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AMD framework (including some details)

Cluster correlations in AMD

Skyrme force with AMD
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Homework calculations - AMD

Gogny force (finite range, density-dependent; ρ0 = 0.166 fm−3, K = 228 MeV)

The width parameter ν = (2.5 fm)−2

⇒ Ground state of the Au nucleus (B.E. = 1537 MeV, 〈r2〉1/2 = 5.56 fm)

σNN = 40 mb with isotropic angular distribution. (σNN = 0 if prel < 50 MeV/c.)

b = 0 and b = 8.376 fm. Initial distance = 15 fm.

A two-nucleon collision is a scattering of the centroids of two wave packets which
have momentum widths.
As the momenta (or

√
s) of colliding nucleons,

.

.

.

1 the momentum centroids are written out (1st result of HW1).

.

.

.

2 the test particle momenta taken randomly from the Gaussian distribution fW(r, p) are
written out (updated result of HW1, and HW2).

The state is represented by {Zk, Sk,ab; k = 1, . . . , A} in AMD.
100A test particles for output are generated randomly based on fS(r, p).

Good for the momenta of emitted nucleons.
Not good for the internal wave function of nuclei.
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Antisymmetrized Molecular Dynamics

c + c + c + ...1 2 3

t

Initial State

Branching

.

.

. ..

.

.AMD wave function

|Φ(Z)〉 = det
i j

[
exp
{
−ν
(
r j −

Zi√
ν

)2}
χαi ( j)

]
Zi =

√
νDi +

i
2~
√
ν

Ki

ν : Width parameter = (2.5 fm)−2

χαi : Spin-isospin states = p ↑, p ↓, n ↑, n ↓

∆x

d

0s

0p

Antisymmetrization

.

.

. ..

.

.

Stochastic equation of motion for the wave packet centroids Z:

d
dt

Zi = {Zi,H}PB + ∆Zi(t) + (NN collisions)

H(Z∗, Z) =
〈Φ(Z)|(T + V)|Φ(Z)〉
〈Φ(Z)|Φ(Z)〉 − 3~2ν

2M
A + T0

(
A −NF(Z∗, Z)

)
Mean field (Time evolution of single-particle wave functions)

Nucleon-nucleon collisions (as the residual interaction)
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. . . . . .

Stochastic Two-Nucleon Collisions

Physical coordinates

Wk =
∑

j

(√
Q(Z)

)
kj

Z j =
√
νRk +

i
2~
√
ν

Pk, fW(r, p) = 8
A∑

k=1

e−2ν(r−Rk)2−(p−Pk)2/2~2ν

Collision between 1 and 2 : W1, W2, W3, . . . , WA ⇒W′
1, W′

2, W3, . . . , WA

i{Z }

{W }i

ii {W ’}{Z ’}

{Z }i
Nonlinear Transformation

Back-Transformation

Collision

Pauli Block

Physical Coordinates

Two-Nucleon

P1 =
1
2 ptot + prel

P2 =
1
2 ptot − prel

⇓ dσNN/dΩ

P′1 =
1
2 ptot + p′reln̂

P′2 =
1
2 ptot − p′reln̂
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When do two nucleons collide?

All the nucleon pairs are checked at every time step dt.

.

Assumptions

.

.

.

. ..

.

.

.

.
.

1 Collision attempt rate is proportional to the density overlap and the relative velocity.

P(r)|dr| = αe−νr2 |dr|, r = R1 − R2

dr = r(t) − r(t − dt) = (v1 − v2)dt

.

.

.

2 The two nucleons move on straight lines until they collide, and the total cross
section is σNN. ∫ ∞

0
2πbdb

[
1 − e−

∫ ∞
−∞ P(b+z)dz

]
= σNN

⇒ The coefficient α is given as a function of σNN and ν.

y =
νσNN

π
, x = α

√
π
ν

, y = −
∞∑

n=1

(−x)n

n(n!)
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Rapidity distribution in peripheral collisions
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The 197Au nuclei (represented by fW(r, p)) are too large?
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Representations of the state

.

.
.

1 Original AMD coordinates: Z = {Zk}k=1,...,A u =
√
νr + i

2~
√
ν
p

|Φ(Z)〉 = det
i j

[e−2(
√
νri−Z j)2 ] ⇒ f (r, p) = 8

∑
i j

e−2(u−Zi)∗ ·(u−Z j)Bi jB−1
ji

Used for expectation values, the deterministic term {Z,H}PB etc.

.

.

.

2 Physical coordinates: {Wk} = {
√
νRk +

i
2~
√
ν
Pk}k=1,...,A

Wk =
∑

j

(√
Q(Z)

)
kj

Z j ⇒ fW(r, p) = 8
A∑

k=1

e−2ν(r−Rk)2−(p−Pk)2/2~2ν

Used in two-nucleon collisions.

.

.

.

3 Deformed Gaussian parameters in phase space: {Xk,a, Sk,ab} {Xk,a}a=1,...,6 =Wk

fS(r, p) = 8
A∑

k=1

exp
[
− 1

2

∑
ab

(xa − Xa)S−1
k,ab(xb − Xb)

]
, {xa}a=1,...,6 = {

√
νr, 1

2~
√
ν
p}

Vlasov eq. is solved to evaluate the fluctuation ∆Z and d
dt Sk,ab.

.

.

. ..
.

.

The momentum width is respected in all the representations.
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Mean field + Quantum branching

At each time t0, for each wave packet k, . . .
Mean field propagation t0 → t0 + τ + Branching at t0 + τ τ: Coherence time

t = t0 t = t0 + τ

|Zk〉〈Zk|−−−−−−−→
Mean field

|ψk〉〈ψk|−−−−−−→
Branching

∫
|z〉〈z| wk(z)dz for k = 1, . . . , A

R

P

t  = t + τ
τ

1 0t0

i~ d
dt |ψk(t)〉 = hHF|ψk(t)〉 or ∂ fk

∂t = − ∂hHF

∂p ·
∂ fk
∂r +

∂hHF

∂r ·
∂ fk
∂p

τ→ 0 (Strongest branching)

τ = τ(ρ) (Density-dependent)

τ = τNN-coll (Decoherence at NN collisions)

c + c + c + ...1 2 3

t

Initial State

Branching
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Langevin-like equation of motion

Equation of motion for the wave packet centroids

d
dt Zi = {Zi,H}PB Mean field

+ ∆Zi(t) Mean field & Branching
+ µ(Zi,H ′) Dissipation
+ NN-Collision

If Zi were canonical variables for simplicity,

{Zi,H}PB =
1
i~
∂H
∂Z∗i

∆Zia(t) = 0, ∆Zia(t)∆Z jb(t) = Diab(t)δi jδ(t − t′)

(Zi,H ′) =
1
~

∂H ′
∂Z∗i

, H ′ = H +
∑

m

βmQm

µ is determined by the total energy conservation.

Lagrange multipliers βm are determined so that Qm are not changed by the (Zi,H ′) term.

{Qm} =
{〈∑

i

ri

〉
,
〈∑

i

pi

〉
,
〈∑

i

ri × pi

〉
,
〈∑

i

riσriτ

〉
,
〈∑

i

piσpiτ

〉}
σ, τ = x, y, z
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AMD results for multifragmentation (central collisions)

40Ca + 40Ca at 35 MeV/u, b = 0

Experiment

Na-P

C-Ne

He

H

Li,Be,B

S-K

Hagel et al.
PRC50(1994)2017

AMD

H

He

Li-B
C-Ne

Na-P

S-

τ(ρ)

AMD

H

He

Li-B
C-Ne

Na-P

S-

τNN-coll

Can we reproduce different data with the
same model of branching?
(Cluster correlations?)

Xe + Sn at 50 MeV/u, 0 ≤ b ≤ 4 fm

Charge distribution

10
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10
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1
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Z

dN
/d

Z AMD/DS
AMD/D
INDRA data

AMD (τ→ 0)

AMD (τNN-coll)
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Cluster correlations in heavy-ion collisions

197Au + 197Au at 150 MeV/u

Example: Four nucleons in the gas at T = 10 MeV

Uncorrelated: 〈E〉 = 3
2 T × 4 = 60 MeV

α cluster: 〈E〉 = 3
2 T × 1− 28.3 MeV = −13.3 MeV

Reisdorf.et al., NPA612(1997)493.
Exp.

Be
B

Li

p

He3

t

d

α

Usual AMD

He3

Li
Be

B

α

t
d

p
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Clusters in AMD

During the time evolution of AMD,
Cluster formation

Propagation /definition of cluster

Breakup

N1 + B1 + N2 + B2 → C1 + C2

N1, N2 : Colliding nucleons

B1, B2 : Spectator nucleons/clusters

C1, C2 : N, (2N), (3N), (4N)
dσ
dΩ
= Fkin |〈ϕ′1|ϕ

+q
1 〉|2 |〈ϕ′2|ϕ

−q
2 〉|2

( dσ
dΩ

)
NN

.

.

p1

.

p2

.

p1 + q

.

p2 − q

.

ϕ+q
1

.

ϕ−q
2

.

ϕ′1

.

ϕ′2

.

N1

.

N2

.

B1

.

B2

.

C1

.

C2

c.f. Danielewicz et al., NPA533 (1991) 712.

.

.

. ..

.

.

How much is the probability that the scattered nucleon N1 is a part of
a cluster after the momentum transfer q?

Akira Ono (Tohoku University) Clustering in AMD Trento 2009 12 / 25



. . . . . .

Probability of forming a cluster

The probability for a scattered nucleon N to form a cluster is not as simple as
|〈ϕ′|ϕq〉|2, when there are many possible combinations of cluster formation.

.

.

B1(n ↑)

.

B2(n ↑)

.

B3(n ↑)

.

N(p ↑)

|Φq〉: The state of the left figure.

|Φ′B〉: The state when N and B are
placed at the same phase space point.

|〈Φ′B |Φq〉|2 is not the probability because of the

non-orthogonality: NBB′ ≡ 〈Φ′B |Φ′B′ 〉 , δBB′

The probability that N forms a cluster with one of B’s:

P = 〈Φq|X̂|Φq〉 X̂ =
∑
BB′
|Φ′B〉N−1

BB′〈Φ′B′ |

=
∑

B

|〈Φ̃′B|Φq〉|2 |Φ̃′B〉 = (N−1/2)BB′ |ΦB′〉

|〈Φ̃′B|Φq〉|2 is regarded as the probability that N forms a cluster with B.
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Clustering probability – Is it a well-defined concept?

G. Röpke and H. Schulz, NPA477 (1988) 472.

. . . we introduce creation and annihilation operators for bound states

a†Aα(p) =
∑
1...A

ψ∗Aα,p(1 . . .A) a†(1) · · · a†(A).

Here ψAα,p(1 . . .A) denotes the wave function of the A-nucleon cluster state with total
momentum p and internal quantum number α . . .
. . . the operator

nAα(p, r) =
∫

d3k
(2π~)3

eik·r/~ a†Aα(p − 1
2 k) aAα(p + 1

2 k)

is the Wigner transform of the density associated with a cluster of mass number A. The
mean values

fAα(p, r, t) = 〈nAα(p, r)〉t

represent the Wigner distribution functions of the corresponding clusters. In this way,
clusters are considered as new species like in a chemical picture.
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Clustering probability (?)

Is it true that the number of clusters is obtained by

NAα(t) =
∫

d3p d3r
(2π~)3

fAα(p, r, t) =
∫

d3p
(2π~)3

〈a†Aα(p) aAα(p)〉t ?

Consider (Aα) = deuteron, and choose ψd,p(1, 2) = eip·(r1+r2)/2~
(
ν
π

) 3
4 e−

1
2 ν(r1−r2)2 .

For an AMD wave function |Φ(Z)〉 (of nucleons with the same spin), Nd is calculated as

Nd =

proton∑
ik

neutron∑
jl

e−
1
2 (Z∗i−Z∗j)·(Zk−Zl)BikB jlB−1

ki B−1
l j

In the case of a single proton (at Zp) and many neutrons,

Nd =

neutron∑
jl

e−
1
2 (Zp∗−Z∗j)·(Zp−Zl)B jlB−1

l j , F(Zp) =
neutron∑

jl

e−(Zp∗−Z∗j)·(Zp−Zl)B jlB−1
l j

F(r, p) is the Husimi function satisfying 0 ≤ F(r, p) ≤ 1, but Nd easily exceeds 1.

.

.

. ..
.

.

Conclusion: This Nd is not what we want!
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The details of cluster correlations

Formation
(dσ/dΩ)NN ⇒ Cluster formation cross section
Clusters: N, 2N, 3N, 4N = (0s)n

Pauli-blocking factor:
∏

i∈C(1 − fi)
Avoid double countings of final states
Take care of the non-orthogonality of final states

Propagation
Nucleons i in a cluster C are propagated as usual,
except that the internal fluctuations are turned off:

d
dt

Zi = {Zi,H}PB + ∆Zi(t), ∆Zi(t) :=
1
C

∑
j∈C
∆Z j(t)

Breakup
A cluster C is broken when a nucleon in C collides with
another nucleon.
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Time evolution of number of clusters

Number of nucleons in correlated clusters

0
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Effects of cluster correlations

40Ca + 40Ca, E/A = 35 MeV, filtered violent collisions

w/o cluster correlations

H

He

Li-B
C-Ne

Na-P

S-

p 6.7
d 1.5
t 0.3

3He 0.3
α 2.7

with cluster correlations

H

He

Li-BC-Ne

Na-P

S-

p 4.4
d 1.8
t 0.5

3He 0.6
α 5.0

experiment

Na-P

C-Ne

He

H

Li,Be,B

S-K

Effects of clusters

Mp ↓
Mα ↑∑

IMF Z ↓
Coherence time: τNN-coll
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Results for Sn + Sn system

112Sn + 112Sn at E/A = 50 MeV/nucleon, 0 < b < 2 fm
With cluster correlations ΣZ(70◦ < θ < 110◦) = 22.6

10-2

10-1

100

101

0 5 10 15 20

Z

4π
 d

N
/d

Ω

112Sn + 112Sn E/A = 50 MeV
0 < b < 2 fm

Gogny

0 < θ < 180
70 < θ < 110

Exp.

n 27.3
p 10.4
d 6.4
t 3.0

3He 1.2
α 12.2

0

50

100

150

200

0 5 10 15 20

Z

2Z
 〈E

ki
n/

A
〉 [

M
eV

]

112Sn + 112Sn E/A = 50 MeV
0 < b < 2 fm

Gogny0 < θ < 180
70 < θ < 110

exp

Xe+Sn, INDRA data
p 8.4
d 4.4
t 3.3

3He 0.9
α 10.1

multiplicities of detected particles
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Effective interactions in AMD

So far AMD calculations are done with the Gogny force.

vi j =
∑
k=1,2

(Wk + BkPσ −HkPτ −MkPσPτ)e−(ri−r j)2/a2
k + tρ(1 + Pσ)ρ(ri)σδ(ri − r j)

〈V〉 = 1
2

A∑
i=1

A∑
j=1

A∑
k=1

A∑
l=1

〈i j|v|kl − lk〉B−1
ki B−1

l j ∼ A4

Skyrme force is applicable in principle.
(May be advantageous for heavy systems.)

vi j = t0(1 + x0Pσ)δ(r) + 1
2 t1(1 + x1Pσ)[δ(r)k2 + k2δ(r)] r = ri − r j

+t2(1 + x2Pσ)k · δ(r)k + t3(1 + x3Pσ)[ρ(ri)]αδ(r) k = 1
2~ (pi − p j)

〈V〉 =
∫
V
(
ρ(r), τ(r),4ρ(r), j(r)

)
dr ∼ A2V (+ εA3)

ρ(r) =
(

2ν
π

)3/2 A∑
i=1

A∑
j=1

e−2ν(r−Ri j)2 Bi jB−1
ji , Ri j =

1
2
√
ν
(Z∗i + Z j)
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Nuclear Matter in Nuclear Collisions and Neutron Stars

DD−ρδ

0.5 1.0 1.5 2.0
0
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ρ / ρ0

NL3

ChPT

DBHF

DD−TW

FSU−gold

x=−1

x=0

δvar AV18+ V+3−BF

BHF(AV18+3BF)

QMD simulation of nuclear pasta. G. Watanabe et al.

Inhomogeneous. (fragments, clusters, pasta)

Excited. (finite temperature and/or dynamic)

Liquid-gas phase transition.

with Hasnaoui, Furuta, Gulminelli,Chomaz
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Application to heavy systems with Skyrme force

System size dependence of the CPU time for an evaluation of
{
∂
∂Z∗k
〈V〉; k = 1, 2, . . .A

}
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5

10

15

20

25

30

0 200 400 600 800 1000

A

T
im

e 
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R = 1.0 A1/3 fm

.

.

R

.

R

⇔ Naive expectation ∼ A2V

〈V〉 =
∫

drV
(
ρ(r), τ(r),4ρ(r), j(r)

)
∼ A2V ⇒ a2V (+ εA3)

ρ(r) =
(

2ν
π

)3/2 A∑
i=1

A∑
j=1

e−(r−Ri j)2 Bi jB−1
ji

Mesh size ∆r = 0.75 fm, Z↑ = Z↓ = N↑ = N↓
Xeon E5430 Harpertown 2.66 GHz, Using 1 of 8 cores, Almost no load by other processes
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Application to heavy systems with Skyrme force

System size dependence of the CPU time for an evaluation of
{
∂
∂Z∗k
〈V〉; k = 1, 2, . . .A

}
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⇔ Naive expectation ∼ A2V

〈V〉 =
∫

drV
(
ρ(r), τ(r),4ρ(r), j(r)

)
∼ A2V ⇒ a2V (+ εA3)

ρ(r) =
(

2ν
π

)3/2 A∑
i=1

A∑
j=1

e−(r−Ri j)2 Bi jB−1
ji

Mesh size ∆r = 0.75 fm, Z↑ = Z↓ = N↑ = N↓
Xeon E5430 Harpertown 2.66 GHz, Using 1 of 8 cores, Almost no load by other processes
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Summary

Cluster correlations in AMD

N1 + B1 + N2 + B2 → C1 + C2, based on (dσ/dΩ)NN

A problem how to count the number of clusters.

Cluster correlations have systematic effects on Mp, Mα, and
∑

IMF Z.

Consistent reproduction of various multifragmentation data may be improved.

AMD with Skyrme force

In progress.

May be applicable to neutron star problems.

Reaction and Equilibrium — A unified study with AMD

Equivalence for fragment observables
at each reaction time [80 . t < (300+) fm/c]

Some dynamical effects
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Excited low-density system

.

.

36Ar

......

............................

10 MeV

.

W(E)

.

E∗

.

0 MeV

.

8A MeV

Gas
(nucleons + clusters)

Liquid-gas
phase transition

W(E) ≈ e2
√

aE∗

E∗ = 28A MeV

E∗ = 10A MeV

E∗ = 4A MeV

Volume V = 4
3π(9 fm)3
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Equilibrium ensembles and caloric curves

Can molecular dynamics describe excited nuclear many-body systems in equilibrium?

Ono & Horiuchi

Ohnishi & Randrup

Schnack & Feldmeier

Sugawa & Horiuchi

Furuta & Ono

Hasnaoui et al.

0

5

10

15

20

0 5 10 15 20 25 30

T
 [M

eV
]

E*
total/Atotal [MeV]

Etotal/Atotal=(3/2)T
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Furuta and Ono,
PRC79 (2009) 014608;
PRC74 (2006) 014612.
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