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On-shell scattering amplitudes in N’ = 4 SYM

[ Scattering amplitudes in N/ = 4 SYM

L Quantum numbers of on-shell states |i) = |p;, h;, a;):
momentum (p? = 0), helicity (h;), color (a;)

L' IR divergences — dimensional regularization
Ayn = Div(p;, 1/€e, 1) X Fin(p;) — subject of this talk

An = ) [l Perturbative expansion in 't Hooft coupling
a = g?>N/8n?:
An(piah — nO_'_aZA 1pz)+0( )

L Simplest example: Maximally Helicity Violating (MHV) amplitudes, e.g. for gluons:
(——4+...4+), (—+—4+...4), etc.
Unique helicity structure (tree):

_ _ 1
AN (o pd s p) = ANV MMEV(py . MMEY =1 4 am{P + O(a?)

N =4 SYMis a (super)conformal theory = conformal symmetry of A,, (p;)? Two problems:
(i) Conformal boosts act non-locally (2nd-order differential operators) [Witten'03]

(i) IR divergences break conformal symmetry - how?
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Dual conformal symmetry |

U Hidden symmetry of A,, of dynamical origin

L] Linear action on the particle momenta in dual space [Broadhurst'95],[Drummond,Henn,Smirnov,ES’06]

Upi =2 —Tig1 = Tiip1 & Zpi=01f$n+15$1
i
2 2
Upi =0 & 27,44 =

L Conformal group SO(4, 2) acting on the dual coordinates x;
—> dual conformal symmetry.

[ Example: MHV amplitudes

(1) (1)
M 'y I
In MMBY = 1n Z,, (x5, €, p)+In Fp (z;)+O0(e), InZ, = E E (—a z+2ﬂ ( (lce)sp n - >
[>1 1=1

O Duallty MHV amplitude/WiIson |00p [Alday,Maldacena’07], [Drummond,Korchemsky,ES’07], [Brandhuber,Heslop, Travaglini’07]

In F,, = In{0|Tr P exp (zg?{ da;'“AM(a:)> |0) + const 4+ O(e)

n

WL has conformal invariance in dual space = Anomalous CWI : [Drummond,Henn,Korchemsky, ES'07]
2 :
KHInFy, = —Teugp a)Zln Tiit z/;.1 = FixesInF, forn =4,5butnotforn > 6
’L—l ;111
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Dual conformal symmetry Il

LI Can we generalize dual conformal symmetry to non-MHV amplitudes?
Need to study the helicity structures and the loop corrections

0 Spinor helicity formalism: commuting spinors A* (helicity -1/2), X% (helicity 1/2)  (xu.zhang,Chang's7]

_O<:>paa_p( )d:)\ia}’\z_d

LI Simplest case: MHV tree level [Parke, Taylor'sé]

n y
ANV (i) =W Z 2<3‘>7>...<n1> (i) = =) = e hia A

Is it dual conformal?

LI Dual conformal transformations of spinors [Drummond,Henn,Korchemsky, ES'08]

[J Conformal group = Poincaré + inversion:

xH | —1 —1
I[zH] = S =T, Iz; —xj] =z, (x; — ZUj)ZUj
O Transforming spinors: p&® = (x; — x;41)%% = A& A8 =
A (i) aa +1) o » 11
ipe] = 20 @as e (@ixaa _ pr gy GEED
x/L ZU,L~ :Ei
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Dual conformal symmetry Il

[ What about the momentum conservation delta function §(4) (3=, p;)?
O Cyclicsymmetry : >°" p; =0 & > " (i —xi41) =0 iff zpp1 =21

U Relax cyclicity, x1 # x,41, and then impose it by

54 (z1 — zny1) — manifestly dual conformal

LI Split-helicity tree amplitudes: all negative-helicity gluons appear contiguously
LI Known explicitly from recursion relations [Britto, Cachazo, Feng, Roiban, Spradlin, Volovich, Witten]
[ Example: split-helicity MHV tree amplitude — manifestly dual conformal!

(12)4
(12)(23) ... (n1)

ANV (— — 4 ) =W (21 — 1)

[ Non-split-helicity amplitudes are dual conformal not on their own, but as parts of
superamplitudes

L Superamplitudes in dual superspace exhibit dual superconformal symmetry.
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Superamplitudes in on-shell superspace |

[ N = 4 gluon supermultiplet — PCT self-conjugate — holomorphic (chiral) description

®(p,n) = GT ()T a(p)+n*nP San®)+n*nPneancpT? (p)+nnPn“nPeancpG™ (p)

n4 (SU(4) index A = 1...4, helicity 1/2) are Grassmann variables of on-shell superspace

U Superamplitudes A, (®(1) ..

[ Example: Nair's description of tree MHV amplitudes

5(4)(2?:1 pi)

.®(n)) = expansion in powers of

[Nair'88]

AMHV _ 0 (37 pi) 5(8)(2?:1 Aj o 77}4)
. (12)(23)...(n1)

[ On-shell N = 4 supersymmetry
1 super-Poincaré

(12)(23) ... (n1)

((12>4 MNANG - Nt )

S -
a5 = Aan”, dA & ZAa&?—A, Paa = AaAd {¢. @B &} = 08 Pad
L super-conformal — non-local (2nd-order)
0” A a4 0 0” a =B B
O‘:—7 s = —, T — 7_~ =9 kad
AT oA « =T H3a ONCONG {54, 55 = 04
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Superamplitudes in on-shell superspace Il

L Invariance of the superamplitude: posAn = qg;‘ n=0 =

n

An(A A m) = 5@ (3" i) 63(S A nj)[A%m+A7<14>+._.+A$L4n_16>]

i=1 j=1

L Agfk) (n) —homogeneous polynomials in n of degree 4k:
k=0 — MHV, k=1 — Next-to-MHV, ..., k=n—4 — MHV

I Simplest case — All-order MHV superamplitude:

o ~ _ (4) n (8) n Mn(p)
A (A A m) =46 ; )0 ; jan; [<12><23>...<n1>]

LI Define ‘ratio’ R = general/MHV superamplitude:

A, = AMBV o [Rn(A, A1) + O(e)] — AMHV [1 +RW 4 4 plan—16) O(e)]

Rffk): finite homogeneous polynomials in n — helicity structures and loop corrections

[ Conjecture: all Rq(fk’) are exactly dual conformal. Conformal anomaly in IR divergent MHV factor.

LI Ordinary superconformal at tree level, but broken by IR divergences at loop level - how?
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Dual A/ = 4 superconformal symmetry

0 Chiral dual superspace (zq4 , 02, A\a):

n
DPZZZ%‘:O —  Pi = %i — Ti41, Tntl =T1
i=1

Dg=> Ani=0 = XNani =0:i—0i11)5, Ony1 =01
i=1

[ Dual N' = 4 superconformal symmetry in dual superspace

[ N = 4 super-Poincaré algebra

- 0 “A _ N\~ pAa_ 0 —~ 0 ~B B
a — ; & — eia . aPad: S o g =9 Pua
Qa ; T Q ; T ; T {Qaa,Q5} =64

0 Conformal inversion: I[z;] =« ', 1I[0;] = 0;2; %, I[\] = Nz

7

1 From Poincaré to conformal supersymmetry:
= Conformal boosts: K = IPI o
» Special conformal supersymmetry : S = 1QI, S = 1Q1

q
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Dual superconformal symmetry: MHV superamplitudes

U Impose cyclicity, ,,+1 = x1, 0,41 = 61, through delta functions.

[l MHV superamplitude in dual superspace

6 (21 — 2py1) B (01 — 0,11)
(12)(23)...(n1)
LI Tree — manifestly dual superconformal covariant.

[ Loops — IR divergent factor Mr,gl)(iljij) satisfies anomalous dual conformal Ward identity
0 Loops — dual supersymmetry @ broken by M, (x;;)

AMBV (229 )\) = 1+ aMiP (zi;) + O(a?)]

LI Multi-particle discontinuity (branch cut)

2 2
- (1) (1 —wim,j,j41) (1 —u1,2,54+2,j+1) T5T5),
Disc,2 ~ Mp~ =1In : Uijkl = —5 5
1,j+1 (1—wu1,2,5+1)1 — w1 n,j+2,j+1) T2

IR finite and dual conformal, but not dual supersymmetric, why?
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Dual superconformal symmetry: Holomorphic anomaly

0 AMHV is naively holomorphic in A, but in reality [Cachazo,Svrcek,Witter'04]
9 1 21%a0 (N, x)6([A\, X]) — holomorphic anomaly
T T\ 4TXe » X » X
AN (Ax) :
LI Important when loops are made from trees via unitarity [Cachazo;04],[Bena,Bern,Kosower,Roiban’04]

Discs, ANVl = AMEVO(_p) 1 g, —lo) %« AMIVO(0y 5+ 1, n, 01),

0 Difference between K and Q

1 < ' 1
oA E x ka0 ——— =0
= 1 1 ~ ~
A A - > A A
i__ - - Opg ———— = 270 1))6 LD Nit1a — Mip1Nia
Qi Dy = 2k gy = 20 DG 1) (A — i)

0 We have no way to control the Q—anomaly:
[ The Wilson loop is only dual conformal, not superconformal
LI The Wilson loop knows nothing about helicity
U If a dual supersymmetric model for amplitudes with helicity exists, can we imagine Poincaré
SUSY breaking down ???
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Dual superconformal symmetry: NMHV superamplitudes
0 General superamplitude: A,, = AMHVY (g, 1/¢) [1 +RY 4.+ RO 4 O(e)]

. 4 .. . .
1 Conjecture: Rq(,b ) are finite dual (super)conformal invariants [Drummond,Henn,Korchemsky, ES'08]

4 - 1
RS@ ) = Z Cpgr Rpgr [1+ aMI()qg“(fCij) +0(a?)
p,q,r=1

LI dual conformal invariant with matching conformal and helicity weights

(q—1q){r—1r) 5(4)(<p|$pq33qr‘97“p> + (plTprarg|0gp))
5’337~<P|5’3pr5’3r g—1lq — 1)(p|xprzr q|q) (PlTpgrq r—1]r — 1) (PlTpgTqr|T)

Rpgr =
U dual conformal invariant Mzg}:,l, made of finite combinations of one-loop scalar box integrals
L All coefficients cpqr = 1, Why?
L Each term in the sum is both ordinary & dual superconformal invariant for arbitrary c,q

L Freedom fixed by the analytic properties of the amplitude [Korchemsky,ES'09]
L) Absence of spurious singularities at (p|zprxr ¢|q) = 0, €tc.
[ Collinear limit

. illi41 1 ¢
Abree( ii41,...) = AZCG ().
( ) A ouiry )
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Conclusions and outlook

I Dual superconformal symmetry is a universal feature of N’ = 4 scattering amplitudes

[ Its field-theory origin is unknown (dynamical). Recent explanation from string theory.
[Berkovits, Maldacena’08], [Beisert,Ricci, Tseytlin’08]

L' The closure of ordinary & dual superconformal symmetries is an infinite-dimensional Yangian —
mtegrablllty’? [Drummond,Henn,Plefka’09]

Ll Too early to say. We see that the symmetries do not completely fix even the tree.  [korchemsky,ES09]

] Most of these symmetries are anomalous at loop level — useless unless we can control the
breaking.

[ The MHV/Wislon loop duality does not see the helicity structure. Need to supersymmetrize the
WL and test if it is dual to non-MHV superamplitudes.
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