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TMDs: introduction
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Introducing TMDs
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Tomography in momentum space

A.B., F. Conti, M. Radici, PRD78 (08)
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Tomography with spin
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Important

TMDs: multidmensional structure
 of the nucleon in momentum space
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TMD: tree-level definition
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In terms of light-cone wavefunctions
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Gauge link
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Gauge link
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Picture with final-state interactions
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Different gauge links
Φij (x, pT ) =
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d! −d2! T

8" 3
eip ·! !P | ø#j (0)U[0,! ]#i (! )|P"

∣∣∣∣
! + =0

! !

ξT

! !

ξT

!"#$$%&'(

pp)*+),'-"+(. /).#0#"'$)+*,#".

! !

ξT

! !

ξTpT integration12!21

Collins, PLB 536 (02)
Bomhof, Mulders, Pijlman, PLB 596 (04) 
A.B., Bomhof, Mulders, Pijlman, PRD 72 (05)
Collins, Qiu, PRD 75 (07)
Vogelsang, Yuan, PRD76 (07)

Thursday, 12 November 2009



 

Important

Gauge links are essential parts 
of PDFs and TMDs. 

They do not break factorization. 
They can break universality.
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TMD table (leading twist)
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Probabilistic interpretation

f1 =

g1 =

h1 =

f⊥1T =

h⊥1 =

h!
1T =

h⊥1L =

g1T =

parton with transverse or longitudinal spin

parton transverse momentum

nucleon with transverse or longitudinal spin

Proton goes out of the screen/ photon goes into the screen
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TMDs and factorization
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Processes with transverse 
momentum

SIDIS Drell-Yan

e-e+ to pions
3-D

p-p to pions

Whenever transverse-momentum effects are measured, 
kT-factorization is needed and we need TMDs
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SIDIS
!(l ) + N (P) ! !(l ! ) + h(Ph ) + X,
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lepton plane

l !
l ST

Ph

Ph"

! h

! S

A.B., D’Alesio, Diehl, Miller, PRD70 (04)
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Structure functions

see e.g. AB, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP093 (07)
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Factorization theorems
¥Inclusive DIS

¥Integrated SIDIS

¥SIDIS at high transverse mom.

¥SIDIS at low transverse mom.
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Important

• Factorization theorems are the only rigorous 
way to define what are the objects we call 
“parton distribution functions”

• The intuitive idea, based on parton model, of 
PDFs being probability densities is slightly 
modified by the factorization theorems

• What is important is that the PDFs are 
nonperturbative objects, they describe the 
partonic structure of the nucleon, they can be 
extracted from experiments
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Inclusive DIS
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Inclusive DIS: tree level
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Factorization theorems

P

q¥ Inclusive DIS

¥Integrated SIDIS

¥SIDIS at high transverse mom.

¥SIDIS at low transverse mom.

!

Thursday, 12 November 2009



SIDIS integrated over transverse 
momentum
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see e.g., Collins, Soper, Sterman (1988), hep-ph/0409313 

Handbook of  Perturbative QCD, CTEQ, http://www.phys.psu.edu/~cteq/

analogous to theorems for Drell-Yan or e+e!  annihilation
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Integrated SIDIS: tree level
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Factorization theorems

P

q!¥Inclusive DIS

¥Integrated SIDIS

¥SIDIS at high transverse mom.

¥SIDIS at low transverse mom.
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SIDIS at high trans. momentum
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SIDIS at high trans. momentum
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Factorization theorems

P

q!¥Inclusive DIS

¥Integrated SIDIS

¥SIDIS at high transverse mom.

¥SIDIS at low transverse mom.
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Important messages

• Factorization theorems are the only rigorous way to define what 
are the objects we call “parton distribution functions”

• The intuitive idea, based on parton model and handbag 
diagram, of PDFs being probability densities is slightly 
modified by the factorization theorems.

• What is important is that the PDFs are nonperturbative objects, 
they describe the partonic structure of the nucleon, they can be 
extracted from experiments
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Factorization theorems

P

q!¥Inclusive DIS

¥Integrated SIDIS

¥SIDIS at high transverse mom.

¥SIDIS at low transverse mom.
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TMD factorization: 
some literature 

• Collins, Soper, NPB 193 (81)

• Collins, Soper, Sterman, NPB 250 (85)

• Collins, Acta Phys. Polon. B34 (03)

• Ji, Ma, Yuan, PRD 71 (05)

• Collins, Rogers, Stasto, PRD 77 (08)

• Collins, arXiv:0808.2665 [hep-ph]

• Cherednikov, Stefanis, PRD77 (08)
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TMD factorization
Collins, Soper, NPB 193 (81)
Ji, Ma, Yuan, PRD 71 (05)

TMD PDF TMD FF Soft factorHard part
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Gauge links
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Important

• TMD factorization at leading twist and the one-loop 
level has been proven

• Factorization should work for SIDIS, Drell-Yan, and 
e+e− annihilation

• The extension to all order is probably just a 
conjecture

• It’s problematic to show that the integral of the 
TMDs gives back the standard PDFs
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Low and high trans. momentum

Low

q2
T ! Q2

M2 Q2
q2
T

see, e.g., Ji, Qiu, Vogelsang, Yuan, PRL97 (06)
AB, D. Boer, M. Diehl, P.J. Mulders, JHEP 08 (08)

q2
T ! P 2

h! /z2TMD factorization applicable
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Low and high trans. momentum

High

M 2 ! q2
T

M2 Q2
q2
T

Collinear factorization applicable
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Low and high trans. momentum

Low High

q2
T ! Q2 M 2 ! q2

T

M2 Q2

Intermediate

q2
T

M 2 ! q2
T ! Q2

BOTH factorizations applicable
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Different factorizations
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Trans. Momentum evolution

collinear PDFs/FFs
nonperturbative part of 

TMD

“Leading Log” only, Fourier transformed Collins, Soper, Sterman, NPB250 (85)

Sudakov form factor, 
perturbative part of TMD

öFUU,T (x, z, öqT , Q2) = x
∑

a

e2
a f a

1 (x) D a
1 (z) e−Se−SNP

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.2

0.4

0.6

0.8

qT!GeV"

d!

dqT
2

Q2" 100GeV

Intrinsic
transverse momentum

Multiple gluon 
radiation

Matches 
NLO QCD

Thursday, 12 November 2009



trans. Momentum evolution
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x Evolution of moments
Kang, Qiu, PRD79 (09) 
Vogelsang, Yuan, PRD79 (09)
Braun, Manashov, Pirnay, arXiv:0909.3410 [hep-ph] 

TF (x, x ) ! 2Mf ! (1)
1T (x)
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FIG. 12: Twist-3 up-quark-gluon correlation Tu,F (x, x, µ F ) as a function of x at µF = 4 GeV (left) and µF = 10 GeV (right).
The factorization scale dependence is a solution of the ßavor non-singlet evolution equation in Eq. (99). Solid and dott ed curves
correspond to ! = 1 / 4 and 1/8, while the dashed curve is obtained by keeping only the DGLAP evolution kernel Pqq(z) in
Eq. (99).
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FIG. 13: Twist-3 down-quark-gluon correlation Td,F (x, x, µ F ) as a function of x at µF = 4 GeV (left) and µF = 10 GeV
(right). Solid and dotted curves correspond to ! = 1 / 4 and 1/8, while the dashed curve is obtained by keeping only the
DGLAP evolution kernel Pqq(z) in Eq. (99).

In Figs. 14 and 15, we plot the twist-3 up-quark-gluon and down-quark-gluon correlation functions, Tu,F (x, x, µ F )
and Td,F (x, x, µ F ), as a function of x at µF = 4 GeV (left) and µF = 10 GeV (right). Only difference between the
solid and dotted curves in these figures and those in Figs. 12 and 13 is that we use the full set of evolution equations
in Eq. (107) through (110) to solve for the factorization scale dependence of these correlation functions. The dashed
curves represent the quark-gluon correlation functions obtained from the parametrization of Fit II in Ref. [33] by
assuming all quark-gluon and tri-gluon correlation functions obey the DGLAP evolution. We find that non-DGLAP
terms in the full evolution equations for the diagonal twist-3 correlation functions play a significant role in modifying
the evolution of these correlation functions at small x, where the role of the off-diagonal correlation functions is
enhanced due to a larger available phase space for the evolution kernels. The extra enhancement of the solid and
dotted curves over the dashed curves in Figs. 14 and 15 is mainly from the term proportional to the sum of both

tri-gluon correlation functions T (f)
G,F and T (d)

G,F that we assumed to have the same sign.

In Figs. 16 and 17, we plot the twist-3 tri-gluon correlation functions, T (f)
G,F (x, x, µ F ) and T (d)

G,F (x, x, µ F ), as a
function of x at µF = 4 GeV (left) and µF = 10 GeV (right), respectively. Solid and dotted curves are from solving
the full evolution equations with the input correlation functions evaluated at σ = 1/ 4 and 1/8, respectively. Dashed
curves are given by the normal CTEQ6L gluon distribution multiplied by the normalization constant λf (or λd),
which corresponds to making an assumption that all twist-3 correlation functions obey the DGLAP evolution, like
the normal unpolarized PDFs. We notice that for the evolution of tri-gluon correlation functions, the difference in
color factor for the DGLAP-type terms in the full evolution equations tends to compensate the contribution from the
terms proportional to the off-diagonal correlation functions, so that the evolution of the tri-gluon correlation functions
follow more closely to the DGLAP evolution as shown in Figs. 16 and 17.

We complete this section by stressing that the scale dependence presented in this section is sensitive to our as-
sumption to neglect the role of the second set of twist-3 correlation functions and our model for the input tri-gluon
correlation functions (equal and positive at the input scale). Although the overall features found here should be valid,

19

by using the projection operator in Eq. (65). In this case, only diagrams (b) and (c) give nonvanishing results,
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By comparing above calculated results with Eq. (67), we extract evolution kernels, K qq(" , " + "2, x, x ) and K q! q(" , " +
"2, x, x ). By calculating the same diagrams in Fig. 3 with momentum fractions " and x switched with " + "2 and
x + x2, respectively, we derive evolution kernels, K qq(" + "2, " , x, x ) and K q! q(" + "2, " , x, x ). By integrating Eq. (86)
over x2 weighted by ! (x2) or simply setting x2 = 0, we obtain the order of #s evolution equation for Tq,F (x, x, µ F )
from flavor non-singlet interactions,
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where

Pqq(z) = CF

"
1 + z2

(1 − z)+
+

3

2
! (1 − z)

#
(100)

is the LO quark-to-quark splitting function for the normal PDFs. The standard definition of “+” distribution is

! 1

x
dz

f (z)

(1 − z)+
=

! 1

x
dz

f (z) − f (1)

1 − z
+ f (1) ln(1 − x) (101)

for a smooth function f (z). In deriving Eq. (99), Eqs. (11) and (20) were used. It is clear from Eq. (99) that
the flavor non-singlet evolution kernels for the diagonal twist-3 quark-gluon correlation function Tq,F (x, x, µ F ) =
2$Tq,F (x, x, µ F ) are all infrared safe. The evolution equation for the diagonal correlation function Tq,F (x, x, µ F ) is
not a closed one since it gets contribution not only from the same diagonal function Tq,F (" , " , µF ) but also from the
off-diagonal part of the same function as well as gets the contribution from a different function T! q,F (x, " , µF ).

In the rest of this section, we derive the order of #s evolution kernels involving gluons as well as those with the
flavor change. In Fig. 8, we list all cut Feynman diagrams at the order of #s that could contribute to the evolution

kernels, K (ij )
gg and K (ij )

! g! g with i, j = f, d , when proper cut vertices and projection operators are used. The gluon
propagator with a short bar in the diagrams (l), (m), (n), and (o) is the gluonic special propagator defined in Ref. [42],
which represents the contact interaction. The diagrams with the contact interaction are responsible for the twist-3
contribution from the diagram in Fig. 4(a). We calculate all diagrams with the cut vertices and projection operators
derived in this section and setting x2 = 0. We find that after taking x2 = 0 or integrating over x2 weighted with
! (x2), only diagrams (a), (b), (c), (d), (e), (f), and (g) give the nonvanishing contribution to the evolution kernel,
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TMDs and orbital angular 
momentum
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Example: diquark model

3

while in the DrellÐYan case it runs in the opposite directionthrough !" . This fact leads to a sign difference in T-odd
parton densities, as mentioned for the Þrst time in Ref. [15].

Similarly to Ref. [42], we evaluate the correlator of Eq. (4) in the spectator approximation, i.e. we insert a com-
pleteness relation and at tree-level we truncate the sum over Þnal states to a single on-shell spectator state with mass
MX , thus getting the analytic form

Φ(x, pT , S) #
1

(2! )3

1
2(1 ! x)P + M

(0)
(S) M (0) (S)

!
!
!
p2 = ! (x, p T )

, (7)

wherep is the momentum of the active quark,m its mass, and the on-shell condition (P ! p)2 = M2
X for the spectator

implies for the quark the off-shell condition

p2 $ " (x, pT ) = !
p2

T + L2
X (m2)

1 ! x
+ m2 , L2

X (m2) = xM2
X + (1 ! x)m2 ! x(1 ! x)M2 , (8)

with M the hadron mass.

P

p

p ! P
Y

FIG. 1: Tree-level cut diagram for the calculation of T-even leading-twist parton densities. The dashed line indicates both
scalar and axial-vector diquarks.

We assume the spectator to be point-like, with the quantum numbers of a diquark. Hence, the proton can couple to
a quark and to a spectator diquark with spin 0 (scalarX = s) or spin 1 (axial-vector X = a), as well as with isospin
0 (isoscalarud-like system) or isospin 1 (isovectoruu-like system). Therefore, the tree-level Òscattering amplitudeÓ
M (0) is given by (see Fig. 1)

M (0) (S) = %P ! p|# (0)|P, S&=

"
#$

#%

i

p/ ! m
Ys U (P, S) scalar diquark,

i

p/ ! m
$∗µ (P ! p, %a) Yµ

a U (P, S) axial-vector diquark,
(9)

and is actually a Dirac spinor because of the understood spinorial indices of the quark Þeld# . The $µ (P ! p, %a) is
the 4-vector polarization of the spin-1 vector diquark with momentum P ! p and helicity states %a. When summing
over all polarizations states, several choices have been used for dµ" =

&
#a

$∗µ
(#a ) $"

(#a ) :

dµ" (P ! p) =

"
##########$

##########%

! gµ" +
(P ! p)µ n"

− + ( P ! p)" nµ
−

(P ! p) án−
!

M2
a

[(P ! p) án−]2
nµ
− n"

− (see Ref. [51]),

! gµ" +
(P ! p)µ (P ! p)"

M2
a

(see Ref. [36]),

! gµ" +
P µ P "

M2
a

(see Ref. [42]),

! gµ" (see Ref. [46]).

(10)

The different forms for the diquark propagator correspond todifferent physical theories and lead to different results
for the parton distribution functions. We have analyzed all of them except for the third one, which was extensively
studied already in Ref. [42]. However, we think that the Þrst one is preferable to the others. The motivation is
that in the spectator model we have to take into account that the diquarks have an electric charge and can couple
to the virtual photon in DIS. In other words, in this model the quarks are not the only charged partons in the
proton: the diquarks are also charged partons and they have spin different from 1

2 . The scalar diquark couples only

see, e.g., A.B., F. Conti, M. Radici, PRD78 (08)
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Wave-functions and OAM

Jaffe-Manohar OAM

! +
+ (x, pT ) = (m + xM) " /x (Lz = 0),

! +
! (x, pT ) = ! (px + ipy) " /x (Lz = +1),

! !
+ (x, pT ) = !

!
! +

! (x, pT )
"" (Lz = ! 1),

! !
! (x, pT ) = ! +

+ (x, pT ) (Lz = 0),

" (x, p2
T ) = !

gs"
1 ! x

x(1 ! x)
p2

T + L2
s(m2)

+

+

+

_
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OAM and pT dependence

f1(x, p2
T ) = |ψs! wave |2 + |ψp! wave |2 + . . .

At low pT |! p! !"# | $ ! p $T

Thursday, 12 November 2009



 

Important

• There are strong but indirect connections 
between TMDs and Jaffe-Manhoar OAM

• TMDs will provide important constraints, 
but no final answers
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TMDs and OAM

Signs of orbital ang. mom.
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A.B., F. Conti, M. Radici, PRD78 (08)

Impossible to reproduce using simple Gaussians
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TMDs and orbital angular 

• All colored TMDs vanish if there is no quark 
orbital angular momentum

• Any quantitative statement about the total orbital 
angular momentum is model-dependent

quark pol.

U L T

nu
cl

eo
n

po
l.

U f1 h!
1

L g1 h!
1L

T f !
1T g1T h1, h!

1T

Twist-2 TMDs
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Sivers function and angular momentum

Jq =
∫ 1

0
dx x

(
Hq(x, 0, 0) + Eq(x, 0, 0)

)

f !
1T =

1
16π3

Im
!
(ψ+

+)" ψ#
+ + ( ψ+

# )" ψ#
#

"

+−

+, Lz + , (L z + 1)

Ji’s sum rule

E(x, 0, 0) = lim
qT →0

(
− 1

qx − iqy

1
16! 3

[
(" +

+ )∗" −+ + ( " +
−)∗" −−

])

Ji’s angular momentum
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Sivers function and AM
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FIG. 7: The Sivers distribution functions for u and d flavours as determined by our present fit (solid lines) are compared with
the Sivers distribution functions for u and d flavours as had been determined by our previous fit [2] on SIDIS data (dashed
lines), where ! 0 and kaon productions were not considered and only valence quark contributions were taken into account. This
plot clearly shows that the Sivers functions previously found are consistent, within the uncertainty bands, with the Sivers
functions presently obtained.

measurements. In particular, a combined analysis of HERMES, COMPASS and JLab SIDIS data will allow a much
better determination of the β parameters, which control the largex behavior of the Sivers distribution functions. In
addition, the combined analysis of proton and neutron target events will help ßavour disentangling and a more precise
determination of u and d quark contributions. Our predictions for the JLab SSAs, for pion and kaon production o!
proton, neutron and deuteron targets, at 6 and 12 GeV, are presented in Figs. 9Ð14.

The adopted experimental cuts for JLab operating on a protonor a deuteron target at 6 GeV are, in terms of the
usual SIDIS variables, the following:

0.4 ! zh ! 0.7 0.02 ! PT ! 1 GeV/c
0.1 ! xB ! 0.6 0.4 ! y ! 0.85
Q2 " 1 (GeV/c )2 W 2 " 4 GeV2

1 ! Eh ! 4 GeV ,

(26)

whereas for a beam energy of 12 GeV they are:

0.3 ! zh ! 0.8 0.05 ! PT ! 1.5 GeV/c
0.05 ! xB ! 0.7 0.25 ! y ! 0.85
1 ! Q2 ! 8 (GeV/c )2 W 2 " 4 GeV2

1.5 ! Eh ! 3.5 GeV .

(27)

Anselmino et al., 0805.2677, 
Arnold et al. , 0805.2137

Model statement (1 ! x)f ! q
1T (x) = !

3
2

MC F ! S E q(x, 0, 0)
∫ 1

0
dx(1 ! x)f ! q

1T (x) = !
3
2

MC F ! S " q

Burkardt, Hwang, PRD69 (04)
Lu, Schmidt, PRD75 (07)

A.B., F. ConR, M. Radici, arXiv:0807.0323

ku = 1 .67

kd = ! 2.03

The relation is not general
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Sivers function and AM
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f⊥q
1T (x) = ! f (x) Eq(x, 0, 0)

between the Sivers function and the GPD E [15]. Nevertheless, in a certain class of

spectator models it turns out that

f⊥a1T (x) = −L(x)Ea(x,0,0). (7)

Exploiting this very simple relation and using for illustration purposes the results of the
Sivers function fit from Ref. [16] we obtain

Ea(x,0,0)
Eu(x,0,0)

=
f⊥a1T (x)

f⊥u1T (x)
=
Aa

Au

f a1 (x)

f u1 (x)
, (8)

where

Ad / Au = −1.8, Aū/ Au = −1.1, Ad̄/ Au = 1.3, As/ Au = −As̄/ Au = −4.8. (9)

Although assumption-based, the above analysis shows that the measurement of the

Sivers function can be used to give interesting constraints on the GPD E and ultimately

on the amount of total orbital angular momentum for each flavor.

In summary, TMDs open new dimensions in the exploration of the partonic structure

of the nucleon. They require challenging extensions of the standard formalism used for

collinear parton distribution functions, leading us to a deeper understanding of QCD.

Among other things, they give evidence of the presence of partonic orbital angular

momentum and, with model assumptions, they can help constraining its size.
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between the Sivers function and the GPDE [15]. Nevertheless, in a certain class of
spectator models it turns out that

f⊥a1T (x) = −L(x)Ea(x,0,0). (7)

Exploiting this very simple relation and using for illustration purposes the results of the
Sivers function Þt from Ref. [16] we obtain

Ea(x,0,0)
Eu(x,0,0)

=
f⊥a1T (x)

f⊥u1T (x)
=
Aa

Au

f a1 (x)
f u1 (x)

, (8)

where

Ad/Au = −1.8, Aøu/Au = −1.1, A ød/Au = 1.3, As/Au = −Aøs/Au = −4.8. (9)

Although assumption-based, the above analysis shows that the measurement of the
Sivers function can be used to give interesting constraintson the GPDE and ultimately
on the amount of total orbital angular momentum for each ßavor.

In summary, TMDs open new dimensions in the exploration of the partonic structure
of the nucleon. They require challenging extensions of the standard formalism used for
collinear parton distribution functions, leading us to a deeper understanding of QCD.
Among other things, they give evidence of the presence of partonic orbital angular
momentum and, with model assumptions, they can help constraining its size.

REFERENCES

1. J. C. Collins,Acta Phys. Polon. B34, 3103 (2003).
2. J. C. Collins, and D. E. Soper,Nucl. Phys. B193, 381 (1981).
3. X. Ji, J.-P. Ma, and F. Yuan,Phys. Rev. D71, 034005 (2005).
4. A. Bacchetta, D. Boer, M. Diehl, and P. J. Mulders,JHEP 08, 023 (2008).
5. J. C. Collins, D. E. Soper, and G. Sterman,Nucl. Phys. B250, 199 (1985).
6. F. Landry, R. Brock, P. M. Nadolsky, and C. P. Yuan,Phys. Rev. D67, 073016 (2003).
7. U. DÕAlesio, and F. Murgia,Phys. Rev. D70, 074009 (2004) .
8. J. C. Collins, A. Metz,Phys. Rev. Lett. 93, 252001 (2004); F. Yuan,Phys. Rev. D77, 074019 (2008).
9. J. C. Collins,Phys. Lett. B536, 43Ð48 (2002).
10. J. Collins, and J.-W. Qiu,Phys. Rev. D75, 114014 (2007); W. Vogelsang, and F. Yuan,Phys. Rev.

D76, 094013 (2007).
11. A. Bacchetta, C. J. Bomhof, P. J. Mulders, and F. Pijlman,Phys. Rev. D72, 034030 (2005); C. J.

Bomhof, and P. J. Mulders,JHEP 02, 029 (2007); A. Bacchetta, C. Bomhof, U. DÕAlesio, P. J.
Mulders, and F. Murgia,Phys. Rev. Lett. 99, 212002 (2007).

12. A. Bacchetta, F. Conti, and M. Radici,Phys. Rev. D78, 074010 (2008).
13. H. Mkrtchyan, et al.,Phys. Lett. B665, 20Ð25 (2008).
14. X. Ji,Phys. Rev. Lett. 78, 610Ð613 (1997).
15. S. Meissner, A. Metz, and K. Goeke,Phys. Rev. D76, 034002 (2007).
16. S. Arnold, A. V. Efremov, K. Goeke, M. Schlegel, and P. Schweitzer (2008),arXiv:0805.2137.

Thursday, 12 November 2009



 

Important

• There are strong but indirect connections 
between TMDs and Ji’s AM

• TMDs will provide important constraints, 
but no final answers
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