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Motivation and Introdu
tion

Appearan
e and histori
al propaganda of BSE - relativisti
 e�e
t in �ne andhyper�ne splitting in a hydrogen-like atom QFT appli
ation,Salpeter (1952), Salpeter and New
omb (1952), Salpeter (1953)Histori
al review: Bethe-Salpeter Equation � The Origins, Edwin E. Salpeter, arXiv:0811.1050Inhomogeneous BSE - quantum �eld theory based des
ription of relativisti
bound states. Suitable for des
ription of (quasi)stable 2body states. The BSE
ouples to in�nite system of SDEs, BSE is a part of them. In strong 
ouplingtheories it 
annot be studied alone, but must be 
onsidered in the framework withthe all other GFs, eg. 
hanges from dressing of all GFs appearing in the kernelshould be 
onsidered.



Re
ent appli
ations:

• Mesons= qq̄ states A. Krassnigg, arXiv:0909.4016 Lei Chang, C.D. Roberts, Phys.Rev.Lett.,103:081601,(2009). A. Hoell, A. Krassnigg, P. Maris, C.D. Roberts, S.V. Wright, Phys. Rev. C71(2005) 065204.

• beyond SM- te
hnihadrons, 
omposite Higgses, exoti
 bound states (darkmatter Higgsonium), et
...A. Do�, A. A. Natale, P. S. Rodrigues da Silva, arXiv:0905.2981 V. Sauli,arXiv:0806.3454 M. Kura
hi, R.Shro
k, JHEP0612:034 ,2006 M. Harada, M. Kura
hi, K. Yamawaki, Prog.Theor.Phys. 115 (2006).

• e�e
tive appli
ations (mostly in 3 dim redu
tion)- Deuteron Kaptari et all,Phys.Rev.C54:986,1996, Bondarenko et all, Phys.Atom.Nu
l.70:2054-2065,2007 J. Adam eta all. Phys.Rev.C66 (2002)044003.



All parti
les have their own times-> BSE has 
ompli
ated singular kernel stm-ming from 1(small problem):- BSE is 
omposed from GFs, they have singularitiesof GFs- poles, bran
h points and 2(big problem):- singularities in SDEs kernelsstemming from integral measure be
ause of Minkowski metri
�>No dire
t assumption-less Minkowski spa
e solution of BSE is known until thedate. Two ways out-A) Wi
k rotation , Eu
lidean spa
e numeri
al solution,B) method of IR- at the end we stay in Minkowski spa
e again. Advantages of B) -Hadrons,atoms and nu
lei have P 2 > 0, no extrapolation of numeri
al data is needed,
han
e for ex
itations-One 
an get frame independent solution! It 
an be useful when form fa
torsare 
onstru
ted.



PTIR, and what does it means Minkowski BSE solution

PTIR (Perturbation Theory Integral representation) of Greens fun
tions:Nakanishi- Graph Theory and Feynman Integrals, 1971Review of appli
ations to SDEs, BSE: V. Sauli, FBS.39:45,(2006)General PTIR derivation by Nakanishi is based on the analyti
al stru
tureof Feynman diagrams, i.e. on Feynman parametrization and loop momentumintegration. The Wi
k rotation is performed sin
e the formal 
ontinuation toMinkowski spa
e is as 
lear as in the perturbation theory.Minkowski solution of BSE by PTIR method = Wi
k rotation is allowed andperformed analyti
ally (but it does not mean that WR is not assumed)Minkowski PTIR based solution must agree with the Eu
lidean solutions!



PTIR is unique in a given s
heme. PTIR is proved for any Feyman diagraman trivially to any order, however proof is perturbative (not-self
onsistent).Examples of PTIR (or generalized PTIR):
• 2p GF -Assuming perturbative analyti
ity of Green`s fun
tion,e.g. Propagatorssatisfy KLR:

GKLR(k) =

∞
Z

0

dM2ρ(M2)D(k2, M2)

D(k, M
2
) =

1

k2 − M2 + iεThe inverse propagator (selfenergy, polarization, et
..) DR

G
−1

= p
2 − Σ(p) = polyn. +

∞
Z

T

dM
2
σ(M

2
)D(k

2
, M

2
)



• 3legs: For the three-leg vertex fun
tion Γ(p1, p2, p3) analysis of 
ontributingFeynman diagrams leads to the PTIR

Γ(p1, p2, p3) =

∞
∫

0

dα
3

∏

i=1

1
∫

0

dzi δ(1−
3

∑

i=1

zi)
ρ3(α, ~z)

α − (z1p2
1 + z2p2

2 + z3p2
3) − iǫ

,

where the momenta are 
onserved p1 + p2 + p3 = 0, the invariant squares areindependent and the single weight fun
tion ρ3(α, ~z) is su�
ient to des
ribethe sum of all relevant Feynman diagrams.



• 4legs: The s
attering matrix M(p, q; P ) des
ribes the pro
ess Φ1Φ2 → Φ3Φ4,where p = (q1 − q2)/2 and q = (q3 − q4)/2 are the initial and �nal relativemomenta, respe
tively, and P is the total four-momentum.
M(p, q; P ) =

∞
Z

0

dγ

Z

Ω
d~ξ

8

<

:

ρst(γ, ~ξ )

γ −
h

P4
i=1 ξiq

2
i + ξ5s + ξ6t

i

− iǫ

+
ρtu(γ, ~ξ )

γ −
h

P4
i=1 ξiq

2
i + ξ5t + ξ6u

i

− iǫ

+
ρus(γ, ~ξ )

γ −
h

P4
i=1 ξiq

2
i + ξ5u + ξ6s

i

− iǫ

9

=

;where q2
i is the square of the four-momentum 
arried by Φi and s, t, and uare the Mandelstam variables.M for ladder BSE is generated via.:

Mir(p, q; P ) =
g2

µ2 − (p − q)2 − iǫ



• Two Body BSE PTIRDe�nitions: Inhomogeneous BSE (SDE for G4) for the full four-point Green'sfun
tion G satis�es

G = GBS − GBSMGBS , (1)

M = V − V GBSM

GBS = −iG(1)G(2) is the free two-parti
le propagator. The BS wave fun
tion

Φ(x1, x2) =< 0|T [φ(x1)φ̄(x2)]|P >, is related to the BS vertex fun
tion by

Φ = GBSΓThe vertex fun
tion satis�es the BSE
Γ = −

∫

V GBSΓ



PTIR BSE- like 3leg diagram, but the total momenta is �xed P 2 = M2
B, PTIRfor BSE redu
es in the region of 0 < P 2 < 4m2 to the following two-variablespe
tral representation:

Γ(p, P ) =

∞
∫

βmin

dβ

1
∫

−1

dz
ρ̃(β, z;P 2)

β − (p + zP
2 )2 − iǫ

=

∞
∫

αmin

dα

1
∫

−1

dz
ρ(α, z;P 2)

α − (p2 + zp · P + P 2

4 ) − iǫ
,

where P = p1 + p2, p = (p1 − p2)/2.



The Bethe-Salpeter equation for (pathologi
al) WCMs

Classi
al Lagrangean of (gauged) WCM

L = (Dµφ1)
+Dµφ1 +

1

2
∂µφ2∂µφ2 +
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2
∂µφ3∂µφ3 − 1

4
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BSE for (1,2)

Γ(p, P ) = i

∫

d4k

(2π)4
V (p, k; P )G(1)(k + P/2)G(2)(−k + P/2)Γ(k, P )



Γ(p, P ) = i

Z

d4k

(2π)4
V (p, k; P )G(1)(k + P/2)G(2)(−k + P/2)Γ(k, P )

P P
V

Figure 1: Diagrammati
al representation of the BSE for the boundstate vertex fun
tion.



The both the BSE vertex fun
tion and BSE wave fun
tions whi
h satisfy twodim PTIR!, while V,Gi satisfy PTIR for M and for Gi.
ρ is smooth fun
tion for massive 
ase (all internal legs 
arries massiveparti
les), but it 
an in
ludes delta fun
tions (some of the parti
les are massless-original WCR model), taking

Γ(p, P ) =

1
∫

−1

dz
ρ(z)

m2 − (p2 + zp · P + P 2/4) − iǫone 
an solve ladder BSE of WCM with massless ex
hanged s
alar bosonGeneralized massive WCM by PTIR: Kusaka, Simpson , Williams, PRD 1997, V.Sauli, J.Adam,2000 PRD (symplifying numeri
s, removing the integrations in the kernel)

Γ(p, P ) =

1
Z

−1

dz

∞
Z

0

dα
ρ[n](z, α)

[α − (p2 + zp · P + P 2/4) − iǫ][n]



ρ[n](α′, z′) = λ

1
∫

−1

dz

∞
∫

αmin(z)

dα V [n](α′, z′; α, z) ρ[n](α, z)

where we denoted λ = g2/(4π)2.The ladder BSE N=1, M = m1 = m2 (mistake in def. of D in PRD version)

Ṽ
[1]

(α
′
, z

′
; α, z) ≡

X

i=±

X

t=0,T±

Θ(xi(t))Θ(1 − xi(t))Θ(D)

2J(α′, z′)|E(xi(t), S, α′)|

x±(t) =
−B(t) ±

p

D(t)

2A
; D(t) = B(t)

2 − 4Am
2
3 ; A = α̃ − S ; B(t) = R(t) − α̃ − m

2
3 ;

E(x) = α̃ − µ2

x2
− S ; R(t) = Jt + M

2
; J = α − M

2
; S = (1 − z̃

2
)
P 2

4
; T± =

1 ± z̃

1 ± z
.

BSE solved in various approximations:



1. ladder BSE 2. ladder BSE with dresses V 3. in
luding 
orre
tions to allguys in the ladder BSEComparison of spe
tra for number of parameters m1,2,3 , 
al
ulation of EMGform fa
tors (without numeri
al boosting) V. Sauli, J. Adam Phys.Rev. D67 (2003)4. 
rossed ladder- this 
onferen
e



Sample results WCM:
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Figure 2: The res
aled weight fun
tion ρ̃(α, z) of the bound-statevertex for η = 0.95 
al
ulated in bare ladder approximation with
m3 = 0.5m.



Sample results for dressed ladder BSE WCM
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Figure 3: The eigenvalues λ̃ 
al
ulated for the bare BSE, with dressedkernel V and for dressed ladder BSE as des
ribed in the text. Beyondthe 
riti
al value of 
oupling λ̃crit = g2/(4πm)1.5 only the baresolution is available. η =
√

P 2/2mSin
e WCM has no true va
uum (potential is un-bounded from bellow), it is very likely that λ̃crit is redu
edwhen higher skeleton are 
onsidered and perhaps shrinkinto zero when we would ask for full solution.



WCM 
on
lusion

Main message: 
onsidering dressed propagators, only solutions 
onsistent withPTIR 
an be 
onsidered. There is 
riti
al 
oupling, beyond this 
oupling theresults for WCM BSE are meaningless.Alkofer,Ahlig ,Annals Phys. 275 (1999) 113 -In
onsten
ies of BSE...



Physi
ally meaningful theories
• S
alar, gauge singlet of any gauge group:

V = S2m2/2 + gS3/3 + λS4/4Ground state at S = 0 for λ > g2/(4m2)In BSE S4 term is 
onta
t repelling for
e between two s
alars. What are therelativisti
 bound states? Do they exist?
• SM and beyond-Can Higgs �elds bind itself into the bound states?xSM: H Higgs doublet, S-s
alar

L = (DµH)†DµH +
1

2
∂µS∂µS − V (H, S)



V (H, S) = λ(H
†
H − v2

2
)
2

+
δ1

2
H

†
H S

+
δ2

2
H†H S2 + δ1v2S +

κ2

2
S2 +

κ3

3
S3 +

κ4

4
S4.

Higgsonium BSE:

Γ =

Z

k
V G

[2]
Γ

G
[2]

(k, P ) = D(k + P/2, M
2
1 )D(−k + P/2, M

2
1 ) ; (2)

D(k, M2) =
1

k2 − M2 − ε



Tri
k by G. Rupp, Phys. Lett. B 288, 99 (1992):

Γp(p, P ) = ΓI(P )

∫

k

Vp(k, p, P )G[2](k, P )+

∫

k

Vp(k, p, P )G[2](k, P )Γp(k, P )

where

VI = Vc + Vs , Vp = Vt + Vu ,p- relative momenta dependent, I- Inhomogeneous- (only P) dependent term Sothe full solution of BSE is the sum, ΓI(P ) is purely algebrai


Γ(p, P ) = ΓI(P ) + Γp(p, P ) , ΓI(P ) =
VI

∫

k
Γp(k, P )G[2](k, P )

1 − VI

∫

k
G[2](k, P )



Integral Representation:

Γ(P, p) = ΓI(P ) +

1
∫

−1

dη

∞
∫

−∞

dα
ρp(α, η)

[F (α, η; P, p)]
,

where ρp is assumed to be 
ontinuous smooth fun
tion. On 
an derived that BSEis equivalent to the

ρp(α, η) =
1

α − M2
1



ΓI(P )ρI(α, η) +

1
∫

−1

dz

∞
∫

−∞

da ρp(a, z)V(α, η, a, z)





where ρI,V are known. The BSE is redu
ed to two integral equations.



Solutions: V. S.,arXiv:0808.1894, AIPConf.Pro
.1030:274-279,2008 arXiv:0806.3454 Dummy pa-rameter n = 1 was used to redu
e human e�ort, however it de
rease numeri
al
onvergen
e.1) SM model- to get bound states Higgs must be heavier then 1TeV (a

ordingto G.R.)2) xSM - For 200 MeV Higgs mass eigenstates few bound states have beenfound not so far from the threshold η = 0.8, 0.95 for reasonable large values oftrilinear 
oupling of xSM.3) Study is 
ontinuing



Fermion - antifermion pseudos
alar bound states

OGE ladder BSE- V.S. J.Phys.G35:2008 The general stru
ture of denominators inperturbative Feynman diagram does not depend on the spin! One 
an applyPTIR.Spin�> more degrees of freedom �> more independent s
alars. BSE forpseudos
alar-

Γ(p, P ) = −i

∫

d4k

(2π)4
V (p, k, P )S1(k+, P )Γ(p, P )S2(k−, P )

S0
i (p) =

6 p + mi

p2 − m2
i + ε



Γ5 approximation with 
onstituent "quarks",

Γ(q, P ) = γ5[ΓA + ΓBq.P 6q + ΓC 6P + ΓD 6q 6P + ΓE 6P 6q]Pin
h te
hnique massive gluon propagator Cornwall, Binosi, Papavasilliou,..
V (p, q, P ) = g2(κ)Dµν(p − q, κ)γν ⊗ γµ

ΓA(q, P ) =

∫ ∞

0

dω

∫ 1

−1

dz
ρ
[N ]
A (ω, z)

[F (ω, z;P, q)]Nin general IR has Dira
, tensor stru
ture...
ρ(α, xi)s
alar theory → ∑

j

ρj(α, xi)Pj



where α, xi represent the set of spe
tral variables, and j runs over all possibleindependent 
ombinations of Lorentz tensors and Dira
 matri
es Pj Sampleresults:

η : 0.8 0.9 0.95 0.99
α 1.20 1.12 1.03 0.816Coupling αs = g2/(4π) as a fun
tion of binding fra
tion η =

√
P 2/(2M), forex
hanged massive gluon with mg = 0.5Mq.



The res
aled weight fun
tion for almostmassless gluon
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Figure 4: The res
aled weight fun
tion τ = ρ[2](ω,z)

ω2 for the followingmodel parameters: η = 0.95, mg = 0.001M , αs = 0.666



Toy model with regge behaviour

V.Sauli and P. Bi
udo, preliminary resultsQCD Mesons- The experimental data �nds linear Regge traje
tories both forangular and radial ex
itations,

j ≃ α0 + αM2 ,

n ≃ β0 + βM2 .

Lorentz 
ovariant study and solve the BSE for ground state with the "
on�n-ing" kernel of the form
V (q) =

const.

(q2 − µ2)2
,



Γ(p, P ) = i

∫

d4k

(2π)4
V (p − k)G(k+, m)G(k−,m)Γ(k, P ) ,where k± = k ± P/2 and G(k, m) is the propagator of s
alar �eld with themass m and where the Bethe-Salpeter vertex fun
tion Γ(p, P ) for bound stateof orbital momentum l is the produ
t of hyperspheri
al harmoni
s and the s
alarfun
tion ΓS(p, P ).

Γ[ℓ,ℓz](p, P ) = −iYℓz
ℓ (~p′)ΓS(p, P )kernel spe
tral fun
tion is fun
tional: d

daδ(x − a) Is PTIR apli
able?

Γ
[ℓ,ℓz]
S (p, P ) =

∞
∫

αth

dα

1
∫

−1

dz
ρ
[ℓ]
n (α, z)

[α − (p2 + zp · P + P 2/4) − iǫ]n
,



Then homogeneous BSE turns to be for parti
ular xhoi
e n = 2

ρ
[2]

(α
′
, z

′
) =

λ

2

1
Z

−1

dz

∞
Z

−∞
dα K(α

′
, z

′
; α, z)ρ

[2]
(α, z) +

λ

2

1
Z

−1

dzV (α
′
, z

′
; αD, z)ρ

[2]
(αD, z)

Results λ = C
(4π)2

= 0.003m4 , mu/m = 0.2 ; m = 1 is s
ale
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Figure 5: Regge traje
tory of radial ex
itation as they are seen in our relativisti
 toy model.

η = P 2/4m2.
Model is not QCD, end gives very large β = 50GeV −1 unless m ≃ 500MeV ,for 7 − 8GeV quarks 
an get 
orre
t β.



1. Minkowski PTIR method is appli
able ( with more or less stable numeri
)Limitations -
onstituent masses, the total mass should be less then sum of themasses2. We get Regge traje
tory (note in our model we get β = 50/4m2=1/4number of equidistantly spread bound states bellow threshold), paper will appear.


