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Questions concerning author, title, contents

@ Why is the title so complicated?

@ Why not just “offshell transport”?
Answer:

@ In scattering theory offshellness is the part one cannot measure
< depends on interpolating fields

® see, e.g.,
Field transformations and simple models illustrating the
impossibility of measuring off-shell effects,
H.W. Fearing, S. Scherer,
Phys. Rev. C62, 034003 (2000)
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Contents of this section

Traditional transport and the need to go beyond

o define “traditional transport”
@ Boltzmann equation, gain and loss terms, in and out rates

@ introduce test-particle representation

@ motivation for resonance transport
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What is traditional transport?

traditional transport theory can be used to describe, e.g.,
production of hadron h in

A+A—h+X

features:
@ describes succession of single scattering events, e.g.

o Ny + Ny - h+ X, h+ N3 — h+ N3, ...~ rescattering
o Ny +Ny — H +X, i+ Ny — h+ X, ...~ cross feeding

o definitely appropriate for (very) low densities

@ can account for finite size of medium (nucleus)
and finite duration of reaction

@ coupled-channel treatment (cross feeding)

@ beyond Glauber (non straight-line, cross feeding),
but no quantum interference between different scatterings
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What is traditional transport?

traditional transport theory can be used to describe, e.g.,
production of hadron h in

A+A—h+ X

technical ingredients:
@ propagation and scattering of stable states
present in nuclei or emerging from scattering reactions
@ corresponding scattering cross-sections
< measured/parametrized or from microscopic models (later)
@ how many states are there?
~~ one-body phase-space distribution functions f;(t, X, p)
@ for particle of type i (nucleon, pion, ...)

o with fixed mass m;,
@ momentum p,

o energy E; = /p? + m? + TMF

o at space-time point (t, X)
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Boltzmann equation

Evolution of f;'s governed by coupled-channel Boltzmann equations
(E,- Qe+ PV — LV, IMF[F](¢,%) - 6,,) f(t,%, B) = gain — loss
another way of writing this (for later use):

—% {p2 —m? — Z?/IF[IS] i} ’p():E,' = gain — loss

with (generalized) Poisson bracket

0A 0B 0A 0B
(4B = O Opr o,

N.B. spin neglected, mean field purely scalar
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Apologies

| apologize to A.A. Vlasov, E.A. Uehling, G.E. Uhlenbeck about
using the term “Boltzmann equation” even in the presence of
forces and quantum statistics
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Gain and loss terms

gin = L6 Y [+ L (05 F) (65, 5)
e x[L £ f(t, %, 5)]
= [1+£(t,%B)] L E7(t %, B)

doji_ 25 S o
loss = Z/ J Ch(t. %, B) [1 £ fi(t, %, i)

ikl
! x[1+ f(t, %, B)]
= f(t,X,P)3=°"(t, %, P)

typically assumed to be space-time local

total width ~ yout + yin _ y-tot
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“Relaxation time approximation”

Zin

define distribution demanded by self energies: fx = ot

Boltzmann equation:
EOf +...= —35"(f — )
Boltzmann equation drives f towards fs
relaxation time “approximation”: j—i = —% (f—f)
2E

~ ytot
in general, fy can change during evolution (depends on f;'s)

relaxation time: T

N.B. for thermal system: f5(p) = Ngose/rermi(P0)
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Propagation and scattering

How to solve Boltzmann equation?
(Eat +B-Vy— %ﬁXZMF(t,S() . ﬁ,,) f(t,X, p) = gain — loss

— have to describe

@ propagation
(E Or+ B+ Vi — AV, IMF (£, %) - 6,,) f(t,%,B) =0

@ scattering ~ gain —loss ~ gjj .
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Test-particle representation and propagation

How to solve collisionless equation?

— test-particle ansatz for one-body phase-space distribution

F(t, %, B) = Np% ﬁ; 5@ (y - Xn(t)) 5@ (,3 - ﬁn(r))

with
@ N = number of test particles (N large to “fill" phase space)
0 Nphys = | d3x d3p f = number of physical particles
(of considered type)
— plug ansatz in equation for propagation ~~
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Test-particle equations of motion

Want to solve

< sum of V,d3) (X — X,(t)) terms must vanish ~ ;n = P,/E,
s same for 6,3(5(3)(5 — ﬁn(t)) ~ /?’n = —ﬁxnzMF(ta )?n)/(2En)

with E,2 = B2 + m? + ¥MF(¢ X))
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Test-particle representation and collisions

@ if two test particles are close to each other
— decide whether they collide and produce new test particles

— collision criterion related to cross section ~ scattering rate

@ geometric criterion: distance smaller than ~ /=
(intuitive)

or

@ determine probability for scattering from transition rate

< can be generalized to three-body scattering, ...
(if one can calculate/determine corresponding rates . .. )
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My definition of “traditional transport”

*]
(SN
]
s

@ note: this does not include resonance decays

include only two-body collisions 2 — n, n > 2
note: 2 — 3 violates detailed balance without 3 — 2
propagate only stable states (nucleons, pions)

note: cross sections are defined for asymptotic = stable states

resonances are in cross sections

[

[

traditional transport # “standard” transport
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Motivation for resonance transport

@ reasons for propagating resonances as active degrees of
freedom instead of having them only in cross sections
— Gedankenexperimente:

© photoproduction of hadrons (e.g., pions) on nuclei
© absorption of pions in a dense system
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Gedankenexperiment 1

@ study for the sake of the argument simpler system,
e.g., photoproduction

vy+A—h+X
@ suppose hadron h is produced via resonant cross section, i.e.
y+N—-R—h+X
1
2 2 rout
(E - ER) + rtot /4

@ in nucleus [;, can change by additional channels,
eg. N+ N— R+ X"
< additional channel can be included in traditional transport
by incorporating the cross section for

o~

N+NF he x4 x”

< but: also 'yot changes, since [, is part of [{o¢
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Gedankenexperiment 1 — continued

1
(E - ER)2 + rt()t2/4

o~ lMout

@ [, can change by additional channels

[

also it changes, since 'y, is part of [y

not accounted for in traditional transport, since cross sections
taken from vacuum

[

@ generic result not restricted to resonant production:
unitarity is not fully accounted for, if one uses vacuum cross
sections in a medium

[

calculate in-medium cross sections (off equilibrium?)
alternative for resonances:

$

@ incorporate them as propagating degrees of freedom
@ can locally adjust their properties
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Gedankenexperiment 2

@ want to study pion absorption in a dense medium

@ suppose system is so dense that r+ N+ N — N+ N
plays important role

< three-body reactions fairly complicated
@ suppose further that 7N interaction dominated by A
excitation
~> split process in three subprocesses:
@ formation of resonance m + N — A
© propagation of resonance
© scattering of resonance A+ N — N+ N

~» mock-up for (most?) important three-body processes
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Possible improvements of traditional transport

@ in-medium cross sections
(Salcedo/Oset/Vicente-Vacas/Garcia-Recio, Nucl.Phys.A484 (1988) 557)

@ transition rates for 3-body reactions ...
— elementary input?

@ transport for resonances, states with continuous mass
spectrum
(Effenberger/Bratkovskaya/Mosel, Phys.Rev.C60 (1999) 044614;
Knoll/lvanov/Voskresensky, Annals Phys. 293 (2001) 126;
Leupold, Nucl.Phys.A672 (2000) 475;
Cassing/Juchem, Nucl.Phys.A672 (2000) 417)
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Quantum-mechanical derivation

@ want to produce, propagate and annihilate resonances

— classical statistical physics plus scattering theory not enough
(deal with stable = asymptotic states)
@ alternative: Boltzmann equation can be derived from
quantum many-body Kadanoff-Baym equations
@ quantum field theory:
stable states and resonances described on equal footing
by interpolating fields, e.g.,

Ling ~ Pravstn Oum + . ..

with
o 1x : interpolating field for A resonance
e 1 interpolating field for (stable) nucleon
o 7 interpolating field for (“stable™) pion
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Contents of this section

Derivation from Kadanoff-Baym equations

@ introduce two-point functions and show their physical contents
@ (Dyson-Schwinger and) Kadanoff-Baym equations

@ approximations to deduce traditional transport theory
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Two-point functions

@ given interpolating field ¢/ (boson or fermion, spin neglected)
@ central quantities: (Wigner transformed) two-point functions

— generalized phase-space density of filled states

Foxcp) = [ dtue (10— uf2) wlx+ 0/2)

— generalized phase-space density of empty states

/d4u e'Pu (W(x 4+ u/2) wT(X — u/2))

< better instead of latter: spectral function

A(x.p) = § / d*u e ([b(x + u/2), 01 (x — u/2)])

@ all information contained in F and A
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Spectral function

Alep) =} [ b (x+ /2,000 0/2)15)

@ with (...) = %Tr(p. ..), system’s density operator p and
Z ="Trp

@ note: x = (t,X) and p = (po, p) are four-vectors
and py is free variable

— study limiting cases:

© non-interacting theory (states with mass m)
A(x, p) =7 8(p? — m?)

(result independent of p and of x)
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Spectral function — continued

— study limiting cases:
@ non-interacting theory: A(x, p) = 7 §(p? — m?)
@ thermal system: specific choice p = exp[—F(H — uN)]

B VsT(p)
A P) = T T Rer (P + 5 T2(0)

(independent of x!)

with
o (Lorentz invariant) width ['(p) = —Im¥***(p)/+/s
o corresponding real part of (retarded) self energy ReX"*

o s=p°
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Physics contained in spectral function

@ spectral function A(x; po, p) tells about energy distribution
of one mode with momentum g (at point x)

< equivalently: distribution of invariant mass (squared),
s = po? — p°, of one mode with momentum B (at point x)

@ N.B. in vacuum only s matters

A [GeVY
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Generalized phase-space distribution

Flx.p) = / d*u e (W (x — uf2) ¥(x + u/2))

— study special cases:

@ 3-dimensional case; integrate out momenta:

3
/ (gﬁ; F(.p) = (W'(X)¥(X)) ~ particle density

© homogeneous system ~» no x dependence

F(%.p) = / o u e (11(0) (u)

~+ mode decomposition, four-momentum distribution
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Generalized phase-space distribution — continued

— study special cases:
o f )3 F(X,p) ~ particle density
(%] homogeneous system: F( ¥, p) four-momentum distribution

© thermal system (no x dependence):

F(p) = 2 Ngosesremi(P0) A(P)

< define for general case f(x, p) via
F(x,p) =21 (x, p) A(x, p)

< quasi-particle case: A(x,p) =78 (p? — m* — ZMF(x))
~ f(t,X; p) becomes standard phase-space distribution
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Physics contained in A, f and F

given (t, X, p), can ask two questions:
© How is energy pg distributed? ~~ A(t,X; po, p)
© How many are in system? ~~ f(t,X; po, P)
< combined information in F(t,X; po, p)

< suggestive for later: represent F by test particles
F(t,% po, B) ~ D0 (%= Xa(1)) 69 (0 — Pa(1)

N.B. not always true!
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Kadanoff-Baym equations

motivation instead of a derivation:

@ start with vacuum Dyson-Schwinger equation

D™ (p) = p* — m* — £(p) = Do (p) — Z(p)

Diyoe(P) D(p) = 1+ Z(p) D(p)

free

@ this algebraic equation in momentum space actually comes
from integro-differential equation in coordinate space

(-0, — m?) D(y. z) = 6@ (y — 2) + / d*y' X(y.y) D(y', )

@ in vacuum every quantity Q(y, z) depends onlyony—z

< suggests Fourier trafo Q(p) = [ d*(y ePy=2) Q(y, z)
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Kadanoff-Baym equations — continued

Kadanoff-Baym equation
(—0y —m*)Fly,z) = —i / d*y' £y, y") F(¥', 2)
Yo<¥o
+i /d4z/ Y(y,Z )2 A(Z, 2)
zh <z

@ and a corresponding one for A(y, z)

[

[

in general such integro-differential equations are hard to solve

only simple if all dependence in difference variable v =y — z,
i.e. no dependence on average variable x = (y + z)/2

then Fourier trafo in u yields algebraic equation

transport theory (ideally) concerns situations where
dependence on x is present, but weak
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Gradient expansion

@ perform Fourier trafo with respect to difference variable
(Wigner trafo)

/d4ue /d4y'Z(x+u/2 VYF(y ,x—u/2) = ?

< obtain quantities depending on phase-space variables x and p
< in general numerically involved/intractable

@ Approximation for systems where dependence on x is weak:
Gradient expansion

? = X(x,p)F(x,p) + %{Z(va) F(xp)}+ 0(8)2()
@ recall (generalized) Poisson bracket

0A 0B  0A 0B

AB) = In B
A8} = dx, Opt  dpH dx,,
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Gradient expansion — continued

@ equation for spectral function becomes algebraic

B VsT(x,p) 0(9?
.A(X, P) = [S 2 _ Rezret(x7p)]2 + s r2(X7 P) * (OX)

with [ = X%t /(2/s)
@ equation for generalized phase-space distribution becomes
transport equation

{Zin, (p2 o m2 o Rezret) Z":tt

= 3T A—FTF +0(07)

} — 1{p? — m? — Rex™ F}
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Quasi-particle approximation

o for resonance transport we will start with this transport
equation

{Zin, (p2 . m2 . Rezret) Z"it} _ %{p2 _ m2 . ]‘:{ezret7 F}
— %ZinA—

@ obtained from the Kadanoff-Baym equations using only the
gradient expansion and keeping terms up to first order

@ to get traditional transport equation use in addition
quasi-particle approximation

A(x,p) =76 (p* — m* — TMF(x))

and recall definition F=2f A
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Quasi-particle approximation — continued

in T A T
{Z ,(p> — m?* — Rex™") Ztot}—l p®> — m? — ReX™ F}
_ 151 1 ytot
=52 A-;2%F
integrate transport equation over energy pg and recall F =2f A

< first term vanishes

< second term yields
3PP = m? =ML = EOf+ ...
< right-hand side yields gain — loss

%zin_%ztotf:%Zin(lif)_%zoutf
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Consistency of approximations

Gradient expansion and quasi-particle approximation fit well
together:

B ZtOt(X, P)/2
AXP) = T2 “Rezt(x, p)P + (59 (x, p)2)2

with ¥t small

_% {p2 —m? _— yMF ’ f} ’pOZE — _% 5 tot (f - f):)

with distribution demanded by self energies: fx = ¥ /3t

< small ~ 9y left-hand side = small ~ %" right-hand side
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Beyond quasi-particle approximation

{Zin, (p2 . m2 . Rezret) Z’it} . l{p2 _ m2 . ]‘:{ezret7 F}

__ 1 xin 1 5-tot
=lying_lgtetp

@ interested in systems/states where ¥'°' is not negligibly small

@ relevant for resonances, but also for “asymptotic” states

[

if collisions become very frequent

“collisional widths"

both types of states described on equal footing by
non-trivial spectral functions

transport for states with a continuous mass spectrum
(cf. P. Henning's work)

N.B. might be at the edge of applicability of gradient
expansion
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Collisional width of nucleons

r [GeVl

M. Effenberger, Ph.D. thesis
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Contents of this section

Different realizations, features and shortcomings

o Kadanoff-Baym choice (Knoll/lvanov/Voskresensky)
@ Botermans-Malfliet choice (SL)

@ Cassing-Juchem “approximation”
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Why do we have a choice?

{Zin’(pZ o m2 _Rezret) Z"it} . l{pZ _ m2 —Rezret,F}
1 5in 1 s~tot

@ how to deal with first term?
@ obviously: right-hand side = o(dx)
— replacement
Ztot F
2A

within (first) gradient term is still correct in order o(dx)

Zln N

— fs — f

< Botermans-Malfliet choice: perform replacement
Kadanoff-Baym choice: don't do it

(names from Knoll/Ivanov/Voskresensky)



Realizations
000000000000 0000

KB and BM choice

Kadanoff-Baym choice

A
Y tot

{Zin’ (pz —m?_ Rex’)
1 5in 1
=53 A- ZZtOt F

} — %{p2 — m? —ReX™ F}

Botermans-Malfliet choice (after some rearrangements)

LA{Z® (p? — m? — ReX™) F} — 1598 A{p? — m? — Rex™", F}

__ 1y 1 s-tot
—1lying_lywtp

note: {..., ... F} describes propagation
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Kadanoff-Baym choice

@ favored by Knoll/lvanov/Voskresensky
o feature: conservation laws

— if particle number
N(t) :/d3xd4pF(t,)_<'; p)

is conserved by full Kadanoff-Baym equations
(depends on self energies)

~ KB choice for approximate transport equation
exactly conserves N
(Knoll/lvanov/Voskresensky, Annals Phys. 293 (2001) 126)

— same for energy, momentum, ...

@ shortcoming: how to solve transport equation in practice?
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Kadanoff-Baym choice — continued

shortcoming: how to solve transport equation in practice?

—% p> — m? — ReX™, F}

1 5" in 1 in 2 2 r
=51 A—ZZtOtF—{Z ,(pe—m —Rezet) tot}

o recall: {..., ... F} describes propagation
< {¥™ ...} must be part of collisions (does not contain F)

® loss terms must be ~ F
(cannot take away particles if there are none)

< but: {X™ ...} can have both signs
~» KB choice does not allow for test-particle representation

@ N.B. in addition: heavy numerics for gradient terms
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Botermans-Malfliet choice

%A{ZtOt, (p2 _ m2 _ Rezret) F} . %Ztot A{pZ _ m2 . Rezret’ F}
_ lyin 1 y-tot
=52 A-zTF
@ favored by Cassing-Juchem, SL
o feature: test-particle representation can be used (but ...)

< get equations of motion for test particles with arbitrary mass

@ shortcoming: particle number
N(t) = /d3x d*p F(t,%; p)

not conserved (exactly)
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Cassing-Juchem “approximation”

@ represent F by test particles
F(t%:p) ~ 3260 = Ka()) 6(p = Pa(t))

@ transport equation (BM choice)

@ use right-hand side to determine collisions, decays
@ use left-hand side = 0 to determine equations of motion
— strictly speaking leads to contradiction:
number of test particles (between collisions, decays)
is conserved by construction, but [...F is not
< which equation is really solved? ’
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Toy model

o given: “Kadanoff-Baym equation” which conserves
N = f dp f(ta P)
@ got “transport equation” by some approximation scheme

0 0
- f F(t) = f(t,p) =
g L= K6 P)F(e, P)] + F(8) 5 f(t,p) = 0
o conserved quantity now: N = [ dp (1 — «(t, p)) f(t, p)
@ try test-particle ansatz Y d(p — pi(t))

both for f and for f = (1 — k(t, p)) (¢, p)
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Toy model: test-particle ansatz for f

f(t.p) ~ > 3(p - pi(t))

S 0= R pDF(E P+ F(2) (e p) =0

to get
S {2 56 (o)

T [F(t) - p,-(t»]p,-(t)} 2 5o - p,-(t»} -

@ have to demand that the two coefficients in front of 4(...)
and 9,4(. ..) both vanish

— two equations for one quantity
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Toy model: test-particle ansatz for f

< two equations for one quantity

0k(t, pi)
O =gy M A(O=7 —Fm((tt), )
opi

— overdetermined system

— reason: f does not correspond to conserved quantity
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~

Toy model: test-particle ansatz for f

< one equation for one quantity,
coefficient of pure d-function vanishes

: B F(t)
Pt = T o)

— general property of test-particle ansatz for conserved quantity



Realizations
0000000000 0e0000

Effective particle number

Is there a quantity which is exactly conserved by the approximate
BM transport equation?

LA{Z® (p? — m® — ReX™) F} — 1 510 A{p? — m? — ReX™, F}
2 lyi 1 ytot
=5 sy A -3 ytot £
s yes: F o~ XU AF =250t A2 f
(SL, Nucl.Phys.A 672, 475, 2000; Nucl.Phys.A 695, 377, 2001)

@ N.B. also %' A% — 7 §(p? —...) for T — 0 (like A)
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Test-particle representation

represent F (and not F) by test particles

F(t,5:p) ~ 3 6O% = Xo(1)) 64 (p — Pa(t))

get consistent equations of motion for test particles
later

express collision/decay terms in terms of F
modifications for cross sections, decay rates (life times!)
e.g., “loss” term of 3 ¥ A — 1 Ttot F:

el e

f —_—
Ytot A -

1 o 1 o -1
—ZzttFN—ZZtt _%A F

[

life time of test-particle resonance is 2E.A instead of 2E /¥t
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Life time of test-particle resonance

6 |

dr /Ty -

7, 1/T [fm/c]

-
-
------
--------
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Equations of motion for test particles

dx 1 1 L = p2 — m? — ReX™t _
dt" “ 17K 2. <2pn + V,Rex et 4 11 Fio n_y,xtot
dpn 1 1 - . p2—m?—Rexr’ - _ .
T TR 2 (vXRezrne 4 =0 Fio L v N
de," _ 1 1 o zret pl2‘l B m2 B Rez;et ) ztot
At~ 1=K, 2pg, \ 0RO T ¥ tot t=n

with

_ i OReXret N p2 — m? — ReXret gy tot
"~ 2po \ 9po ytot Ipo

and Qo = Q% P)l—rs pn,
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Equations of motion for offshellness

o for offshellness Am? = p2 — m? — ReZ™®' this leads to

dAam?  Am? dxiet d , d
= =N —1 A = —| Ztot
at Tt dr a8 = gy 08 5n
— mass distribution gets broader in medium

— shrinks back in vacuum

— particles leaving medium get back on mass shell
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Summary

o for extension of traditional transport to non-stable states start
from quantum many-body Kadanoff-Baym equations

@ gradient expansion plus quasi-particle approximation yields
traditional transport

@ only gradient expansion yields desired generalization

o different choices:

o KB choice: not tractable in test-particle approach
(on a lattice?)

@ BM choice in SL version:
unintuitive rescaling factors (X't .4)~1
for cross sections and decay rates

@ BM choice in Cassing-Juchem version:
which equation is actually solved?
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For the future?

< various approaches should be compared,
e.g., for simple toy cases

— compare also to improved traditional transport,
i.e. keeping resonances in cross sections,
but including in-medium modifications of cross sections
and three-body reactions

— important:
microscopic understanding/calculation of cross sections
@ unknown channels, e.g., collisions with resonances
o off-shell extensions of self energies
& in-medium changes of cross sections
¢ three-body transition rates

< obtain better understanding of (vacuum) hadron properties
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Backup slide: Exact definition of F

the quantity which is exactly conserved by the BM transport

equation is
F=(1-K)Z"AF
with
K — i aRezret N p2 _ m2 _ Rezret 8ztot
~ 2po dpo 3 tot po
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