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General philosophy  (summary of Ch I) 

1.  Apply some integral transform Ç L È  to Minkowski BS equation ! =G0K! 
   L!=LG 0K!  (1) 
 In fact L!=" LF and so 
    " LF=LG0K! ??? 

2.  One option  " LF=LG0KL-1" LF   but L-1 ???   (maybe Frederico) 

 We prefered to introduce ! =Ng in (1) and get an equation for g 
   
  LNg=LG0KNg 
  B g = A g with B=LN 
            A=LG0KN 

g is the Nakanishi Ç weight È function 

it depends on 2 dummy variables 
unknown properties (to us), apart from being smooth and even on z 
the only clever thing about g: if g=1 one has ! =S0(k1)S0(k2)  

1 BSMINK

∫
d! Φ(k + !" , p) =

∫
d! G(12)

0 (k + !" , p)

∫
d4k!

(2#)4
iK(k + !" , k!, p) Φ(k!, p) (1)

V ($, z, $!, z!) =

{
W ($, z, $!, z!) if −1 ≤ z! ≤ z
W ($,−z, $!,−z!) if z ≤ z! ≤ 1

(2)

avec

W ($, z, $!, z!) =
%m2

2#
(1− z)2

$ + m2z2 + &2(1− z2)

∫ 1

0

v2

D2(v)
dv (3)

et

D($, z, $!, z!, v) = v(1− v)(1− z!)$ + (1− z)[(1− v)µ2 + v$!]
+ vm2 [(1− v)(1− z!)z2 + vz!2(1− z) ]
+ v&2(1− z)(1− z!) [1 + z − v(z − z!) ]

Nakanishi integral representation [?, ?]:

Φ(k, P ) =

∫ 1

" 1

dz

∫ #

0

d$
g($, z)

[
$ + m2 − 1

4M
2 − k2 − P · k z − i'

]3

Φ(k, p) =
−i√
4#

∫ 1

" 1

dz!
∫ #

0

d$! g($!, z!)
[
$! + m2 − 1

4M
2 − k2 − p · k z! − i'

]3 (4)

ΦM(k, P ) =
−i√
4#

∫ 1

" 1

dz!
∫ #

0

d$! g($!, z!)

[$! + &2 − k2 − z! k · P − i' ]3
(5)

2 LF equation

( (k1, k2, P, " ) =
(" · k1)(" · k2)

#(" · P )

∫ #

"#
Φ(k + !" , P )d! (6)

Ψ(k1, k2, P, " ) =
(" · k1)(" · k2)

#(" · P )

∫ #

"#
Φ(k + !" , P )d! (7)

|p〉 =

∫
( (k1, k2, p, ") )2(" · p)*(k1 + k2 − p− ") )d)

× (2#)3/2 d3k1

(2#)3/2
√

2' k1

d3k2

(2#)3/2
√

2' k2

+ . . . (8)

|p〉 =

∫
Ψ(k1, k2, p, ") )*(k1 + k2 − p− ") )d)

× d3k1√
2' k1

d3k2√
2' k2

a†
k1

a†
k2

|0 > + . . . (9)

1



General form  of the equations  (I) 

Scalar case in Minkowski   

V is the ÒL-transformÓ of kernel iK, with no any approximation 
M2=4(m2-#2) appears in both sides 

If µ=0 g factorizes ⇒   d=1 problem 
If µ$0 É. almost  



The integral over v is analytic 

Kernel for (massive) Wick- Cutkosky  



using the Ç % È trick 

! =G0K!  trivially equivalent to  %! =" LG0K! 
LNg=LG0KNg   trivially equivalent to  L" Ng=L" G0KNg  but kernels can be very different !!! 

5.9 Equation modified

On introduit un propagateur libre phantome

η(k, P ) =
m2 ! L2

(

P
2 + k

)2
! L2 + iε

m2 ! L2

(

P
2 ! k

)2
! L2 + iε

LÕequation devient

∫ !

0
dγ"

∫ +1

# 1
dz" Vg(γ, z, γ", z") g(γ", z") =

∫ !

0
dγ"

∫ +1

# 1
dz" Vd(γ, z, γ", z")g(γ", z") (73)

19

Exemple de noyaux avec L=1.1
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19au lieu de
∫ !

0

dk" 1

[k + m2u2 + (1 − u2)κ2 + k"]2
g(k", u) =

∫ !

0

dk"

∫ +1

# 1

du" V (k, u, k", u")g(k", u") (74)
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5.9 Equation modified

On introduit un propagateur libre phantome

! (k, P ) =
m2 ! L2

(

P
2 + k

)2
! L2 + i"

m2 ! L2

(

P
2 ! k

)2
! L2 + i"

L’equation devient

∫ ∞

0
d#′

∫ +1

−1
dz′ Vg(#, z, #′, z′) g(#′, z′) =

∫ ∞

0
d#′

∫ +1

−1
dz′ Vd(#, z, #′, z′)g(#′, z′) (73)
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∫ ∞

0

dk′
∫ +1
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strict independence of the results (M and g) on the parameter L   



7 Deux fermions en Euclidien

7.1 Amplitude

! (p1, p2, P ) −→ ! (k, P ) −→ ! (k4,!k,M ) −→ ! (k4, q,M )
2k = p1 − p2 P = ( M, 0) k = ( k4,!k) S − wave q = | !k |

On decompose lÕamplitude! sur des structures de spinSi en faisont apparitre des composantes scalairesφi dont
le nombre d«epend de lÕetat cherch«e

! (k, P ) = S1φ1(q, k4) + . . . + Snφn(q, k4)

For Jπ = 0 +

! (k, P ) = φ1(k, P ) S1 + φ2(k, P ) S2 + φ3(k, P ) S3 + φ4(k, P ) S4 (121)

où27.

S1 = γ5

S2 =
öP

M
γ5

S3 =

(

(k · P ) öP
M3 −

ök
M

)

γ5

S4 =
iσµνPµkν

M2

Soit

! (k, P ) = γ5 φ1(k, P ) +
öP

M
γ5 φ2(k, P ) +

(

(k · P ) öP
M3 −

ök
M

)

γ5 φ3(k, P ) +
iσµνPµkν

M2 φ4(k, P ) (122)

avec les symetries
φ1,2,4(−k, p) = φ1,2,4(k, p) φ3(−k, p) = −φ3(k, p)

For Jπ = 1 !

! (k, P ) =
b

∑

i=1

φi(k, P ) Si (123)

avec

S1 = γ5

S2 =
öP

M
γ5

S3 =

(

(k · P ) öP
M3 −

ök
M

)

γ5

S4 =
iσµνPµkν

M2

27 On note p̂ = γµ pµ

96

General form  of the equations  (II) 

Fermions case in Minkowski   

For J π = 0+ we choose the 4 structures S1 = γ5, S2 = P̂
M γ5, S3 =

[
(k·P )P̂

M 3 − k̂
M

]
γ5, S4 = iσµ! Pµk!

M 2

For J π = 0+ one choose the 4 structures

S1 = γ5

S2 =
P̂
M

γ5

S3 =

[
(k áP)P̂

M 3
− k̂

M

]
γ5

S4 =
iσµνPµkν

M 2

Given a set of N+1 points G={ x0, x1, x2, ..., xN } , we built 2(N+1) cubic polynoms

Si (x) i = 0, 1, . . . ,2(N + 1)− 1

with support in two consecutives intervals of G.

To each point xi we associate the two splines S2i and S2i+1

which leave in the interval [xi ! 1, xi+1]

Γ(D → πlν) ∼ |Vcs|2f 2
D

dΓ

dq2
(D → πlν) ∼ |Vcs|2F+(q2)

Scc′

ss′(x) =< 0|Ψc
s(x)Ψ̄c′

s′(0)|0 >

D c′c
s′s(x, y) Scc”

ss”(y) = δc′c”δs′s”I (x)

CB
µν(x) =< χB

µ (x)χ̄B
ν (0) >

1

BS equation become a set of coupled equations for the scalar components !i  
to which we apply the Nakanishi transform ! i &g i  

Without the %-trick it is a Ç disaster È (though we could have done betterÉ.) 

Using it :   

6.7 Modified Equations (fermion)

On introduit un propagateur libre phantome

η(k, P ) =
m2 − L 2

(

P
2 + k

)2
− L 2 + iε

m2 − L 2

(

P
2 − k

)2
− L 2 + iε

L’equation devient

∫ !

0
dγ"

∫ +1

# 1
dz" V g

i (γ, z,γ", z") gi (γ
", z") =

∑

ij

∫ !

0
dγ"

∫ +1

# 1
dz" V d

ij (γ, z,γ", z") gj (γ
", z") (112)

25

1. Compte tenus des symetries des amplitudes – g1,24 paires et g3 impaire – on peut integrer sur u" ∈ [0, 1] ave
un potentiel

V̂ij = Vij $=3 (u) + Vij $=3 (−u)

6.8 Solution par les splines

On écrit l’équation sous forme

na
∑

a! =1

∫ !

0
dγ"

∫ +1

# 1
dz" Baa! (γ, z; γ", z") ga! (γ", z") =

na
∑

a! =1

∫ !

0
dγ"

∫ +1

# 1
dz" Aaa! (γ, z, γ", z") ga! (γ", z") (114)

Baa! (γ, z; γ", z") = V g
a (γ, z,γ", z") δaa!

Aaa! (γ, z; γ", z") = V d
aa! (γ, z,γ", z")

We search the solutions in the form
ga(γ, z) =

∑

ij

gaij Si (γ)Sj (z)

where Si are known functions and gaij are the unknown coefficients to be determined.

Equation (114) becomes
∑

a! i ! j !

Ba,a! i ! j ! (γ, z) ga! i ! j ! =
∑

a! i ! j !

Aa,a! i ! j ! (γ, z) ga! i ! j ! (115)

with

Ba,a! i ! j ! (γ, z) = δaa!

∫ !

0
dγ"

∫ +1

# 1
dz" V g

aa! (γ, z; γ", z") Si ! (γ")Sj ! (z")

Aa,a! i ! j ! (γ, z) =
∫ !

0
dγ"

∫ +1

# 1
dz" V d

aa! (γ, z; γ", z") Si ! (γ"")Sj ! (z")

1. We transform equation (115) into a generalized eigenvalue problem if we ”impose” to be fullfilled on a set
of suitably chosen points {γ̄i , z̄j } (collocation points)

∑

a! i ! j !

Baij,a ! i ! j ! ga! i ! j ! =
∑

a! i ! j !

Aaij,a ! i ! j ! ga! i ! j ! (116)

with the matrix éléments

Baij ,a! i ! j ! = δaa!

∫ !

0
dγ"

∫ +1

# 1
dz" V g

aa! (γ̄i , z̄j ; γ
", z") Si ! (γ")Sj ! (z")

Aaij ,a! i ! j ! =
∫ !

0
dγ"

∫ +1

# 1
dz" V d

aa! (γ̄i , z̄j ; γ
", z") Si ! (γ"")Sj ! (z")

25 au lieu de
∫ "

0

dk! 1

[k + m2u2 + (1 − u2)! 2 + k! ]2
g(k! , u) =

∫ "

0

dk!

∫ +1

# 1

du! V (k, u, k! , u! )g(k! , u! ) (113)

81

with Vg
i=Vg, the same than for the scalar case 

and Vd
ij which can be as smooth as we want 



Kernels for fermions  
(Scalar coupling J=0+) 

Using  

5.9 Equation modified

On introduit un propagateur libre phantome

η(k, P ) =
m2 ! L2

(

P
2 + k

)2
! L2 + iε

m2 ! L2

(

P
2 ! k

)2
! L2 + iε

LÕequation devient

∫ !

0
dγ"

∫ +1

# 1
dz" Vg(γ, z, γ", z") g(γ", z") =

∫ !

0
dγ"

∫ +1

# 1
dz" Vd(γ, z, γ", z")g(γ", z") (73)

19
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# 1

du" V (k, u, k", u")g(k", u") (74)
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General form  of the equations  

Fermions in Minkowski: with Ç%-trick È  

We search the solutions in the form  

where Si are known functions (Ç splines È) and gaij unknown coeficients to be determined 

(1) 

Fermions in Euclidean: same structure with  
   B local 
   A the usual OBEP kernels 
   gi'! i   



Three words about Ç cubic splines È  

Given a set of N+1 points G={x0,x1,É,x N}    

We built 2(N+1) cubic polynoms S0, S1,É.,S 2(N+1)-1 with support in two consecutives intervals of G    

To each point xi , we associate the two splines S2i , S2i+1 
which Ç leave È in [xi-1,xi+1]  

2. Expanding a function [x 0,xN]   

On the grid G: the values/derivatives of ( are given by the even/odd c i of expansion (3)    

1. Its definition   

On an arbitrary x∈[x0,xN]:  only 4 splines contribute to ( (x)     

(3) 



3. Solving integral equations (d=1)   

Choose the interval [x0,xN] and expand   

after validation on   

In the ladder case  
 B.x=g2 A(M).x  
In general B is easy to invert  ⇒ standard (non hermitian) eigenvalue problem   
 ).x= [B -1A](M).x 
 providing g(M)  

Advantadges  
  - Arbitrary grids  
  - Kernels are always integrated (proper treatement of singularities) 
  - Easy implementation of BC (remove c0,c2N,É) 
Drawbacks 
  - Compute matrix elements instead of calling K (not dominant)    



Equation (1) becomes  

It is transformed into a generalized eigenvalue problem if we Ç impose È  to be fullfilled on a 
set of suitably chosen points                     

where the Ç matrix elements È are integrals of kernels x splines (compact support)   

(2) 

Solve the GEV problem  )Bx = Ax  



Some remarks  

The only hypothesis is that the solutions are cubic in each of the N subintervals of 
the integration interval [x0,xN]  

The *-direction is very cheap 
 Great stability with respect to N!  (N!  =2 is good!) 
 Practically a d=1 problem (reminiscent from the µ=0 scalar case )  
Typical sizes for fermions are N! "# $%$N&"'(   

Minkowski is less demanding than euclidean (where the 2 variables play the same 
role) 

En general we fully diagonalize the GEV system, with free the boundary conditions 
- obtain ground and excited states  
-  other solutions are there, that nobody asked for É 
They can be removed imposing the appropiate boundary conditions 



Ç  É something is rotten in  the state of Denmark È 

Despite the impressive Eucl-Mink agrement shown by V.K., there is something 
to be understood related to Nakanishi representation (?) 

When solving  the GEV problem (already in the WC model) 
    )Bx =Ax 

we introduced a Ç regularization È to avoid some numerical instabilities (depending on the 
dimension of the grid,É) 
   )B(1++) x=Ax 
When varying + from 10-3 to 10-12 , the two-body  energy  M, the BS amplitude and the LF 
wavefunction  are stable  (by the same amount) but the Nakanishi weight function g is much 
sensible to that. 

5.8 Obtention de la LF wavefunction Ψ

Une fois g calcul«ee on obtient18

Ψ(k, u) !
! ∞

0
dk′

1

[k + m2u2 + (1 " u2)κ2 + k′]2
g(k′, u)(k′) (72)

Pour cela on peut:
- soit faire un calcul directe avecg
- soit utiliser les coefsgij du d«eveloppement deg sur les splines obtenus

Ψ(k, u) =
"

i! j !

gi! j ! Sj ! (u)
! ∞

0
dk′

1

[k + m2u2 + (1 " u2)κ2 + k′]2
Si! (k′)

Si je choisis (k, u) aux point de collocation:

Ψ(øki, øuj) =
"

i!j !

gi!j ! Sj ! (øuj)
! ∞

0
dk′

1
#
øki + m2øu2

j + (1 " øu2
j )κ2 + k′

$2 Si! (k′)

soit
øΨij =

"

i! j !

B ij,i!j ! gi!j ! # øΨ = Bg

ou lÕon a pos«e
øΨij ! Ψ(øki, øuj)

Par ailleurs
Ψ(øki, øuj) =

"

i!j !

Ψi! j ! Si! (øki)Sj ! (øuj) =
"

i! j !

N ij,i!j ! Ψi!j ! # øΨ = N Ψ

On remarquera que le vecteurøΨij nÕest pas le möeme queΨij qui donne le d«eveloppement deΨ sur les splines

"

i!j !

N ij,i!j ! Ψi!j ! =
"

i! j !

B ij,i!j ! gi! j ! # Ψ = N −1Bg

18Le vrai Ψ = 1" u 2

4 Ψ

48

Work Ç should be È in progress to understand this point 



¥ Instabilité de g(γ, u) par rapport à εR

¥ Stabilité de ! (γ, u) par rapport à εR

εR = 10−3

0 1 2 3
 !

! 1

0

1

2

3

4

5

6

7

8

9

g

z=0.8
z=0.4
z=0.0

m=1 µ=0.5 B=1.0 "=10
! 3

! 1 ! 0.5 0 0.5 1
z

! 2

! 1

0

1

2

3

4

5

6

7

8

9

10

g
!=0.0

!=1.0

!=2.0

!=3.0

m=1 µ=0.5 B=1.0 "=10
! 3

εR = 10−4

0 1 2 3
 !

! 1

0

1

2

3

4

5

6

7

8

9

g

z=0.8
z=0.4
z=0.0

m=1 µ=0.5 B=1.0 "=10
! 4

! 1 ! 0.5 0 0.5 1
z

! 0.5

0

0.5

1

1.5

2

g
!=0.0

!=1.0

!=2.0

!=3.0

m=1 µ=0.5 B=1.0 "=10
! 4

0 1 2 3 !
0

1

2

3

#
z=0.96
z=0.56
z=0.04

m=1 µ=0.5 B=1.0 "=10
! 4

! 1 ! 0.5 0 0.5 1
z

0

0.5

1

g

!=0.00
!=0.70
!=1.45

m=1 µ=0.5 B=1.0 "=10
! 4

55

εR = 10−6

0 1 2 3

 !
!5

0

5

10

15

20

g

z=0.8

z=0.4

z=0.0

m=1 µ=0.5 B=1.0 "=10
!6

!1 !0.5 0 0.5 1

z
!5

0

5

10

15

20

g

!=0.0
!=1.0
!=2.0
!=3.0

m=1 µ=0.5 B=1.0 "=10
!6

εR = 10−10

0 1 2 3

 !
!1.5

!1

!0.5

0

0.5

1

1.5

g

z=0.8

z=0.4

z=0.0

m=1 µ=0.5 B=1.0 "=10
!10

!1 !0.5 0 0.5 1

z
!2

!1.5

!1

!0.5

0

0.5

1

1.5

2

g

!=0.0
!=1.0
!=2.0
!=3.0

m=1 µ=0.5 B=1.0
"=10

!10

0 1 2 3 !
0

1

2

3

4

#
z=0.96

z=0.56

z=0.04

m=1 µ=0.5 B=1.0 "=10
!10

!1 !0.5 0 0.5 1

z
0

0.1

0.2

g

!=0.00

!=0.70

!=1.45

m=1 µ=0.5 B=1.0 "=10
!10

56



Nakanishi weight function g 

g(* ,z) is a smooth function in both variable 



Minkowski Bethe-Salpeter amplitude  

All singularities come the denominator of the Nakanishi transform 
Euclidean amplitude is obtained by a Wick rotation in the denominator (same g!) 

Obtained by 



"  from !  or, rather, directly from g 

ÒLight-FrontÓ wave function  





Computing electromagentic  form factors  

In terms of BS amplitudes 

Which can, in its turn, be expressed trough g( ! ,z) É and computed  with a 5d integral (see expression) 

(4) 



Then the integral over d4k1 has the form
∫

á á ád4k1

(k2
1 − c + i! )6 , (160)

where c does not depend on k1. Though the calculation of this integral by Wick rotation is standard, we explain
it here in more detail, to emphasize the difference with the calculation performed using Euclidean BS amplitude,
where the Wick rotation cannot be done (see sect. ?? below). The integrand in (160) does not contain linear

terms in k10, but only a constant and a quadratic term. It has four poles at the values k10 = ±
√

c2 + "k2
1∓i! . Their

positions do not prevent from the counter-clock-wise rotation of the integration contour. Therefore, substituting
here k10 = ik4, we get, for the constant term in k10, the following relations:

∫

d4k1

(k2
1 − c + i! )6 =

∫

dk10d3k1

(k2
10 − "k2

1 − c + i! )6

=
∫

idk4d3k1

(k2
4 + "k2

1 + c)6
=

∫ ∞

0

i2#2k3dk

(k2 + c)6 =
2i#2

40c4 . (161)

Calculating similarly the integral for the quadratic term

∫

k2
1 d4k1

(k2
1 − c + i! )6 = −

2i#2

60c3 , (162)

we find the following formula, which is exact for a given g:

FM (Q2) =
1

27#3NM

∫ ∞

0
d$

∫ 1

−1
dz g($, z);

∫ ∞

0
d$′

∫ 1

−1
dz′g($′, z′)

∫ 1

0
duu2(1 − u)2 fnum

f4
den

(163)

with

fnum = (6%− 5)m2 + [$′(1 − u) + $u](3%− 2) + 2M2%(1 − %) +
1

4
Q2(1 − u)u(1 + z)(1 + z′)

fden = m2 + $′(1 − u) + $u − M2(1 − %)%+
1

4
Q2(1 − u)u(1 + z)(1 + z′),

where Q2 = −(p − p′)2 > 0 and

%=
1

2
(1 + z)u +

1

2
(1 + z′)(1 − u)

The normalization factor NM is found from the condition FM (0) = 1
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Electromagnetic form factor (Minkowski) 



Euclidean space  

In the Breit frame 

with 

Na•ve recipe : start with (4) and ÒrotateÓ  k0& ik4  

(5) 

Two kinds of problems appear here: 

 - The knowledge of  ΦΕ everywhere  
  - solve for any  P 
  - ÒboostÓ results obtained at P=0 
 - The Wick rotation in the integral (5)    



1. The Ç boost problem È 

Euclidean BS amplitude found for real arguments cannot be used to calculate form factors 
Two options: 
-  Solve BS in complex plane, i.e. with complex arguments 
-  Solve BS equation for any value of (P,PÕ) 

Most of the existing result were obtained this way [e.g. Zuilhof, Tjon Phys. Rev. 22(1980)2369)] 
How good are they ?  





(5) 

So we can ÒÕnaivelyÓ compute (5)  
If the ÒWick rotationÓ is legal, the result should coincide with (4)É  but it does not ! 

A careful analysis (*) shows that when rotating the contour one crosses integrand singularities, 
Their contributions are not taken into account and that makes de difference  
To properly treat them is very hard, impossible in practoce   

No clear issue for computing form factors from the euclidean  solutions   

2. The Wick rotation in the integral (5)  

Our approach provides  provides actually   ΦΕ everywhere    
It is simply given by g(! ,z) and   

(*) Eur. Phys J. A9 , 53 (2009) 





Last comparison: BS and Ç LFD È 



Conclusion  

Our method for solving BS in Minkowski space applies for boson and fermions 

(as far as the Nakanishi tranform exist, i.e. for any kernel calculated by  
Feynman graphs). 
Not more expensive than the Euclidean solutions, all the contrary 
Numerical tests with WC, S and Ps kernels shows a very good agreement 
Euclidean-Minkowski (4 digits). V is in progress.. 

We suggest an ÒindustryÓ for regularizing bad kernels (% trick) 

Care with form factors when using euclidean BS amplitudes! 
 - The static approximation looses one order at JLab Q values (for scalars!) 
 - The Wick rotation, naively applied, gives wrong results: singularities are 
       crossed and a proper analysis is required (hard!) 
Better to move to Minkowski ! 





LF equation  

Covariant formulation  , =(1,n)  , 2=0 

Standard approach ,  =(1,-1)   


