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|. A Snapshot on Light-Front dynamics: x*=t+z=0
S Brodsky et al. [ Physics Reports 3010 (1995) 299—-486

The front form The point form
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Fig. 1. Dirac’s three forms of Hamiltonian dynamies.

Properties of LF quantization
Trivial vacuum - perturbative (except for zero modes);
Maximal number of 7 kinematical transf. (3 boosts + 1 rot. + 3 transl.)

Truncation in the Fock-space not stable under rotations around transverse
directions (non-kinematical boosts); 3



ll. LF valence dynamics and BS equation

OUR AIM:
Derive the dynamics of few-constituents on the LF from a given model for the
Bethe-Salpeter equation.

- 4d Bethe-Salpeter amplitude €= Valence state on the LF
\ (Kinematical momenta: k*=k%+ k3 and ki)

Integration on the “Energy:” k= kO - k3

“Iterated Resolvents-dynamics of the valence state”- Brodsky, Pauli, Pinsky,
Phys. Rept. 301(98)299; Frederico et al NPA737(04)260c

In practice the truncation of LF Fock-space is considered...
- Perturbative vacuum (no self-energies/vertex corrections);
- Stable under the maximal number of 7 kinematical boosts;

- Rotational invariance is not fulfilled (non-kinematical boosts). 4
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Il. Quasi-Potential & LF B.-S. Equation: 2-bosons

Starting with a 4-dimensional BS equation for 2->2 scattering amplitude
(no self energies/vertex corrections):

T'=V+VGyT V is the sum of two-body irreducible diagrams
T(K) = W(K)+W(K)Gy(K)T(K)  Woloshyn & Jackson NPB64(1973)269
W) = V(E) + V(E)A(E)W(K)  Ag(K) = Go(K) — Go(K)
LF time projection: integration in k-

Go(K) := Go(K)| gy ' (K)|Go(K)

Sales, F., Sauer. PRC61(2000)044003

O (K — Ky
(k| Go(K) k) = - g L =
]i_fi"(](+ — Ali‘) (kl _ }fu—l;_l,w) (Kr o kl_ o ;;+Tni+?o)
L b f ol | .- i0(K+ — kD)oK
‘GO(K)‘ S / d;bl d]il <A1 GO(A) kl > 'Z‘T(AjL _2f)( Z lon Z‘20n +{0)
- k L +m: 3
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Valence propagator in global LF time
G(K)| = |Go(K)| + [Go(K)T(K)Go(K)
Valence-> Valence scattering amplitude

H(E) = go(K) " |Go(K)T () Go(K)|go(K) ™

) =@ 0 )l KK

IECIVE (K = g0l )| Go(K)YW () Go( K)o ()"

Interaction

W(K) = V(K)S [Ae(K)V (K]

1=0 7



Bethe-Salpeter amplitude for scattering/bound states

For scattering states: |\If+> — |xlf0> + GU(K) V(K]|\If+>

and the corresponding homogeneous equation for the bound state
Valence wave function for bound/scattering states: | (,35> — || \If)

Homogeneous equation for the LF valence wave function of a bound state
(projecting the 4-dim BS equation or from the bound-state pole of the 3-dim t-matrix)

|¢’B> — gO(KB)W(KBN‘i’B)
[k k1w =165



Example: Bosonic Yukawa model
L1 = gsdpi$10 + gsdhso

_|_

_|_

Mass? eigenvalue eq. & valence wf:
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LF Bound state equation

. v(y, K ; K)
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Comparision between LF (3d) and 4d results for bound states
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= Hierarchy Equations in LF Fock-space

e Interaction m.e.'s:

(qkolvlk) = —2(2m)36(q + ko — k)—25_o(k)

(alvlkok) = —2(2m)36(k + ko — ¢)—25——0(k)

e Hierarchy EQs.:

9@ (K) = g5 (K)+5 (K)vg® (K)vg D (K),
‘L)(K) = 952 (K) 495 (1)wg™ ()wg®) (K),

9@ (1) = 6§ (K) 45 (1) wg®) (K )vg™® (K),

SM(K) = g§¥ () 40§ (B og N +D (K Yog M (K6,

;.‘I.'runcation: (D1, Do, (N —2)0)

Iterated resolvents: Brodsky, Pauli, Pinsky,
Phys. Rep. 301 (98) 299

J. H.O. Sales PhD thesis ITA (unpublished),
Frederico et al NPA737(04)260c

Interaction
Fock-space

Subtraction of
divergences?

12



Reconstructing 4-d B.S. amplitude from the LF valence wf:

V) = G(K)|g(K)'[¢) g(K) " [hy) = 0
(e —->0)

(projecting back to the LF retrieves the valence wf.)

<BS Ampl.| 4d operator |BS Ampl> - <val.|3d operator |val.>

Reverse LF time projection operation: expansion W

G(K)|g(K)™ = [14+ Ag(K)W (K)] Go(K)|go(K)™

13



lll. Two-boson systems: E.M. current operator & WTI

Uy THQ) [W3)

Q= K;— K,

JHQ) =Ty (Q)+ I (Q)

Ward-Takahashi in operator form: (Gross & Riska PRC36(1987)1928)

QuI"Q) =G al+(1 -2

<ki|§i‘pi> = 63'54 (kz — Pi — Q)

GH(K)) |V =0 =)

Qu (Vs THQ) [¥;) =0
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Light-front e.m. current operator: valence states

(Wl THQ) |W3) = (P5] 7" (K, K) |9)
W) = G(K)|g(K)™"|¢)

(K K) = g(K )G ) T*(Q)G (K g(K) ]

Gauging method for bound states: Kvinikhidze and Blankleider (PRD68 (2003) 025021)

LF Projection WTI:
QulG(Ky)THQ)G(KS)| = |1, G] | + (1 < 2)

15

LF charge operator



> LF e.m. current is conserved

MKy, K;) = go(K5) 7 Go(Ky) [1+ W (K ) Ao(Ky)] X
THQ) [1 4 Ao(K;)W (K;)] Go(K)]go(K;) ™

W(n)(K) — ZWz(K) n
i=1 - WO (K) = 3 golK) ™ IGo ()W) Go(K) g ()™
W, = V(K) [ BBV (K]

Truncation in W keeps c.c.? No!

(| QFT,(Q)w ™)
= (] e, ) #£ 0

QMo 5™ (K, K)ot

16



Conserved & truncated LF e.m. current: WTI

Marinho, F., Sauer, PRD 76, 096001(07)

Qi (K, Ki) = g, eLr)

1— 1 n—11—1

§M = g MGy | TMQ) + Y (Wihe TM(Q) + T (@Q)AW) + 3 S W A0T"M(Q) AW

=1 1=2 j=1

n—1

+WL A0 T Q) + T3 (Q) A, + ) IfV?:Anjéf(Q)Arﬂ’Vnza:] Golgo !

=1

Message:
Keep in the current all LF two-body irreducible terms
consistent with the truncation of the interaction

> Conserved e.m. current! .




Current in the Yukawa model for 2-boson systems

4d
Ly = gsolono +gsdhons  3derg
(k1| T3 (Q)|pr) = —27ex(ky + p1)'0* (ky — pr — Q)((Kf — k1) — m3)]

5D = 3O L 0 Gy AT (Q) + TE(Q) AgWA] Golgy

7O = UG TE(Q)Golgy
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- 2-body LF reducible terms 18



LF current in 1st order

If -
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Kinematical regions:

e, ‘jc(1)|kiku>(a)+(e) = (k1 k1, | [f’fLF,’w(l)} ki ki1

valence —

)

Current conservation is OK! 20



V. Two-Fermion systems: Yukawa model

Starting with a 4-dimensional BS equation for 2->2 scattering amplitude
( no self energies/vertex corr.):

T=V +VG,T V is the sum of two-body irreducible diagrams
T(K) = W(K)+ W (K)Go(K)T(K)
W(K) = V(K)+ V)W (E)  Ao(K) = Go(K) — Gy(K)

Separation of the instantaneous term in the fermion propagator:

3;{,?1 + m; o }éion + m; 4+ 7+

k2—m?+ie  kP—m?+ie Kk

(Sales et al PRC63(2001)064003)

GO:(,Elon_I_ml)(éZon_'_mZ)GO
F_ ~ F —
Go=Gotalo l- Go(K)|:= go(K)
’ E%—m%—I—io leg—mg—I—io

GF;O = §0|90_1|§0 21




—1
Mass? eigenvalue eq. & valence wf: [90 — ’w} [9x) =0

Yukawa model: L;=g VWV

s +
; s s ; I 4
2 / 4 4 /’ s ) rd /
p— s s ’ 7 ’
w 4 L / 7 ,
# s s 7 / P
. /2 s s /.

@ ) (c) (d)

Covariant Box-diagram decomposed in LF time-ordered diagrams

B. L. G. Bakker, J. K. Boomsma, C.-R. Ji, Phys. Rev. D 75, 065010 (2007)
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Fermions: conserved & truncated LF e.m. current & WT]I
Marinho, F., Pace,Salme,Sauer, PRD77,116010(2008)

i* = g5 Gl + WA JH[1 + AgW]Golgy

(Sales et al PRC63(2001)064003)

Ao = Go — Gg Go := Golgy '[Go

WTI for the conserved current:

Q, MK K;) = g_'(Kf-)QfF — OF o 1(K)) Expansion...

- m
exd (K — ki — Q) 6% (Kip — Fu —QL)A+(1¢1W)A,1 A (Rron) A (Faon) | s




LF current in 1st order
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End-point singularity in |- for Q*=0

k! " L p1
' #l jI":'I : A ]

Ky — k| K; — ky Kp—k (c) Ki — ki

Finite contribution to the WTI !!!

~1/Q+ 200
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V. Three-boson systems and ladder 4d BS equation
Marinho, PhD thesis ITA/2007

3
T =V +VGT V=3V, ; Vi=VoaS
1=1

l T N7

i S(ky — k) 0(ky — Ky )

ky ky |Golkl kS ) = —— — S . - - —
ki R Gol . k') = (o Wkt (K — bt — k) (ke — k) (K — dog, YK~ — ey — ey — (K — ky — ko))

20mn on

Integration over k- for 1 and 2 - free 3-boson resolvent

- i0(K+ — K — kDO(kDo(kT)
CORTRS (K — kT = R (K = Ky — kg — (K — kit — k2),,,)

on

k= (k* k) 26
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Faddeev decomposition:

A( K) = K) — e K
W(K) = V(E) + V(K)o K)W(K) { (K) = Go(K) = Go(K)

Go(K) = Go(K)|gy " (K)| Go(K)

3 3
V=>Vi > W, =V, + VAW wW=> W
=1

=1
(1 = Vi:Ag) W, =V, + VA (W; + Wy)

Wy =Vi+ V;'AOVV(Q)Z'

Wi = Wiy + WAo(W; + W)

27



3
s ’w:E Wy
i=1

1
w; = gy

|GoW;Gol g5

In practice W, is obtained from a power expansion in V:

Vido(Vi+V; + Vi)

+ Vido(V; + V; + Vi) Ag(Vi + V; + Vi) + ...

|

NLO

28




Bosonic Yukawa model: LO

wi =gy |GoViGo| g5

\ 7 \ { z ‘ ( )
— \\ + // + \\ + //

Cluster separability satisfied!

29



Bosonic Yukawa model: NLO

wi = wl? + go !t 1GoVido(Vi + V + Vi) Gol g5

(2

three-body reducible diagrams

~
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1 1 1
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L d [
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L . .
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1
1

30



bound state mass M~

Perturbative contribution of the 3-body interaction to the 3-boson mass

Karmanov & Maris PoS LC2008, 037 (2008), Few Body Syst.46, 95 (2009).

[ 2]

1=0.01

bound state mass M~

i
— covariant ladder 3-body BS Eqn i\\
%% 3-body ladder truncation in LFD \\ |
+-¢ LF ladder kemnel + 3-body force correction N
T S N
1 2

dimensionless coupling constant o

u=05 \I 5 \\-.E S
‘-\\ : X___‘ \___\.
\.\\\i . ._x | \\ : E

— ladder BS Eqn

%% ladder LFD \-\
+-# LFD + 3-body cor. \ E

1 2 3 4 :
dimensionless coupling constant o
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VI. Zero-range model: LO and NLO

|
L= 5)\(/?

4d ladder — — = — Tt

Vo= 0 = o (kiy ki Vi KL KS) = A(2m)28* (ke — Kp) (ki — m?)

ViAoV, = >C‘< + ><go'1>< =0

VV(Q)?; = V; + WAOVV(Q)z' = Vi
Ladder+contact9{
Wi = Vi + Vido(W; + W) 32



Leading order bound-state 3-boson equation

v; = wigo(vi + U + ’Uk)

Bound state eq.:
V. Faddeev components

wi? =gy |GoViGolgy ' W=V,
wiC(k;, by K K,) = —2mid k6% (k; — K))
0 = (1 —w g~ ’LULOQO( O+ 0r9)

—{ =
T if

IS § .




Y §

- - -1

1
’T(]\[fk) = 27 )\ + — d? /dzlﬁ_
(1 — ) (

87'{'2 9 k2 +m?2
j\[jk - :1:(1—:12) ) i

The divergence is eliminated by fixing lambda through the 2-boson bound state mass!

Ko [ l K’
K f K j

OR)OKT — k" — k") op©(ki k)
—27(M? )/dk J E -
- /fl—l_( o ]{j_ o k;+)(K_ o k o k,_ (K k@ B kl)on)

on Jon

o (Ejr Ek‘)

Frederico 92: regularization My, real - no collapse
Carbonell & Karmanov 03: no-regularizaton collapse for M,g< critical value 34




Next-to-Leading order bound-state 3-boson equation

mNLO _ er,LO + %AO(% + ij)

NLO LO NLO
w; = w;~ + Aw;
5VLO _ (1 B ,wLOg Z ,UNLO 1 B ,wLOg )_]Awﬁ“Ogo Z UﬁLO
n#i n
LO kernel NLO kernel

A’LUNLO = 99 1‘GOVAOV Go‘g -+ 90 1‘GOVAOVI€GO‘9
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Three-body reducible diagram

LF time

Three-body irreducible diagram

36
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NLO 3-boson bound-state equation (Marinho & F. PoS(LC2008)036)

LO kernel
| . ) 9(A+)9(A’+)9(K+ ki — k’*)
NLO/1. N2 3 1.7 NLQO /
k. k))=—7(M)12 | &’k , k.. k.
v (_J"_"“) ( "’A") ( / —J A:_}*k;*(h— — ko =k — (K —k — A )(m)” (—"'—-f)+

1on Jon

o)

S w o O — KT+ EDO(KT — KT — D)oK )0k "
f@/diﬁ;diﬁz(’z A)( 7 A)(J)(h)x
%\/ .

RO — K+ (R — R = k)

oKL Ey) + o) O (kL E)) + o PO (B ES) , ,
+ (b < k;)
(I( k, — k. )on) !

(K o k;}n o k_cm o k;;n o (k K+ k, )O'n

Effective 3-body interaction

A

LF time 37



VIl. Conclusions

- “LF Few-body dynamics”: Valence w.f. dynamics

: Quasi-potential Approach to LF = LF dynamics

- 4-d Bethe-Salpeter amplitude €<-> valence w.-f.

- 4-d operators €< -> 3-d operators acting valence w.f.
- Conserved current operator & WTI.

Conserved LF e.m. current operator expanded systematically and consistent
with the mass squared operator;

Valence and nonvalence contributions to the current required by current
conservation;

Current conservation in LF is a weaker requirement than covariance (covariance
under non-kinematical boosts).

Perspectives:

- 2-particle scattering with valence wf € - 4d calculations in Minkowski
space with Nakanishi integral representation (Karmanov and Carbonell,
EJPA27, 1(06); scattering for 3-particles... (bosonic and fermionic
systems)

- GPD'’s, conserved current operator for 3-body systems

- 3->3 scattering amplitude B->pipitk- (CP violation)

- Applications to deuteron, trinucleon, n-d scattering...

- Excitons in graphene! 38
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