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Preamble: In power counting renormalizable theories there is a universally accepted rule,
by which to every independent divergent one-particle-irreducible amplitude (1PI) one must
associate a parameter in the tree-level action. This rule cannot be easily exported to any
program of subtraction of infinities in nonrenormalizable theories. In fact, if this rule is used,
the theory looses (in general) any predictivity and moreover the perturbative approach is
unstable: for every new divergent 1PI amplitude emerging in the perturbative expansion, the

whole series have to be updated from the beginning.
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Introduction

A common structure is present in the nonlinear sigma model

(NLSM), in the massive Yang-Mills (YM) and in the Higgs-
less Electro-Weak model (EW). For SU(2) one has the action
structures: NLSM (Ref. [1]-[6])

SNLSM = AD4MTQ / dPx Tr{9"018,0}
the Stiickelberg mass for YM (Ref. [7]-[8])
Sy ag ~ AP0 / dPx Tr{[A, — i00,01%}
and EW (Ref. [9]-[11]) mass terms
Spw ~ AP~ / dPx(Tr{(gA, — %/QTSBNQT — i00,01)%}

/
+g[T r{gAu — %QT3BMQT — iQaMQTmHQ)'
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The 2 x 2 € SU(2) matrix may be parametrized by the real

fields
O =¢g+ing,  do=1/1-¢2

The constraint is implemented in the path integral measure

HD4 0)6(6(x)” + d(x HD%
V1—¢2
The non trivial measure in the path integral is the source

of very interesting facts.



Renormalization? No. What else?
The non polynomial interaction makes the theory nonrenor-

malizable

M2 I
Snrgn = AP / dPx (0" cbo@mbo + 0"90,0}

M?
= AP / dPz {5’“¢8ﬂgb+ p Pa0!'da PLOuPp}-

Vertexes carry second power of momenta, therefore already
at one loop there is an infinite number of independent di-
vergent amplitudes. Moreover it has been shown in the
seventies and in the eighties that some divergences break
chiral invariance (the global) at the same order.

Abandon Hamiltonian formalism and do pertur-

bation theory directly on the effective action functional I'.



The Local Functional Equation (LFE)
The measure is invariant under ”local left multiplication”

transformations ) — U(w(x))S2

0y = _waé(x) Pa
0Pq = wa2($>¢o + wcéx)eabc%-

Technical work to do: (i) find the algebra of operators
closed under local left multiplication transformations by
starting from the classical action, (ii) associate to every
composite operator an external classical source (for sub-
traction strategy), (iii) write the LFE which follows from

the invariance of the path integral measure.
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Step (i)
This is simple in the NLSM. Introduce the ”gauge field”
Ta

Its field strength tensor is zero (it describes a scalar mode)

and its transformation properties are those of a gauge field
F, — UFRUT +iU9,UT.
The classical action can be written

M2

Thus the closed set of operator is {gg, d0, ﬁu}



Step (ii)

The complete effective action at the tree level is then
_ M?
M0 = AP 4/dD$ (?{Fau — Jau}Q + Ko¢o).

The effective action ['[@, JL,KO] is obtained via Legendre

transform of the logarithm of the path integral functional

Z[[?,JL,KO] = /H%Dggb(az) eXp[F(O)Jr/dDyl?gg].

Step (iii)
Now we exploit the invariance of the path integral measure

wa() we(x)

under local left multiplication (d¢, = ~5~¢) + —52€4pcPp)-




We expand for small parameter &(zr) and obtain the LFE
((---) indicates the mean over the weighted paths )

/dD:L' <(M12)(F — J)aﬂ(eabcwchM + 0Hwq)

D—4
AP G + K+ ey awedy)(z) ) = 0,
where
M3 = AP~ M2
We will use the notation

D[X]Zb = 5ab5)u — eachcu-

Thus for the effective action we get the local functional
equation
oT por AP L orr 1 oT
Jt . K
sb ke CeJlt 2 Paltit 53D 15Ko0da ' 2 abcqb%qsb

0.



Hierarchy
The Spontaneous Breakdown of Symmetry is imposed by
the condition

g

0K field &sources=0
Then LFE naturally induces a strong hierarchy structure

= 1.

among the 1PI irreducible amplitudes: all amplitudes in-
volving the ¢ fields (descendant) are known in terms of the
amplitudes involving only the (ancestor) sources J_)ﬂ, Ky . For

instance, if we differentiate the LFE with respect to J"(y)

M? 52T 52T

D
— Lok + +28 10.00(x —vy) = 0.
2 5J5(:13)5J5,(y) 0pa()0.J7)(y) a0 0T = y)
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Weak Power Counting (WPC)
How many ancestor divergent amplitudes? The degree of
divergence of a graph G for an ancestor amplitude is (nj

number of loops)

5(G)=Dnp—2I+Y jVi+Np
1,k
ny=1— ij—NF—NKO—I-l
1,k

where I be the number of propagators, Ny the number
of external F), sources and Ng, those of Kj. V. denotes
the number of vertexes with k£ ¢-lines and j; derivatives.
The superficial degree of divergence §(G) for a graph can be

bounded by using standard arguments.
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By removing [ from these two equations one gets
5(G)=D np—2np —» (2—j) Vi — Np — 2Ng, +2.
7.k
The classical action has vertexes with ;7 < 2, therefore it
can be stated that

5(G)§nL(D—2)—|—2—NF—2NKO. (1)

For instance at n; = 1 the only ancestor divergent (inde-
pendent) amplitudes are (J—J), (J—J—J), (J—J—J—J),
(Kg—J —J), (Ky— Ky). The one-loop divergences of graphs
where the descendant field appears (¢) are expressible all in

terms of the ancestor divergences.
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Perturbative Expansion

This is an Ansatz. Consider the generic dimension D. Start with 7,
read from it the value of the vertexes and construct ['™ for n > 0. The
connected amplitudes W can then be obtained. Few questions are in

order
1. Does I'¥ obey the LFE? Yes, by construction
2. Does '™, n > 0 obey the linearized LFE?

a , 0 w0 1 61O §
5]” “SJIN 20D S, S
1 o
r(n) _
— + —€400D¢ = 0.
¢05¢a bqb Cbb)

3. Assume that a symmetric subtraction procedure is given for the diver-

gences in the limit D = 4, how is the breaking of the above equation?
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Answers
The answers to these questions are given in a compact form

by the QAP

AD—4 0 1 0 5
K Ky K,
ToaDAtagpg, T CackBeste

5f o
— _ JM
Z/ H o 5J“ abee ST
ADP— v 1 o0 60 1 oT
K
2 ¢a U IND— 45K0 5¢a + eabc¢c ¢b
where [ contains the counterterms ['(/)

[=104+3"10.
j=1
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Subtraction Strategy
Thus if the counterterms at order n are missing, the lin-

earized LFE is broken by the term

5 5 1 610 §
—OH JH—
( 5 JH T €abee 0.JI" 2AP=1 6¢q 5[(0
51 5 o) J) s (n=7)

0
Notice that ADl_455F gb(a) is independent from AP=% Thus we

use Laurent expansion on
A—D+4F(n)

to define the finite part and the counterterm A—DHpn) =
AT D+4F n ’

poles *



Organization of the Divergences
The LFE is a power organizer of the divergences that WPC
has classified. The full control can be obtained by finding

the relevant local solutions of the linearized LFE

0 5 1 610§
_HH p 9
(=0 5 JY * €abee 51 20D~ 6¢y 5K
51 5 L
+5 ¢o(5 o T ptabede ¢b>r<”>[¢, T K| = 0.

This can easily achieved by using the technique of bleach-
ing. We shortly describe this procedure. The above equa-
tion naturally suggests the following infinitesimal transfor-

mations o
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The Bleaching

The transformations
00J)" = (0"64p + €qpett Jwa = D]} wa
doFh, = D[F]! wy

B Wy 5T(0)
60K = V=

o7 51 1 oT(0)
0p(— S )= A 5%[(0 + §€abcwc(—T¢b)
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Care in Bleaching
Few facts about bleaching. i) The relations are invertible,
ii) In the case of J,,, bleaching is a kind of gauge transfor-

mation where the parameters are the g; fields

3= Q17,0 +i00,0

0,3, = O (au 4 Q@MQT) (J, — F)Q = Q'DL[F)(J, — F,)0
iii) the invariants can be constructed by using J,, and £, and
their space-time derivatives. Ancestor amplitudes do not

depend explicitly from gg We consider only those relevant

for the one-loop divergences.
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The one-loop Invariants

ZLg

Pz (F) — Ji)(Fy = Jy)°

Iy = | d°x (F' — J)(EY — J)(Fy — Jo) (Fyw — )

7, — / 4P [D,(F = J),),[D"(F — J)"],,

T, - / 4P [D(F — J),[Du(F — J),.

T, - / 0P e Du(F — ), (FY — JO)(EY — J7).
o DQ} K() M2 L an,u

24_/61 <¢0 Q[F ]3¢a¢a> 7

T — [ P (G 2L - T e (B -

where D, denotes the covariant derivative w.r.t [,:

Dab,u — 5abau — 6ach’c,u .
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The Counterterms

The counterterms are evaluated by extracting the pole parts
from the relevant amplitudes given by the effective action
functional normalized by AP 1t s very important to
care about the relation

AT~ L)~ AT+ (L~ T) = [ a0,/ 0162 0) = [ 420, 116:"17) =~ 0.

The right hand term is sterile: no descendant terms are

generated. Now the calculation gives

r) = AD_4[ - i(Il — 7y —13) + i(% +217)
D —4(4m)2" 12 48
31 11

T 4 -— T,
toak el
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The massive Yang-Mills

() describes the Goldstone bosons, that are here unphysical
modes. Then it is important to ensure that the Slavnov-
Taylor Identity (STI) is valid in order to preserve unitar-
ity. The LFE must be compatible with the STI. A suitable
gauge-fixing term will help to achieve this result. The Lan-
dau gauge is the simplest, since the tadpole contributions
can be neglected in most cases. The transformations to
be considered are the local left SU(2); and the global right
SU(2)r on (2, the gauge fields A, the Faddeev-Popov fields
c,c. Few external sources are needed in order to describe
the complete (under the SU(2); ® SU(2)p) set of composite

operators.
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Landau Gauge-fixing
AD—4

92

O = Sy p +

AD—4 D
72 /d z O (DulAlc)q

+ / dPz (A75AG + ¢5sd0 + dusda + chsca + Kogo) -

/ P (Bo(DMVI(Ay — Vi))a — cal DHVIDAlc)a)

+

A(D—4) 1 M2
Syar = [P~ (GG A+

- (Aan — Fa)®).

1
O =—(¢y+itada). O+ ="’ (2)

where v is a parameter with dimension equal one. We stress

that v is not a parameter of the model, because it can can

be removed by a rescaling of the fields 5, OQ-
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STI
The Slavnov-Taylor Identity necessary for the validity of
physical unitarity: S-matrix satisfies the following equation

at the perturbative level

(a]B) = > (a|S|n)(n|ST|B)

ne{physical states}

if both «, 0 are physical states. This in general is valid if the

Slavnov-Taylor identity is valid.

S0 6 o0 6" T 6T 5T
s = [ 4P oo ol
() / . %Agﬂ(mg T R o T T
5T 5T
9 L
TPy 05¢>5)
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Massive YM: the Local Functional Equation

ol ol ol
M= [ dPzal(2)(—-0 Veper— 0
W(I') / rag () ( M(gvalu T €abe C’“5V H§ A,
ol o' 1 1 ol 5F
+€abcAcum + EachcéBb -+ K0¢a+25K0 5§ba
1L
1 ol oI’ ol
T Eabcgbc 5y + Eabccc 3¢, + Eabcccé_cb
or oI’ o' 1 .ol
+€abc@(ﬁu5@b + eabcAz,uéA* + Eabcczcg_cz + §¢S 5oF
y a
1 oI’ ol

+3 Eabcgbc(sgbb - _gba(s%) = 0.

[' also obeys the Landau gauge equation

or AP
T _
S5 = o DA Vi 3)
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Linearized Equations and Induced Transformations
The structure of both STI and LFE is standard. Thus we

can

1. Establish the full hierarchy (only the Goldstone bosons

are descendant fields)
2. Confirm the validity of the WPC
3. Introduce the linearized STI and LFE
4. Extract from the linearized STI and LFE the generators

of the transformations on the effective action I

5. Check that the generators stemming from STI commute
with those from LFE



Subtraction procedure

With these tools we can construct the most general classical
action compatible with the WPC and the invariance under
the BRST transformations and the LFE induced symmetry.
Surprisingly enough the resulting action is the standard YM
field theory with a Stiickelberg mass term.

The subtraction procedure of the divergences is then the
same as in the NLSM: subtraction of the pure pole parts
in the Laurent expansion around D = 4 of the normalized
amplitudes A=DPHr. This subtraction procedure has been
implemented in the one-loop calculation of the gauge field

two-point function.
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Consistency of the Subtraction Procedure

The two-loop self-energy amplitude have been considered
from the point of view of the consistency. It has been ar-
gued that the subtraction scheme is consistent: i) the coun-
terterms are local ii) physical unitarity is satisfied iii) the
STT and LFE induced symmetry on [ is preserved. Ref. [8]
1) Explicit calculation of the gauge field two-point function.
2) Check that the counterterms are local at the two-loop
level.

3) Validity of unitarity.

4) All divergences (infinite) at the one-loop level are sub-

tracted by a finite number of counterterms.
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Outlook and (some) open questions

e Phenomenological applications (Andrea Quadri’s talk)
e Running constant (dependence from A)

e How to proceed with a generic regularization tool?

e Well-defined strategy of minimal subtraction with anti-

commuting -s.

e Eixtension to Grand Unified groups
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Conclusions
LFE —

e Hierarchy

o WPC

e Consistent subtraction procedure (symmetric and local)
e Finite number of physical parameters

For massive YM, FTI and Landau gauge equation —

e Physical unitarity

e Consistency with LFE.

't Hooft-Feynman gauge possible (many tadpole diagrams).
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NOTE 1: LFE = Schwinger-Dyson equation?
The Schwinger-Dyson equation in presence of a non trivial path integral

measure 1s

0= /HD 5% . ZSNLSMeXpi/dDyHilqubo(y) |
< OSNLSM ¢a> _ 0
5¢a< ) QSO |

M3 a
< %(_éauFau—Feab(Dd)bgb( ) ZO > = 0.

The terms in red are not present in the LFE. Moreover the overall factor

i.e.

Finally one gets

1/¢y is also absent in the LFE. In fact the Schwinger-Dyson equation
might coincide with the LFE only for trivial path integral measure (i.e.
invariant under shift of the fields d¢, = o, € fR).
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NOTE 2: LFE induced transformations
One can formally introduce external currents by using the

Legendre transform

5 5
Ky= -0 2 _ 0 g AD=480, g —pl0))
a 6¢a/ 5¢a/ ¢O ¢a O ‘KO—O

Under the action
0y = /dD:I: (0Mwq — €q4i ! w;)

1 1 0
(2wa¢0 + 2€a]k¢]wk)5¢a]

o, 1 or(0) 5
w
SJH T oAD—AT 5o, 6K

we get

5
5%,

K
1Sy + AP~45, =g,
o

1 by 5 1 or
_(_5 ¢_+2€aa’kwk>5¢as()+ SWa Sda ¢O¢

50 Ka/ — —[507




1 1 K Ko,

D41
+ <2wa¢o + 25a3k¢]wk><¢o¢ o/Pat+— gbo ad’)
1 ) 1 1 K
(2 aa/kwk)égba&) + /\D 4(§wa¢0 + 2€aj]€¢]wk)( by ¢ —0 a’)
1 1
— _iea’akkaa + AD_4§wa/K0
and
1 or0) 5 1
Ky = Ky= — K,.
50 0 QAD_4wa 5¢a, 5KO 0 QAD_4wa a
Thus we have a bleached variable
1
Ko = Ka®q
Ky 1 5 Ky M? 0L,
— S — — 4 —(F! - JH—E
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NOTE 3: The Rosetta Stone

We write the mapping for the paper [2] and the present work notation (denoted by a hat )

m% = mP?

P

by = —
mp

0 g

¢z — _¢z
mp

Fop = gFap

A=m

A

— =g

M

- g

Jau - —4m—2DJa'u

With these mappings we get

4 9
~ N N N m ~ m A N
T =0T, To=9"T, I3=9T3, Ii= m—fﬂ, Is = 92W315, s = 9'Ts, Iy =g'I;

Finally we get the counterterms

) 1 1 ¢ m_2D 1 g4m% 1 3 ¢* 1 14

S S T — Ty — 4T 9 (7. o > 97
i e B TR Tt e B ) g e I g
1 1 1 m% 1 1m3 - - 1 3g'm% - 1 1¢*°m3 -
™ D7 of 2 -
12 (47)2 m? m2 o T2+ s B e B
1 AP 1

o 1 . .31 .
= sl 5@ =T - D) + g (G + 2005 T + 5750

Iy — Tp — I3) +
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