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General philosophy (summary of Ch )

1. Apply some integral transform C L E to Minkowski BSequation ! =GK!
LI=LG K (1)
In fact LI=" | and so
" LF=LGyK! ??7?

2. Oneoption " =LG,KL? . butL?t??? (maybe Frederico)

We prefered to introduce ! =Ng in (1) and get an equation for g

LNg=LG,KNg
Bg=Ag with B=LN
A=LG KN
1 #
g is the Nakanishi Cweight E function ~ ®(k, P) :/ d,z/ ad$ 9(8, 2) -
" 0 [$+m2_iM2—k2—P'kZ—i']

it depends on 2 dummy variables
unknown properties (to us), apart from being smooth and even on z
the only clever thing about g: if g=1 one has ! =S;(k,)S,(k,)



General form of the equations (1)

Scalar case in Minkowski

’ < +1 o
0 -1

/Dk d~" 1 - J)g(-' J)
a4 o5 , oy ¢ 7 Y.z Y , 2
0 [y + m222 + (1 — 22)k2 + ’7"]2
V is the OL-transformO of kernéK, with no any approximation
M2=4(m2-#2) appears in both sides
= 0.25 0.08 T T T
u=0.8
u=0.80 — u=0.28 u=0803
u=0.40 . — u=0.98 005 u=0.2623
.5 u=0.2 02 —— u=0.04 u=0.606
u=0.00 — u=0.82 u=0.924
u=-0.2 u=0.90 0o b u=0.002
u=-04 0.15 u=0.38 u=0.220
u=-0.6 u=0.36 u=08&3
10 — u=0.54 0.03 u=0825
ar |
I 0.02
0.05 001
0-1,0 -CI.S O.'C 375 O— -DI.S 0.e0 C.:?E- C.IGO C.IQS

If u=0 g factorizes = d=1 problem

If u$0 E. almost




Kernel for (massive) Wick- Cutkosky

Wiy, z,v".2") if -1 <2 <=z
C e A Y e . > >
Vv, 27,2 { Wiy, —z,+",—=") if z <2<1
2 2 1 2
wep 1— =z )
W, 2,7, 2") = 2 k) S— A
27 v +m2z2 4+ k2(1 — 22) Jy D?(v)

D(y,2,7,#,v) = o(1=0)(1 = =)y + (1= D[ = )y + 7]
vm? [(1 —v)(1 — 2)2% +v2"(1 — 2) ]

vrZ(1—2)(1—2) 142z —v(z—2")]

+ + |

The integral over v is analytic



m2! L2 m2! L2

using the C %E trick n(k, P) = 2 2
gthe & (5+ k)1 L2+ic (50 k)1 L2+ e
I =GyK! trivially equivalentto % =" LGK!
LNg=LG,KNg trivially equivalentto  L" Ng=L" G,KNg but kernels can be very different !!!

00 +1 00 +1
/0 a#’ » dz' Vy(#,2,#,2") g(#,2) :/0 d#’ 1 dz' Va(#, z,#', 2 g(#, 2")

0,005 I I 0,005
Kernels WC L=1.1 u=0.7 — Vg /\ E Kernels WC L=1.1 u=0.7
'S ,

strict independence of the results (M and g) on the parameter L



General form of the equations (lII)

Fermions case in Minkowski L (k, P) = S101(q,kg) + ...+ S,0,(q, ka)

For J™ = 0% we choose the 4 structures S; = 75, Sy = 575, S; = [“MPQF; — ML} Vs, Sy = '0“,'\/:32“'('

BS equation become a set of coupled equations for the scalar components i
to which we apply the Nakanishi transform ! ; &g ;

Without the %-trickit is a C disaster E (though we could have done betterE.)

Using it :

! . +1 . . +1 Y Y
/O dy dz Vi*(v.z,v.2) 6(y.z Z/ dZ Vi(1,2,7.2) g (v.2)

#1

with V9=V, the same than for the scalar case
and V¢; which can be as smooth as we want
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General form of the equations

Z/ dv/ d2' Baw (v,27',2") gar (7, 2) Z/ d’y/ dz" Aaw (7,2,7,2) g0 (Y, 2)) (1)

Fermions in Minkowski: with C%-trickE

Baa’ (’77 2 ’7/7 Z,) — Vag (/77 <y /7/7 Z/) 5aa
Aaa’ (77257,775,) Vada’ (77277/72/)

Fermions in Euclidean: same structure with
B local
A the usual OBEP kernels

gl

We search the solutions in the form
ga(/% Z) = Z Jaij SZ(’V)SJ (Z)
ij
where S, are known functions (Csplines E) and d,; unknown coeficients to be determined



Three words about C cubic splines E

| ] | | |

Given a set of N+1 points G={Xy,X1,E,X \} | | | | |
T T ) I3 IN

We built 2(N+1) cubic polynoms S,, S,,E.,S 2(v+1)-1 With support in two consecutives intervals of G

To each point x; , we associate the two splines S,; , S,i.;
which Cleave E in [%_;,X.4]

PIH cubiques

2N+1
p(x) = ) ¢S;)
=0
. . . . csi = ()
On the grid G: the values/derivatives of ( are given by the even/odd c ; of expansion i1 = ' (x)
1+ - 7

On an arbitrary X € [x,,Xy]: only 4 splines contribute to ( (x)



pl2) = [ d'K (2, 2)p(@)

Choose the interval [x,,X,] and expand

2N+1 Tmaz(J)
p(x) = Y ¢ S;(x) > cSi(x) = ch/ .
=0 j j mmzn(])

after validation on

{z:} ZBMCJ' = ZAijCj <— Bec=Ac
J J

ij

In the ladder case
B.x=g? A(M).x

In general B is easy to invert = standard (non hermitian) eigenvalue problem
).x= [B-1A](M).x

providing g(M)

Advantadges
- Arbitrary grids
- Kernels are always integrated (proper treatement of singularities)
- Easy implementation of BC (remove ¢,,C,,E)
Drawbacks
- Compute matrix elements instead of calling K (not dominant)

de' K (z,2") S;(2")

= 5;(z:)

/xmaw(j)

dr' K(z;,z") S;(2")



Equation (1) becomes

Z Ba,a’i’j/(’% Z) Ga'i'j' = Z Aa,a’i’j’(’% Z) Ga'i' 5! )

a/i/j/ a/i/j/

It is transformed into a generalized eigenvalue problem if we C impose E to be fullfilled on a
set of suitably chosen points {7, z,}

E Buaijaritj Garirjt = E Agijatiti’ 9alily

a/i/j/ a/i/j/

where the C matrix elements E are integrals of kernels x splines (compact support)
[e%e) +1
Baij,a’i’j’ = Oga’ /O d/Y/ / . dz' Vaga/ (:777 2j§7/7 Z,) Sis (7/>Sj’(zl>

o0 +1
Aaij,a’i’j’ = /0 d’//l dz' Va%'(%aijw/,zl) Sz’/(W”)Sj’(Z/)

Solve the GEV problem )Bx = Ax



The only hypothesis is that the solutions are cubic in each of the N subintervals of
the integration interval [X,,Xy]

The *-direction is very cheap
Great stability with respect to N (Ni =2 is good!)
Practically a d=1 problem (reminiscent from the u=0 scalar case )

Typical sizes for fermions are N, "# sdds"(

Minkowski is less demanding than euclidean (where the 2 variables play the same
role)

En general we fully diagonalize the GEV system, with free the boundary conditions
- obtain ground and excited states

- other solutions are there, that nobody asked for E

They can be removed imposing the appropiate boundary conditions



C E something is rotten in the state of Denmark E

Despite the impressive Eucl-Mink agrement shown by V.K., there is something
to be understood related to Nakanishi representation (?)

When solving the GEV problem (already in the WC model)
)BXx =AX

we introduced a Cregularization E to avoid some numerical instabilities (depending on the
dimension of the grid,E)
)B(1++) x=AX
When varying +from 103 to 1012, the two-body energy M, the BS amplitude and the LF
wavefunction are stable (by the same amount) but the Nakanishi weight function g is much
sensible to that.
I 1
U(k,u) ! dk’ k', u)(k’
(k. u) 0 [k+ m2u2+ (1" u?)k2+ k'? ok, w(k)

Work Cshould be E in progress to understand this point



m=1 u=0.5 B=1.0

20

15

-5

m=1 p=0.5 B=1.0

=10

z=0.8

10 :

9 - m=1u=0.5B=1.0 £=10"" 1
gl ,
7

6

5

4

3

2

1

0 —;4;';*:7477*77F77F‘47i*;;1—::— ,
s e T 1
12 ‘ ‘ :

' 10.5 0 0.5 1
Z
20 |
m=1 p=0.5 B=1.0 e=10"°




Nakanishi weight function g
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g(*,z) is a smooth function in both variable



Minkowski Bethe-Salpeter amplitude

———————————————— 10 - ——————

\‘ — &=0.0 : I .u Il
\ - Kk=0.2 ] i ‘; |

Obtained by

All singularities come the denominator of the Nakanishi transform
Euclidean amplitude is obtained by a Wick rotation in the denominator (same g!)



OLight-FrontO wave function
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Computing electromagentic form factors

d'k (p+p —2k) T (3p—kp) T (30 — k)
(2m)* (':P — k)2 —m? 4 'z'.(l) ((P’ — k)% —m? | 'zf()) (k2 —m? | i0)

(p+ PV Far(Q?) i/

['(Fy, kyip)

In terms of BS amplitudes ¢k, k,:p)
P (k3 —m?2 1 i0)(k3 — m2 | i0)

d*k P P’
(P+ P)2Fy(Q?) = —i / oL ((P + P —2k-(P+ P')) (m? — k?) Oy (5 —k, P) Dy (? —k, P’) (4)

Which can, in its turn, be expressed trough g( !,z) Eand computed with a 5d integral

This calculation requires ®y;(k, P) and ®y;(k, P'), ¥k and ¥(P, P') such that Q* = —(P' — P)?

It is enough to obtain the BS amplitude "at the rest frame”, i.e. P = (M,0) and apply a Lorentz boost.

.M, 0)

Opr(k, P) = Dpr(ko. ||, Po, P) = ®pr(kh, |

provided

MKy(k,P) = (koPo—F-P)
FP0P) = [kl — kg + ko’



Electromagnetic form factor (Minkowski)

with

fnum

f den

where Q% =

—(p

Fr(Q?) = m/ d$/ dz g($ / d$’/ dz' g($ /duu ZJZZ:

= (6% 5)m? + [$'(1 — u) + $u](3%— 2) + 2M>%1 — % + %Qz(l —w)u(l +2)(1+2")
= 2§ (1= )+ Su— MEL - %5 Q31— wu(l +2)(1+ ),
— )2 >0 and

1 1
%— 5(1 + 2)u + 5(1 +2)(1 —u)

The normalization factor Ny is found from the condition Fi;(0) =1



Euclidean space

Naeve recipe : start with (4) and OrotateO k,& ik,

1 B — £ (il B 1
k'(z) _ EQ fEI_Im4,A ) = fA[l.lA.;l,A) m

far ko, k)

Inthe Breitframe » — —F Py —po— M2 p2  Q— 1p?

l

| A
P Fe(QY) — i [ = apo(5p t k) (m? K2 = (5po — ihy)?)

with O g(ky, L p) — Dliky, k- p)

Two kinds of problems appear here:

- The knowledge of & everywhere

- solve for any P

- OboostO results obtained at P=0
- The Wick rotation in the integral  (5)

(5)



1. The C boost problem E

This calculation requires $g (k. 7, Py) %p related to Q2
The boosted and rest amplitudes are related in the same way as (49)

bpllhy. k. PPy — il 1‘{;- L0, M )

where the relation between rest-boosted variables 1s obtained according to (50) with &g — 2ky

Ey(k, P) %1 (/~'4/)0 bk - /;)
12k, P) B2 + k3 — k4

Euclidean BS amplitude found for real arguments cannot be used to calculate form factors
Two options:

- Solve BS in complex plane, i.e. with complex arguments

- Solve BS equation for any value of (P,PO)

Static approximation: it consist in solving at rest and setting

(I’E( ].'4 . ].:. ]1'_ )0' (I)E l /.'4. l\:. 0, M 0

Most of the existing result were obtained this way [e.g. Zuilhof, Tjon Phys. Rev. 22(1980)2369)]
How good are they ?



1 = ] ] ] I ] ] ] | ] ] L] I ] ] ] ' L] ] é

E —— Euclidian space (staric approximation) f

- — Minkowski space -
01 \ ——— =
= N\ e ————— =

- N T ——— 3

= S T

= N -

\\

L \ E
l‘-l‘-- E \\ E
g : N e ]
—_— A P e
0001 \ 4 -

= \ ! =
- f -
B ‘l" -
00001 1\ =
le_os 1 L L l 1 2 1 1 L 1 2 1 l 1 L L l 2 i 1
0 20 40 s0 80 100
(Q/m)”

Fig. 6. Form factor via Minkowski BS amplitude (solid curve)
and in static approximation (dashed curve).



2. The Wick rotation in the integral  (5)

5 [ idkydPk l . ! .
e Fe(Q?) —‘z/ (_):‘4 lp0(3p0 | zk;;) (7712 N SPo —zk4)2)

x &g (/m-, _1,17— k: P) b (1&1_« —%]7— Ei‘ﬁ)

)

(5)

Our approach provides provides actually &g everywhere
It is simply given by g(!,z) and

3 1 X [~ al
Ok, p) L / dz' / dy' AYALD, -
vim /-1 Jo [” Fm2— M2 k2 —p-k2 — ie]

So we can OOnaivelyO compute (5) ,
If the OWick rotationO is legal, the result should coincide with (4)E but it does not !

A careful analysis ) shows that when rotating the contour one crosses integrand singularities,
Their contributions are not taken into account and that makes de difference
To properly treat them is very hard, impossible in practoce

No clear issue for computing form factors from the euclidean solutions

(*) Eur. Phys J. A9 , 53 (2009)
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Last comparison: BS and C LFD E
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Conclusion

Our method for solving BS in Minkowski space applies for boson and fermions
(as far as the Nakanishi tranform exist, i.e. for any kernel calculated by
Feynman graphs).

Not more expensive than the Euclidean solutions, all the contrary

Numerical tests with WC, S and Ps kernels shows a very good agreement
Euclidean-Minkowski (4 digits). V is in progress..

We suggest an OindustryO for regularizing bad kernel€A4trick)

Care with form factors when using euclidean BS amplitudes!
- The static approximation looses one order at JLab Q values (for scalars!)
- The Wick rotation, naively applied, gives wrong results: singularities are
crossed and a proper analysis is required (hard!)
Better to move to Minkowski !






LF equation

Covariant formulation , =(1,n) , 2=0

m? / A3k

273 |

—

A(k% + m?) — M?|p(k,n) — — Vik. k' n M2(k' n)

E Lt

Standard approach, =(1,-1)

r(l —x) 27, 221 — 2

k2 m? - m?2 S - o d2k da’
(— —M?* ) Wk, x) = ——= [k 2 \V(K 2"k, x, M?) !

(.o‘*kl

k, l;:—:zrﬁ T
u).p




