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Motivation and Introdu
tion (M+I)
• - In perturbation theory (PT) Wi
k rotation is OK. Eu
lidean and real Lorentz(Minkowski) spa
e results are related and relation is well established.
• In momentum spa
e GFs have real bran
h points as a 
onsequen
e of mat
hingpoles in 
onvolution of distributions. The lo
ation of bran
h points 
orrespondswith physi
s� with opening threshold produ
tions.
• Real and imaginary parts are uniquely* related- dispersion relation , unitarityrelations..*up to s
heme dependen
e of GFsDCS and 
on�nement is beyond a

ess of PT



Hadrons P 2 > 0, �rst prin
iple 
al
ulation: GFs of 
on�ned �elds are basi
element to build hadroni
 wave fun
tions. Nonperturbative solutions in Minkowskispa
e is wel
ome.

• Standard philosophy for nonperturbative method:
• SDEs are self
onsistent- what enters SDEs is output as well. GFs are momen-tum dependent and thouse they appear inside the integrals. Analyti
ity is notguaranted, but it is assumed or even de�ned!
• The philosophy is to start with Eu
lidean spa
e, and analyti
ally 
ontinueEu
lidean results to Minkowski spa
e ( no matter what the singularities are,even if their stru
ture would prevent original Minkowski�> Eu
lidean)Standard philosophy: Start with Eu
lidean metri
 δµν; pE =
(p1, ...pN) ; p2

E = p2
1 + ..p2

N ,



make 
ontinuation p2
E, ... → −p2

E, ...and believe that GFs stemming from Eu
lidean generating fun
tional are wellde�ned as the Minkowski spa
elike GFs p0 < |~p|, so after 
ontinuation we get allMinkowski result p0 > |~p|.Numeri
al study of strong 
oupling QFTs: Bran
h points others then real oneswere identi�ed in various approximation of SDEsP. Maris QED3 (1995), P. Maris & H.A. Holties , IJMP, (1992)- ladder QCDPhilosophy II.Solve SDEs system dire
tly in Minkowski spa
e.

• Problem 1: small problem- possible singularities of GFs- poles, bran
h points



• Problem 2:. big problem- singularities in SDEs kernels stemming from integralmeasure be
ause of Minkowski metri
�>very often very badly de�ned numeri
al problem
• Type A,B solutions

• A. Solutions 
onstrained by analyti
ity assumptions, WR allowed and wellde�ned. 1+2 are elegantly solved, but assumption must be 
he
ked afterwords(it does not work for strong QFT)
• B. No assumptions needed. 1. problem -solvable 2. Unknown in general, butsimple models are solvable



A:Semiperturbative methods based on KLR

Assuming perturbative anlyti
ity of Green`s fun
tion,e.g. Propagators satisfyKhallen-Lehman representation (KLR), (n-verti
es- more 
ompli
ated forms),

KLR:

GKLR(k) =

∞
∫

0

dM2ρ(M2)D(k2,M2)

D(k,M2) =
1

k2 − M2 + iε



with property

< D >=

∞
∫

−∞

dk2D(k) = −iπ

Independently on the details of the models the momentum SDEs turns to"regular" equation for Lehmann weight. Using the Feynman tri
ks we always getfor the inverse propagator the dispersion relations,
G−1 = polyn. +

∞
∫

T

dM2σ(M2)D(k2, M2)

It works! SDE are solved above threshold by 
omparing Re and Im parts ofpropagators. but It does not work for strong 
oupling theory. KLR and DR mustbe valid everywhere.



Underthreshold and spa
elike 
he
k of An.assumption
σ, rho are solutions above T by the 
onstru
tion. Use them independentlyand 
ompare obtained GFs bellow T. If they disagree then neither of these issolution of original momentum SDE.Very likely toady known theories with dynami
al symmetry breaking and
on�nement do not give GFs possessing KLR and DR. Until 2009 all 
he
kedsolutions of SDEs based on KLR (i.g. gauge te
hnique, CSB solutions) exhibitdis
repan
ies between G(σ) and G(ρ) Che
ked 
ases: gauge te
hnique basedsolution by Cornwall, Papavasilliou 2009, Sauli 2009, CBS by Sauli,Bi
udo,Adam.In best, KLR based solution 
an serve as a gross approximation of true solution.

C − R+ analyti
ity is too strong assumption for QCD gluon and quarkpropagators.



QED2+1

B- modelExample of numeri
ally soluble theory in M Spa
e: ladder fermion SDE inQED2+1

• problem 1- is 
ompletely absent sin
e no pole on the real p2 axis exists

• problem 2- Clearly absent in A = 1 approximation
S = Ss(p

2) 6 p + Sv(p
2)

Ss =
B(p)

A2(p)p2 − B2(p)
; Sv =

A(p)

A2(p)p2 − B2(p)



ladder SDE in Landau gauge:

ΣA =
ie2

p2

∫

d3k

(2π)3
Sv(k

2)G(q2)

[

2(q2 − p2 − k2) +
1

2
(k2 + p2) − k2 − p2

2q2

]

ΣB = −ie22

∫

d3k

(2π)3
Ss(k

2)G(q2)

q = k − p ; A = 1 − ΣA ;B = m + ΣB;G =
1

q2
.

Numeri
ally advantage- the arguments of propagators are identi
al with theintegral variables,i.e. k2, p2Solution for timelike region p2.



pµ = (p, 0, 0)the most general loop integral in timelike Minkowski subspa
e reads
I[U,V ; N, p2) = i

∫

d3k

(2π)3
U(k2)V (q2)(k.q)N =

− i

2π2

1

4
√

p2

∞
∫

0

dk2

(k+p)2
∫

(k−p)2

dq2U(k2)V (q2)(
1

2
(q2 + p2 − p2))N

+
i

2π2

1

2
√

p2

∞
∫

−∞

dk2

∞
∫

−∞

dq2U(k2)V (q2)(
1

2
(q2 + p2 − p2))N

k =
√

k2 ; p =
√

p2



Note < 1/q2 >= 0 and q2 integration 
an be performed, leading to
B(p2) = m +

ie2

4π2

∫

dk2Ss(k
2)ln

|k − p|
(k + p)The propagator fun
tions are 
omplex

Ss =
B(p)

A2(p)p2 − B2(p)
=

RBc1 + ΓBc2

c2
1 + c2

2

+ i
ΓBc1 − RBc2

c2
1 + c2

2

;

Sv =
RAc1 + ΓAc2

c2
1 + c2

2

+ i
ΓAc1 − RAc2

c2
1 + c2

2

c1 = (R2
A − Γ2

A)p2 − (R2
B − Γ2)

c2 = (RAΓAp2 − RBΓ2)

R, Γ are Re an Im parts of proper GFs B = RB + iΓB ; B = RB + iΓB.



QED2+1 versus QED3

Stress k, p are timelike fourmomenta, solutions in spa
elike and timelikeregions have de
oupled.

Ss is 
omplex fun
tion in Minkowski spa
e
Ss =

B(p)

A2(p)p2 − B2(p)Compare to Eu
lidean partner (note p2
E = −p2 )

Ss =
B(pE)

A2(E)p2
E + B2(pE)



Eu
lidean ladder SDE:

BE(p2
E) = m − e2

4π2

∞
∫

0

dk2
ESs(pE)ln

|k − p|
(k + p)Minkowskian ladder SDE for timelike p:

B(p2) = m +

ie2

4π2

∞
∫

0

dk2Ss(k)ln
|k − p|
(k + p)



QED2+1 versus QED3
Re
all known:E spa
e: Appelquist1988, Burden1992,Gusynin1995, Bashir, Maris,... M spa
e:V.S.& B. Zoltan,arXiv:0901.0110
BE is real fun
tion in Eu
lidean spa
e, while B is
omplex, we have DCS for any e (topologi
ally massivetheory, B is known to be nontrivial when m = 0 ) in both
ases.
Two main messages:
1. Eu
lidean SDE is formally derivable by using the
ontour:



Figure 1: Minkowski �> Eu
lidean 
ontinuation for ladder QED2=1WITHOUT further deforming 
ontour in �g. 1 and 
on-sidering 
ontributions from 
omplex bran
h points observedin P. Maris 1995 , however timelike Minkowski solution isnot! analyti
al 
ontinuation of the Eu
lidean one (appar-ently, M would be non-holomorphi
 here p2 = 0), WR isinvalid.



Numeri
al results QED2+1
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Figure 2: Abs. value of ele
tron mass fun
tion.



Numeri
al results QED2+1
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QED2+1

2. B is 
omplex for all p2 with large non-zero Im �> absen
e of real pole inGFs = 
on�nement of given degrees of freedomSpa
elike Minkowski solution:- Dire
t Minkowski 
al
ulation for spa
elike momenta- not numeri
ally wellde�ned problem (more in 4D)- Continuation of known timelike solution is possible (sometimes)

B(−p2) = m +
ie2

4π2
√

p2

∞
∫

0

dk2Ss(k)arcsin
2kp

(k2 + p2)where Ss is timelike.



DCS in 3+1 Minkowski spa
e, Te
hni
olors, QCD

First re
all: spa
elike physi
s still not reasonably a

essible unless WR is notperformed in pra
ti
e.
Typi
al integral in four dimension:
B(p) ≃ i

∫

d4k

(2π)4
G(k2)S(q2)

Lorentz invarian
e di
tates B(p2) for any pµ, pµ = (0, 0, 0, p) ->



for p2 < 0,

B(p) ≃
∫ 1

−1

dz









∫ ∞

0

dk2

sgnz∞
∫

k2+p2

dq2 +

∫ 0

−∞

dk2

sgnz∞
∫

k2+p2+2
√

−p2
√

−k2z

dq2









1

z3

1

k2 + a/z2
IG(k2)S(q2)

I =
(q2 − k2 − p2)2

8(
√

−p2)3
; a =

(q2 − k2 − p2)2

2(
√

−p2
2
)

Study of analyti
al 
ontinuation of Eu
lidean results P.Maris 1995 shows upbran
h points in 
omplex plane, positions and number of singularities depends on



details of intera
tion. Intera
tion strong enough 
an lead to the absen
e of realbran
h point in the quark propagator.Large Nf QCD with CBSSimplest model in MS. E�e
tive running 
oupling is 
onstant at low andintermediate q2 , it vanishes for large q2 in a

ordan
e with asymptoti
 freedom.

ΛQCD be
omes e�e
tive 
uto�, and being 
lose to the 
riti
al 
oupling value weget m << Λ, i.e. near 
riti
ality Te
hni
olor like s
enario of DCSB. E�e
tiverunning 
oupling and te
hniquark masses are ne
essarily real fun
tion as they areobtained in Eu
lidean spa
e.Simplest model in MS: SDE with running 
harge:

for|q2| < Λ2 : αTC(q2) = Const

for|q2| > Λ2αTC(q2) = 0



Const -large enough to establish DCSB

-Timelike region of p2

Ladder SDE in in Landau gauge Z=1 approx in MS be
omes:

M(p2) = m + iconst
∫

d4k
(2π)4

Ss(k)αTC(q2)
q2

arguments of GFs=integral variables



M(p2) =
iconst

16p2π3

∫ ∞

0

dk2







∞
∫

(k+p)2

dq2
√

∆(q2, k2, p2) +

(k−p)2
∫

−∞

dq2
√

∆(q2, k2, p2)

+

∫ 0

−∞

dk2

∫ ∞

−∞

dq2
√

∆(q2, k2, p2)

]

Ss(k
2)

αTC(q2)

q2
;

∆(a, b, c) = a2 + b2 + c2 − 2(ab + ac + bc)

Not similarly to QED2+1, 
oupled with SDEs for spa
elike arguments, stillnumeri
ally not well de�ned problem, fa
torization of in�nities whi
h are not trulypresented in the solution.Assuming 
ontinuation in �g1. (performed only for internal momenta here) isa reasonable approximation we get



M(p2) =
iconst

16p2π3

∫ ∞

0

dk2







∞
∫

(k+p)2

dq2
√

∆(q2, k2, p2) +

(k−p)2
∫

−∞

dq2
√

∆(q2, k2, p2)

−
∫ ∞

−∞

dq2
√

∆(q2,−k2, p2)

]

Ss(k
2)

αTC(q2)

q2
.



Numeri
al Results, large Nf QCD
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DCS in 3+1 Minkowski spa
e, Te
hni
olors, QCD

GFS of 
on�ned obje
ts-te
hniquarks are 
omplex fun
tion without real pole(i.e. no free parti
le in in- and out- states) and without real bran
h points.Following LSZ-redu
tion formula for S-matrix su
h obje
ts does not appearfor asymptoti
ally large times as a physi
al states. Quarks (te
hniquarks) arepermanently 
on�ned (independently on the details how they are 
on�ned).Constituent te
hniquark mass is not well de�ned quantity, x →
∞ReM(x), ImM(x) → ∞ .remark: m 6= 0 but renormalization undone, sin
e Λ is used also for S!, R isadmitable when spa
elike physi
s is known!:( remains to be doneCon
lusion:
• Two examples of model with DCSB solved in Minkowski.



• QED2+1 and large Nf QCD ladder SDE for fermions solved
• propagators exhibit 
on�nement through the absen
e of real pole, no realparti
les on their mass shells.

• (dis)
one
tion of Eu
lidean and Minkowskian world exhibited
• Minkowski low energy QCD-re
ently unknown, low q2 running 
oupling, per-haps 
omplex variable, is re
ently undetermined.


