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Overview
1. Lepton scattering

• (e, e′)
• (νl, l

−)

2. Scaling

3. The Semi-Relativistic (SR) shell model
• The continuum shell model
• Final State Interaction (FSI):

DEB+Darwin potential
• Test of the SR approach
• Scaling of (e, e′) response functions
• CC neutrino reactions

4. Meson-exchange currents (MEC)
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Kinematics
1

kµ = (ǫ,~k)

k′µ = (ǫ′, ~k′)

|i〉

|f〉

Qµ = (ω, ~q)

Q2 = ω2 − q2 < 0

Adimensional variables

λ =
ω

2mN
κ =

q

2mN
τ = κ2 − λ2

JE Amaro 2009 – p. 5



(e, e′) formalism
1

dσ

dǫ′dΩ′
= σMott (vLRL + vTRT )
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(e, e′) formalism
1

dσ

dǫ′dΩ′
= σMott (vLRL + vTRT )

σMott −→ Mott cross section

vL, vT −→ Kinematical factors
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(νl, l
−) formalism

1

dσ

dΩ′dǫ′
= σ0

[
V̂CCRCC + 2V̂CLRCL + V̂LLRLL + V̂TRT + 2V̂T ′RT ′

]
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(νl, l
−) formalism

1

dσ

dΩ′dǫ′
= σ0

[
V̂CCRCC + 2V̂CLRCL + V̂LLRLL + V̂TRT + 2V̂T ′RT ′

]

σ0 → similar to σMott.
V̂K −→ Kinematical factors
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(νl, l
−) formalism

1

dσ

dΩ′dǫ′
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Hadronic Tensor
1

W µν(q, ω) =
∑

fi

δ(Ef−Ei−ω)〈f |Jµ(Q)|i〉∗〈f |Jν(Q)|i〉 .

Jµ(Q): Charge operator

• Electromagnetic current for (e, e′)

• Weak charged current for (νl, l
−)
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Single-nucleon current
1

Electromagnetic current

jµ(p′,p) = u(p′)

[
2F1γ

µ + i
F2

mN
σµνQν

]
u(p)

Weak CC current jµ = jµ
V − j

µ
A.

jµ
V (p′,p) = u(p′)

[
2F V

1 γ
µ + i

F V
2

mN
σµνQν

]
u(p)

jµ
A(p′,p) = u(p′)

[
GAγ

µ +GP
Qµ

2mN

]
γ5u(p)

← Vector

← Axial-Vector
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2 Scaling
2

RFG (Relativistic Fermi gas)

RK = GKfRFG(ψ)

Functions GK from the RFG for electrons (K = L, T ) and
neutrinos K = CC,CL,LL, T, T ′.
Scaling function in the RFG

fRFG(ψ) =
3

4
(1− ψ2)θ(1− ψ2)

Scaling variable:

ψ =
1√
ξF

λ− τ√
(1 + λ)τ + κ

√
τ(1 + τ)
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(e, e′) experimental scaling function
2

f(ψ′) =

(
dσ

dΩ′dǫ′

)

exp

σMott(vLGL + vTGT )

shifted −→ ψ′ =
1√
ξF

λ′ − τ ′√
(1 + λ′)τ ′ + κ

√
τ ′(1 + τ ′)

λ′ = (ω − Es)/2mN , τ ′ = κ2 − λ′2

kF y Es are fitted to the data

fL =
RL

GL
Longitudinal fT =

RT

GT
Transverse
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Superscaling
• Plot the experimental f(ψ′) versus ψ′ for

different kinematics and nuclei
• Fit Es and kF to get scaling (one universal

scaling function)

no q
dependence

1st kind
scaling

Superscaling

no A
dependence

2nd kind
scaling
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Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)

JE Amaro 2009 – p. 13



Scaling in the QE peak
Summary of past work by Donnelly & Sick PRC 60 (1999)
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Scaling properties of data
• Good 1st-kind scaling below the QE peak (scaling

region)
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Scaling properties of data
• Good 1st-kind scaling below the QE peak (scaling

region)

• Above the peak the scaling is broken (∆ region)

• Scaling of the 2nd-kind works well in the scaling region

• The longitudinal response appears to superscale

• Scaling violations reside in the transverse response,
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Fit in the Quasi-elastic peak
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Fit in the Quasi-elastic peak

Scaling function
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Fit in the Quasi-elastic peak

Scaling function

Fitted to the set of fL

values for the higher
momentum transfer
where scaling of the first
kind is seen to occur
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SuSA (Super Scaling Analysis)
2

• Using the experimental (e, e′) scaling function
to predict neutrino cross sections
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SuSA (Super Scaling Analysis)
2

• Using the experimental (e, e′) scaling function
to predict neutrino cross sections

• Use the RFG equations to compute the
(νl, l

−) response functions with the
substitution fRFG(ψ) −→ fexp(ψ)
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SuSA (Super Scaling Analysis)
2

• Using the experimental (e, e′) scaling function
to predict neutrino cross sections

• Use the RFG equations to compute the
(νl, l

−) response functions with the
substitution fRFG(ψ) −→ fexp(ψ)

• Needed to justify theoretically the validity of
SuSA
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3 The semirelativistic shell model
3

• Study the scaling properties in realistic
models
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3 The semirelativistic shell model
3

• Study the scaling properties in realistic
models

• Estimate the validity range of SuSA
• Include relativistic effects in the model
• Compare with the experimental scaling

function
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The continuum shell-model
(CSM)

3

• Closed-shell nuclei 12C, 16O and 40Ca,
• Initial state |i〉: Slater determinant with all shells

occupied.
• Impulse approximation: final states are particle-hole

excitations coupled to total angular momentum

|f〉 = |(ph−1)J〉

• Single hole wave function |h〉 = |ǫhlhjh〉
• Single particle wave function |p〉 = |ǫplpjp〉
• Obtained by solving the Schrödinger equation
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Woods-Saxon potential
3

V (r) = −V0f(r,R0, a0) +
Vls

m2
πr

df(r,R0, a0)

dr
l · σ + VC(r)

f(r,R, a) =
1

1 + e(r−R)/a

VC(r): Coulomb potential.

V p
0 V p

LS V n
0 V n

LS r0 a0

12C 62.0 3.20 60.00 3.15 1.25 0.57
16O 52.5 7.00 52.50 6.54 1.27 0.53

40Ca 57.5 11.11 55.00 8.50 1.20 0.53
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The SR approach
3

A EXPAND THE RELATIVISTIC SINGLE-NUCLEON CURRENT

jµ(~p′, ~p) = u(~p′)Γµ(Q)u(~p)

in powers of ~η = ~p/mN . to first order O(η)

Not expand in ~p′/mN .

=⇒ q, ω can be large
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Relativistic kinematics
3

B USE RELATIVISTIC KINEMATICS.

• The energy transfer is the difference between the
(non-relativistic) single-particle energies of particle and
hole ω = ǫp − ǫh.

• The relativistic kinematics are taken into account by
the substitution

ǫp → ǫp(1 + ǫp/2mN )

as the eigenvalue of the Schrödinger equation for the
particle
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The SR vector current
3

J0
V = ξ0 + iξ′0(κ× η) · σ

J⊥V = ξ1η
⊥ + iξ′1σ × κ ,

(q, ω)-dependent factors:

ξ0 =
κ√
τ
2GV

E , ξ′0 =
2GV

M −GV
E√

1 + τ

ξ′1 = 2GV
M

√
τ

κ
, ξ1 = 2GV

E

√
τ

κ

provide the required relativistic behavior.

The longitudinal component is given from vector current con-
servation, J3

V = λ
κJ

0
V .
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The SR axial-vector current
3

J⊥A = ζ ′1σ
⊥, ζ ′1 =

√
1 + τGA .

Neglect the terms of order O(η)

Transverse

J0
A = ζ ′0κ · σ + ζ ′′0 η

⊥ · σ
Jz

A = ζ ′3κ · σ + ζ ′′3 η
⊥ · σ ,

Time component

Longitudinal component
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The SR axial-vector current
3

J⊥A = ζ ′1σ
⊥, ζ ′1 =

√
1 + τGA .

Neglect the terms of order O(η)

Transverse

J0
A = ζ ′0κ · σ + ζ ′′0 η

⊥ · σ
Jz

A = ζ ′3κ · σ + ζ ′′3 η
⊥ · σ ,

Time component

Longitudinal component

ζ ′0 =
1√
τ

λ

κ
G′A , ζ ′′0 =

κ√
τ

[
GA −

λ2

κ2 + κ
√
τ(τ + 1)

G′A

]

ζ ′3 =
1√
τ
G′A , ζ ′′3 =

λ√
τ

[
GA −

κ

κ+
√
τ(τ + 1)

G′A

]

G′A = GA − τGP small due to cancellations
The O(η) term, proportional to ~η⊥ · ~σ is dominant
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Multipole expansion
3

Multipole components of the current operator: Coulomb
(C), longitudinal (L), transverse electric (E) and transverse
magnetic (M ) operators

ĈJ0(q) =

∫
d3rjJ(qr)YJ0(r̂)J0(r)

L̂J0(q) =
i

q

∫
d3r∇ [jJ(qr)YJ0(r̂)] · J(r)

ÊJm(q) =
1

q

∫
d3r∇× [jJ(qr)YJJm(r̂)] · J(r)

M̂Jm(q) =

∫
d3rjJ(qr)YJJm(r̂) · J(r) ,

jJ(qr): spherical Bessel Function
YJJm(r̂): vector spherical harmonic
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Multipole matrix elements
3

• Index to label the quantum numbers α = (h, lp, jp, J)

• C, L, E and M multipole matrix elements of vector and
axial-vector currents:

CV
α + iCA

α = 〈f‖ĈJ(q)‖i〉
LV

α + iLA
α = 〈f‖L̂J(q)‖i〉

EV
α + iEA

α = 〈f‖ÊJ(q)‖i〉
−iMV

α −MA
α = 〈f‖M̂J(q)‖i〉

• These are computed in terms of the radial wave
functions using Racah algebra
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Multipole expansion of response functions
3

RCC = 4π
∑

α

(
|CV

α |2 + |CA
α |2

)

RCL = 2π
∑

α

(
CV ∗

α LV
α + CV

α L
V ∗
α + CA∗

α LA
α + CA

αL
A∗
α

)

RLL = 4π
∑

α

(
|LV

α |2 + |LA
α |2

)

RT = 4π
∑

α

(
|EV

α |2 + |MV
α |2 + |EA

α |2 + |MA
α |2

)

RT ′ = 2π
∑

α

(
EV ∗

α MA
α + EV

αM
A∗
α + EA∗

α MV
α + EA

αM
V ∗
α

)
,
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Test of the SR approach:V responses
3

q = 0.5 GeV/c
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Test of the SR approach
3

q = 0.5 GeV/c

R
A C

C
[G

eV
−

1
] 1

0.8

0.6

0.4

0.2

q = 1 GeV/c
0.15

0.1

0.05

q = 1.5 GeV/c0.03

0.02

0.01

R
A C

L
[G

eV
−

1
]

0

-0.1

-0.2

-0.3

0

-0.02

-0.04

-0.06

0

-0.005

-0.01

-0.015

R
A L

L
[G

eV
−

1
] 0.3

0.2

0.1

0.03

0.02

0.01

0.012

0.008

0.004

ω [MeV]

R
A T

[G
eV

−
1
]

4003002001000

70

50

30

10

ω [MeV]
800600400200

8

6

4

2

ω [MeV]
12001000800600

2

1.5

1

0.5

A responses

JE Amaro 2009 – p. 28



Test of the SR approach:
6q = 0.5 GeV/c
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Test of the SR approach:Cross section

6
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Scaling of the first kind
3
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Scaling of the second kind
3q = 0.5 GeV/c
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Superscaling
3

Scaling of the first kind

+ Scaling of the second kind

= Superscaling
in the CSM
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Improvement of the FSI
3

C
DEB+D POTENTIAL (DIRAC-EQUATION-BASED PLUS DARWIN TERM) EN EL

ESTADO FINAL:

• Rewrite Dirac eqution as a second-order equation for the
up component ψup(~r)

• Darwin term: ψup(~r) = K(r, E)φ(~r)

• The function φ(~r) verifies the Schrödinger equation
[
− 1

2mN
∇2 + UDEB(r, E)

]
φ(~r) =

E2 −m2
N

2mN
φ(~r)

• Both the DEB potential UDEB(r, E) and Darwin term
K(r, E) are energy-dependent
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Energy dependence of DEB potential
3
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E
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CC neutrino reactions

3

• SuSA reconstruction of the (νµ, µ
−) cross section from

the (e, e′) one
• Test of the SuSA in the CSM
• The CSM electromagnetic scaling function is used to

compute neutrino cross sections.
• Compare with the exact CSM result
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3
Scaling violation for low q
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3
Scaling violation for low q500 MeV/c
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3
Scaling violation for low q500 MeV/c
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4 Meson-Exchange Currents
4

P1 P2P 01 P 02Q K2(a) P1P 01 P2P 02 QK1(b) P1P 01 P2P 02
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(
)

P1 P2
P 01 P 02Q K2(d) P1
P 01
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P 02 QK1(e) P1 P2
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P 01
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1p-1h matrix elements
4

P HQ K(a)
P H QK(b)
P HQ K(
)P HQ K(d)

P H QK(e)
P HQ K(f)
P H QK(g)

JE Amaro 2009 – p. 45



MEC Semi-relativistic expan-
sion

4
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Semi-relativistic expansion of MEC
4
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MEC effect - Static pion propagator
4
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Conclusions:
Semi-relativistic shell model

5

• Incorporate relativistic effects in existing models
• Applications to intermediate energies
• Study of the scaling properties of electromagnetic

responses. The model verifies superscaling.
• The DEB+D model of FSI reproduces the experimental

scaling function
• It is possible to reconstruct via SuSA the (νµ, µ

−) cross
section from the (e, e′) one for q > 500 MeV/c

• The SR shell model can be used to evaluate the MEC
contribution for high energy (hard to compute in exact
relativistic models)
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Conclusions:
MEC

5

• The MEC give an important contribution in the high
energy tail of the 1p-1h transverse response

• The MEC bump is de to a change of sign of the MEC
contribution for energy transfer ω > 1 GeV

• The change of sign is produced by the dynamical pion
propagator

• The MEC bump is only predicted when the FSI
produce a dynamical enhancement of the high-energy
tail (DEB potential)

• The MEC contribute to the scaling violations for ψ > 0
for q > 1 GeV/c
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THE END
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