative accessibility . But for X — X wecan perform
an asymptotic expansion for X — 0 , assuming a pure power expansion for the functions

( B,B71, ... (X) ) , as they appear in the asymptotic expressions for ¥ (X ) as defined in

egs. 52/- 53/.

To this end it is enough to determine —

o |

—-p. 27
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-

the power expansion of B —1 ( X ) up to second order in X, to which we turn below.

B(X)=0bg+b1X +b2(X)2+ Ra2(X)

-

(54)
Ro(X)=0(X?2) for X — +0

To this end it is convenientto rescale B ( X )
B(X)=boA(X) ; bo=32(33-2Ng) >0

(55) A(X)=14a1X +a2X2 4+ Ro(X); an =bn/bo
EQ = (bo)_l Ro ; EQ(X) = O(XQ)

The rescaling by ( bo ) 1 is universal to all three terms on the right hand side of the ex pression for s

in eq. 53 yielding
s=(bo) ' (S(X)=(X,))
s6) S(X)=(X"1)AgA T (X)+ (logX)A1 A" (X)— Fa(X)

R X
Fo(X) = /O dY (—logY) A AL (Y)

o o

-p.28
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For A —1 we thus have

DoA™ (X)=1-a1X + ((a1)? —as) X? +rRB0AT) (x)

; ArAT(X) =a1 -2 ((a1)? —az) X +r(ATAT) (x)

- A2A—1(X)=2((al)2—a2) +Ro(A2A_1)(X)
AgA=t =A-1; RY(X)=o0(x")

Here we list the three coefficients of the function B(k) = —0(g)/(gkr)[A213-1988]

(eqs. 44 - 45, 55)) , to which the present asymptotic expansion at short distances is restricted, in the

M S renormalization scheme

bo = 3 (33 —2Ny)
b1 = 2 (9%x 17T —19Ny)
Y bo = & (27 x 2857 — 21 X TI9N 5 + 25 x 13N )
5033 = 7 x 719 , 325 = 25 x 13
ng has been calculated in ref. [A214-1997] .. —>J

-p.29
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Back to the asymptotic expansion of the sliding scale coupli ng constant
We invert the functional relation

Yasy (X)) = Z & X =X (2)
Z = bg log (ﬁQ/AQ) = bos

Yasy (X) = 0asy (X) + Ro (X)

(59)

Casy = X T—ajlog(X 1) Roe(X)~=32_  m I X™
in the form suitable for successive approximations
X 1 :Z—}—allog(X_l)—Rg(X) :Z+f(X) —_

F(X) ~arlog(X 1) 4 S m = I X

(60)

1/ X1 (Z) =Z + f (X, (2))

starting with the substitution for v =0 : f(X,=0(Z)) =0
In the successive approximation procedure furthermore the function f ( X ... ) can be evaluated in
various suitable approximations . —

o |

—-p. 30
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We first give the two diverging terms for Z — 00 keeping only the first term in
f=fa) =ailog(X 1)

1/ x2(2) = Z
1/)(,51:)2 = Z 4 a1log|[Z] =bops + aqlog[bgs]
(61) o« o . alzbl/b()

f—= f(X) with fi1y(X)=arlog(X 1)

The above diverging terms for Z — oo entail the universal character of the first  two coefficients

—bgo, b1 —ofthe [ — function in any renormalization scheme .

While the above path of successive approximations may not be optimally converging whence extended

to terms vanishing for Z — 00, these emerge as a double sequence

(62) 1/x9(2) =2+ fo (X,ESQ)(Z))

We are here not interested in a high level of precision of the a pproximations, only illustrating within the

perturbatively accessible region of QCD the structure of as ymptotic expansions. For the evaluations

involving the first four orders (in X ) of the beta-function I r efer to ref. [A215-2009] .

o

-p. 31
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i: 3,() =1 —‘

or the purpose of illustration we give the next approximati on correspondingto v = =

=1
1/x97(2) = Z+a,log|[Z+a;log[Z]]

= Z+aylog|[Z]+ailog|[l+a1Z tlog[Z]]

~ Z+ayilog|Z]+a3Z tlog|[Z]+o0(Z 'log Z)
(63)
The third term in the third line of eq. 63/is the first of its kind vanishing for 2Z — + oo .
A2-mass Quark mass renormalization transposed to quark bil Inear operator insertion . q : | 0
and renormalization using QCD with exactly vanishing quark mass(es)

A well known problem of electron mass - and analogously quark mass induced effects goes back to the
general operator product expansion discussed by K. Wilson [ A216-1969] in the light of QED and the
renormalization group equation as specifically formulated by M. Gell-Mann and F. Low [A217-1954] and
extended to QCD . —

o |

-p. 32



A2-30

We rescale the renormalization group equation relative to i ts conventional form in eq. 36

,u2(93 + (—HJQB) 8/{

T (11
— kDl m,mMaOm, C’Jé)(z;,uQ,ﬁ;,mg,n):O

—73(770?7) —I';o

f J—
( kB(k)=-8(g)/g ) 210g ((23)%?* (1))
Cmyg (k) = le Z
< o 2 b= 129, e
Fjo(k,(n)) =35750 log (Zo/Z27)
 v3(r,n) =7v3(9%,n) | \ 2 log (Z3)'/?
k=as/(4r) = g2/ (1612)
(64)
Inthe MS scheme — and ignoring the precise form of normal orderings — or rather following the most

thoughtful suggestion of S. Weinberg [A218-1973

o

N

-
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the mass rescaling functions I g — I' ,, become independent of quark flavor 5 and of the quark
masses [A219-1982] , [A220-1994]

Gm =90+ g1+ - ~> 2 ggnk"
go=4, g1 =2 (101 — 10N ;)
(65)
2216 160 140
go = 1249 — + ¢ (3) Ny — NJ%Z
27 3 81

The pertinent rearrangement of normal orderings and of reno rmalizatiun group invariant quantities to
five loop order has been carried out in ref. [A221-2006] .

The obstacles thus outlined and surpassed the sliding scale quark mass function(s) inherit universality
and perturbative accessibility equal to the sliding scale coupling constant .

We are led to consider the pair of rescaling equations

o
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using the same notations as defined in eq. 44| |
— 2
s = 2t = log [(u/u) ]

K X,Y
k=g2/(1672) generic — L
R X.,Y
Gm — G
(66)
m m(p) — mo
m g — MM generic —
m m(s;mo)
- - 2 -
d X X"B(X)
ds m XG(X)m
It is obvious that the universal sliding scale mass function cannot be cal culated also in the perturbatively

accessible region using any version of a quark mass dependent propagator . This makes comparison
with data , where quark mass dependent thresholds of hadrons appear, which depend even

nonperturbatively on quark masses, a step more remote — yet n ot impossible — . This said we proceed —
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to solve the differential equations as defined in eq. 66 butlus ing the results already established for the
sliding scale coupling constant in the last subsection. Thu s we introduce the dimensionless quark mass
function
m —
(67) f(Y)=1log | —| ; ¥V = X
m o
f still depends through the initial conditions on the a priori arbitrary scale  p , which is however

replaced by — an appropriate multiple of — the renormalizati on group invariant scale A in away related to
the asymptotic expansion of the running coupling constant .
The function f defined in eq. 67 satisfies the differential equation

d G(Y)

f(Y)y=090(Y); @=Y"!
(68) dY B(Y)

which can be integrated —

o |
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yielding the initial value dependent relation

. go X dY
F(X) -1 (X0)=— [ Q rea (V)
(69) bo Xo Y

Qrea = H(Y)/A(Y ) ~ 37 gqnY™ ;5 qo =1

We proceed the same way as in the asymptotic expansion of the ¢ oupling constant , integrating the first

term in the expansion of the reduced function Q req ineq. 69
1 1
—— Qyeqg = — + R (Y_lgred)
Y Y
(70) R1i—Rg ; Ro~>o,qnY !
g1 b1
g1 = o y 42
go bo
Thus eq. 69

o
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becomes, anchoring the integrals of RQ aa X = 0

X
/ Ro(Y)dY = M(X)
0

- go _ —
f(X)—f(Xo)= [log (X) + M (X) —log(Xo) — M (Xo)]
bo
(71) 1
~r ~r n
M(X) ~ £, — an (X)
n
m —
remembering f (Y ) = log | ——| ; Y — X, Xo
m o
We note the values of the critical mass rescaling exponent — d enoted C mqr —for Nfl = 3to 6
go 4x 3
(72) Cma'r(Nfl) — —

bo 33 — 2N f

o
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N rr,

A2-36

C mar

4/9 ~ 0.44

12/25 = 048 12/23 ~ 052 4/7 ~ 0.57

We rewrite eq. 71 'separating variables

(74)

m
log
m*
mo
= log
m*

— 04 < cmar < 0.6 for 3§Nfl<6

— Cmar [log(XO) + M(XO)]

The reference mass denoted 1 * in eq. 74lis completely arbitrary , yet we  restrict it to be

renormalization group invariant .

Next we exponentiate both sides of eq. 74 |

o
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mo
- [(Xo) °mer | BM (Xo)

m *

(

universal , quark mass independent function

(75)
M(X) : < 1

~ > 07, —— qn (X)™ inperturbatively accessible region
n

N

universal , quark mass independent function

EM(X)=1+Rpm(X):§ Rem~ >0, 9gemn (X)"

{ in perturbatively accessible region

gemM1 — —Cmarq1, -
| o
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We collect the expressions composing g EM 1 inthe last relation of eq. 75 below, using egs.
58(bop,b1).,65(9g0,91),70(q1),72and73( ¢ mar )
go 4 %3
gEM1 — —Cmarqi1 ; Cmar(Nfl) = = —
bo 33 — 2Nfl
g1 b1
go bo
bo = = (33 —2Ny) go = 4
b1 = 2 (9%x 17T —19Ny) g1 = 2 (101 — 10Ny;)

We evaluate the ratios forming the expresion for gEM 1 ineq.76onlyfor N s = 3and 5 and also

neglectall g g s n>1 for simplicity and to show the structural effects in a cohere nt way, leaving
subsequent systematic approximations aside . The latter include heavy flavor matching if we go deep
enough inside the region of perturbative accessibility . —

o |
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Nfl:3,5:0mar:%,

12
23
23
(77) bo = 9 , 21| g0 = 4 , 4
- 116 142 34
b1 = 64 , | 91 = 5 ., F
It follows
g1 b1
4 12 7117 64 116
Cmar—g,ﬁ, —E,F, _?7§
go bo
(78)
_ 19 _ 305
91 = 6 ' 138
38 610
9EM1 = —Cmarqdl = 57 1.41, 53%23 1.15

Universal quark mass rescaling — strengths and limits

With the criteria layed out in the last subsection we cast eq. into the form

EM (Xo) (X)) “men
(79) m = my

(Xo)ewer  EM (X)

o o
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It is here important to maintain clarity of notions and | repe at the generic form of the function
EM ( X ) in eq. 75 below , using the values og the first two sets of renorm alization coefficients for
Ny = 3ineq. 78

EM(X) =exp[—Ccmar M (X)]

.
universal , quark mass independent function

M(X) : < 1
~ > 02, —— qn (X)™ inperturbatively accessible region
n

N

(80) ( universal , quark mass independent function

EM(X)=14+Repm(X): < Reuy ~ > X 9EMna (X)"

in perturbatively accessible region

gEM1 — —Cmardq1, -
_ . _ 4 . _ __ 38 _ 19
Nfl—g-cmar— 9 gEM1 = —Cmar g1 = 27 q1 - 6
. _ 12 . _ __ 610 _ 305
Nfl = 5 : Cmar = 23 EM1 = —Cmarq1 = 529,611 — 138
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After an apparent detour we separate the universal repsonse function in the

'deep euclidean <= perturbatively accessible’ rescaling function of mass ver sus coupling constant and
thus versus scale in the following way

m 1
= exp | —Cmar |log —— — M(Y)
m* X
(81)
1
M(X) ~ Y00, — gn (X)7
n

The sliding scale is related to the coupling constant asw
Z = bg log (EQ/AQ) =bos ; X =Fkg
Sasy (X)) =Z & X =X (2)

(82)
Sasy (X) = Casy (X) + Ro (X)

O asy — X -1- allog(X_l) 3 RJ(X> ~ _2?521 m_lfm—l—le
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The adopted two loop or second order approximation egs. 81 an ~ d 82 amounts (for N fl = 3 ) to the

substitutions
_ 19
Z~ X 1—ajlog(X~ 1) —
(83)
X1 ~Z+ailogZ
_ _ 19 305 64 116
1= "% "I o0 91T 9oy
Egs. 81/, 82/become
m 1 B
~  exp — Cmar IOgT—qu
m ™ X
84 o o
. Z:bOlog(ﬁQ/AQ) ~ X 1—a110g(X 1)
Nfl:3:b0:97Cma?“:%,Q1:—16—9,a,1:%
23 12 305 116

Nfl:5:b0:?70mar—_

p— 1 pr—
We proceed to transform the second relation in eq. 84 [ —
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anchoring the mass scaleat p * = 1 GeV and normalizing the running strong coupling constant
(square) relativeto o s = 47X
H p
Z = 2bg | log + A . BA=ed = — ; pu* = 1Gev
pr A
o s L
(85) X = andgeneric X — X |, as — Qs
4
I 2T a1 47
log + Al ~ | — | (as) 't - —log | ——
w* bo 2bo [

We first show three figures : (1) repeating Fig A21 , (2) Fig A22 : comparing with the two loop

approximate rescaling with the four loop based a s ( Q) on Fig A21 from ref. [A215-2009] , (3) Fig A23 :
universally rescaled running quark masses with unspecified reference scale m * and fixed ratios
md:%(md—i—mu):mu:5:4:3.

More detailed description of these three figures is given sub sequently . —

o |
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0.2 -
0.1}
= 0QCD o3(Mz)=0.1184 +£0.0007
1 10 100
Q [GeV]
FigA2l: as(Q) = 4m kg = ¢ fromref [A215-2009] .
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e I
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FigA22: as(Q) = 4m kg = g fromeq. 83 compared with Fig. A21 .

 alpha®)

=5

o O

alpha_s ( Q) running QCD coupling constant with N_fl
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FigA23: m 4 (Q )/ m™ with fixed ratio of rescaled quark masses

m o - %(md—i—mu):md = 3 :4 : 5 fromeq. 81.
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To Fig A21 : In the four loop evaluation of the running couplin g constant in ref. [A215-2009] the
renormalization group invariant quantity is obtained in th e M S renormalization scheme

AW =213 £ 9Mev «— as(myz) = 0.1184 + 0.0007

(86) ALY = 296 Mev

AW = 213 Mev — ,
AV = 338 Mev

The matching between N fp = 5 — 4 — 3 inref. [A215-2009] involves the modeling of the
b- and c-flavor associated thresholds through the perturbat ively assigned b- and c-quark pole-
masses mp = 4.7GeV, m . = 1.5 GeV . Thisis a nonuniversal way to rescale quark
masses , and thus does not follow the strict quark mass rescal ing at zero quark mass , used here .
As a comparison in determining up and down quark masses at an M S scale of 2 GeV :
Dominguez, Nasrallah, R 6ntsch and Schilcher [A223-2008] use

(87) A =381 + 16Mev > as(m,) = 0.344 + 0.009
and adopting the scheme of quark mass rescaling at zero mass o btain for the u,d,s quark mass
ratios
| . .
m 4 : §(md—|—mu) : m g : m o
(88)

29 £ 0.2 4.1 £ 0.2 : 53 £ 05 : 102 £ 8
N
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- N

To Fig A22 : The following value was used : as(Mz) = 0.184 corresponding — for the two loop
running as defined ineq. 83 -lto A éQ) ~ 408 MeV . The so determined running coupling

constant is compared with the 1 - o limits of the same quantity as determined in 4 loop order in
ref. [A215-2009] confirming the validity of the two loop appr oximation in the range
10 Gev < @ < 200 GeV within the accuracy claimed in ref. [A215-2009] .

To Fig A23 : Here the strength and weakness of the mass rescali ng at zro mass within the
perturbatively accessible region is illustrated using as a guide only the ratio of u,d quark masses
1
may @ z(mg+mqy) @ my
(89)
3 . 4 : 5%
It seems appropriate to me to refer to the  in principle approach of rescaling in a universal way the
coupling constant and quark masses initially restricting all analysis to the perturbatively
accessible region , citing (adapting) the pertinent commen t by Murray Gell-Mann :
'Rising when last (first) seen

On the other hand the progress achieved in transgressing the perturbatively accessible region ,

using universal mass rescaling , in refs. [A223-2008] , [A22 1-2006] and references cited therein, is

significant, based on improved treatment of finite energy sum rules pioneered by Shifman ,

Vainshtain and Zakharov [A224-1979] . —
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To Fig A23 continued : It is worth noting that the value of the gauge boson condensa te, found in ref.
[A223-2008] , approximated as

(90) (Q|%:F:‘VF“”/A:|Q>—>O.OGGeV4

Is 5 times larger , than its original estimate in ref. [A224-1 979] .

The basics of chiral expansions in assessing ratios of the u, d,s quark masses continue to provide
additional benchmarks at low hadron energies [A225-2001] a nd references cited therein, while fine
details of these ratios can be subject to improvement . Final ly the validity of chiral expansions as

guidelines for lattice calculations present another strategy in principle [A226-2008] .

We add here a few representative determination of as(myz)

as(myz) processes source authors
(91) 0.1176 £+ 0.0020 average [A227-2008] PDG

0.1172 4 0.0022 thrust distributions at LEP ~ [A228-2008]  Becher , Schwartz

0.1184 + 0.0007 average [A215-2009] Bethke

o |
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Outlook

1) The consolidation of the perturbatibely accessible regi on and analyzable hard processes up to 4 and

5 loop order has seen a remarkable consolidation .

2) The asymptotic expansion brings about universal rescali ng of running coupling constant and mass

renormalized ’at zero quark masses’ .

3) Nevertheless the need for renormalization group invaria nt definitions of operators determining the
two central anomalies — scale and axial U1 current anomalies — necessitates to transgress the

perturbative domain , which by itself yields at first sight ve ry distorted such renormalizatin group

invariant scales .

4) This leaves demanding questions, hitherto unanswered, a nd thus opens aspiration and drive

towards further insights .

— Thank you —
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