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Begin by assuming that QE scattering is dominated by (e,e N):




The daughter nucleus has 4-momentum

Pay = (EA—l’pA—l) =Q" + Py - Py
In the lab. system we define the missing momentum
p=p|=lpy —a|=|Pas

and an “excitation energy” (essentially missing energy — separation energy)

g(p)E\/(MA—l)2 + p2 _\/(M2—1)2+ p2

where

0 _ pnpO
M,,=M,—-m +E,

with E, the separation energy and MY, , the daughter rest mass



Energy conservation gives

M,+w=E,+E,

:\/mN2+ p.°+E. +&
:\/mN2+(q+p)2 +\/(M2—1)2+ p*+&

which can be turned around to yield an expression for the
excitation energy:

= I\/I2+co—\/(l\/l,‘i_l)2+ D’ —\/mN2+q2+ p° +2pgcoséd



One can let the angle 6 between p and g vary over all values and
impose the constraints

p>0
E=>0

to find the allowed region in the missing-energy, missing-momentum
plane.



One can let the angle between p and g vary over all values and
impose the constraints

p>0
E=>0

to find the allowed region in the missing-energy, missing-momentum
plane. When

N raY: -
W < Wee =|Q /2mN one finds
g and o fixed
E

(y<0)
g

M

0 p



One can let the angle between p and g vary over all values and
impose the constraints

p>0
E=>0

to find the allowed region in the missing-energy, missing-momentum
plane. When

2
0> Oy = ‘Q ‘/ZmN one has

g and o fixed

& (y>0)

S

0 +y Y



where one has the smallest and largest values of the missing
momentum at zero excitation energy occurring at

1
1
Y = STE [a+ﬂ]

with

W =M% +w)?—q? =W, =M2, +m,

0[=(M2+a))\/W2—WT2\/W2_(VVT _2m|\|)2
B=0q[W?+W, (W, —2my) ]

The so-called y-scaling variable is approximately given by

y;\ﬁ(mﬂN+v)—q

v=w-E,

10



For the case y<0 g and o fixed

(y<0)

&
M

0 p
0 -y Y

one has

&y =M +(q+Y)? =M +(q - p)’
FJ(MO )2 +y? = J(MS )2 + p?

or, at high momentum transfers, approximately

Ew—=—(P+Y)—(p*—y*)/2M

M 2_1 —>0

11
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 First, one uses (q,y) rather than (q,w) for the functional dependence
of the inclusive cross section. The inclusive cross section is
assumed to be the sum of the integrals over the semi-inclusive
(e,e’p) and (e,e’n) cross sections, i.e., over the momentum of
the ejected nucleon py. These can be turned into integrals

over p and ¢ covering the regions discussed above.
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 First, one uses (q,y) rather than (q,w) for the functional dependence
of the inclusive cross section. The inclusive cross section is
assumed to be the sum of the integrals over the semi-inclusive
(e,e’p) and (e,e’n) cross sections, i.e., over the momentum of
the ejected nucleon py. These can be turned into integrals

over p and ¢ covering the regions discussed above.

Actually not completely true... double counting in general.
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g and o fixed
(y<0)

&

M
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/\8 g and o fixed
(y<0)
&
M
0 7‘
0/ -y Y

The semi-inclusive cross section is

typically largest at small p and €
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N e g and o fixed
(y<0)
&
M
0 : -
0/ -y Y
The semi-inclusive cross section is ... and is very small at large p
typically largest at small p and € and small &
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N g and o fixed

For given y<0 8
the region at ( y < 0 )
small p, but —
high € is [ o
inaccessible M
0 : -
0/ -y Y

The semi-inclusive cross section is ... and is very small at large p

typically largest at small p and € and small &
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 First, one uses (q,y) rather than (q,w)

« Second, one notes that the typical parametrizations for the
off-shell single-nucleon cross sections (functions of
q, ®, p, €, and ¢) vary rather slowly as functions of
(p, €) for fixed (q, o, ¢y). This suggests integrating
over ¢y (leaving only L and T responses) and then
removing the result evaluated at an “optimal” choice
of p and «.
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 First, one uses (q,y) rather than (q,w)

« Second, one notes that the typical parametrizations for the
off-shell single-nucleon cross sections (functions of
q, ®, p, €, and ¢) vary rather slowly as functions of
(p, €) for fixed (q, o, ¢y). This suggests integrating
over ¢y (leaving only L and T responses) and then
removing the result evaluated at an “optimal” choice

f :
ofpand e What is optimal?
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 First, one uses (q,y) rather than (q,w)

« Second, one notes that the typical parametrizations for the
off-shell single-nucleon cross sections (functions of
q, ®, p, €, and ¢) vary rather slowly as functions of
(p, €) for fixed (q, o, ¢y). This suggests integrating
over ¢y (leaving only L and T responses) and then
removing the result evaluated at an “optimal” choice

f de.
OTpande What is optimal?

From the discussions above one is led to a choice such as the one
made in many analyses of scaling, namely, set p to |y| and ¢ to O:

l —elastic —elastic

ng,\fl :—|:ZC7ep + N oen :|
A p=lyl, £=0
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N g and o fixed
&
(y<0)
&
M
0 > P

Evaluate the single-nucleon

. : L cross section at this point and

The semi-inclusive cross section is :
remove from integral

typically largest at small p and €
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Dividing by this effective single-nucleon cross section leads to
The definition of the scaling function, F(q,y):
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Dividing by this effective single-nucleon cross section leads to
The definition of the scaling function, F(q,y):

In the Plane-Wave Impulse Approximation (PWIA) this can be
written as an integral of the spectral function (here for y<0):

F(q.y) =27 [ pdpn(a, y; p)

(@Y p) = | dES(p.&) 00 (g, v p)

is not the momentum

distribution

24



Typically the region of integration for y>0 is larger
than for y<0. In PWIA this would imply an asymmetry,
namely, more strength when y>0 than when y<0.

q and o fixed
(y<0)

e

M
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do/d0dw

10~°

10— 10

10— 12

Example using “He data from SLAC:

when the inclusive cross section
for various beam energies and
electron scattering angles

/
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Example using “He data from SLAC:

10_2 T T T T | T T T T T T T T |

when the inclusive cross section
for various beam energies and
electron scattering angles

do/d0dw

10-10 [ f 7&4 ﬁ*ﬁ n
= ¥wﬁH
i
10712 L l
500 1000 1072 T
w (MeV) oo
. . . -3
is used to obtain the function F(q,y), °
and this is plotted as a functionof y - |
for various values of g, one finds 2
\ 100 — ok ¢ “He(e,e) =
= E ok ’ E
Ji#
1078 £ e
o7 L 0| | L
—800 —600 —400 —200 0 200
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Example using “He data from SLAC:

10_2 T T T T | T T T T T T T T |

when the inclusive cross section
for various beam energies and
electron scattering angles

do/d0dw

10-10 | i o o
ﬁ‘ Qyﬁﬁ
10-12 I #ﬁ. . I L
500 . (Mev) 1000 10 T NIESI
is used to obtain the function F(q,y), o
and this is plotted as a function of y = L
for various values of g, one finds 5
Independence of q \ 100 — . ?M' ‘He(e.e)
0 F ]
SCALING OF THE 1stKIND 107 3 E
(y-scaling) 10_7:....|....|....|....|....
F (q’ y) q_)oo : F (y) — F (w’ y) —800 —600 —40}(3 (MeV/C—)ZOO 0 200
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F(qy) (GeV)™
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Example of %6Fe

Note that at y>0 the
scaling is not good,
due to the presence
of resonances, meson
production, etc.

(see later, however)
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- y = -200 MeV/c
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e (MeV)

3000

2500

2000

1500

1000

500

12

- y = -200 MeV/c
N e
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F(a,y) (GeV)~"

O
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o
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o
o

Approach from above

— y = —0.250 —]
- ® -
- > -
L o> -
L - -
B | | | | | | | | | | | | | a
0 1 2 3
Q (GeV/c)

N
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Next we introduce a characteristic momentum scale
for a given nuclear species

=0,

and use this to define a dimensionless function

f(q,y)=k,*F(q,y)

Correspondingly, one wishes to introduce a dimensionless
scaling variable w and then to plot f(q,w) versus y for various
values of momentum transfer g
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The Relativistic Fermi Gas (RFG) model is used to motivate the
choice of scaling variable.

In the RFG one has

1 A-t
The RFG (dimensionless) scaling V= \/a [(l+l)r+xm]m

variable is given by
~ i[z\/1+1/f ~x]

TE
where the following dimensionless variables are used
< =020, e =k /m, ~0.25
A=wl2m
: £ =1+n? -1=n?[2~0.03

TE‘QZ‘Mm,i S Y
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The Relativistic Fermi Gas (RFG) model is used to motivate the
choice of scaling variable.

In the RFG one has

1 A—1

The RFG (dimensionless) scaling V= \/a [(1+l)r+xm]m

variable is given by
Roughly: W =Y / kA / ~ Ui[i\/il?l/r—/c]
where the following dimensionless variables arFe used
< =020, e =k /m, ~0.25
A=olzm, & =1+nE -12n2/2~003

TE‘QZ‘Mm,i S Y
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To obtain the RFG scaling scaling function one uses as an effective
single-nucleon EM cross section the following

1 - _

2T =0, K[Z—KTVLGZE +2v, Gu }+O(n§)
Gt = ZG2 + NG?
E = Ep + En

~

2 2 2
Gu = ZGMp + NGMn
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To obtain the RFG scaling scaling function one uses as an effective
single-nucleon EM cross section the following

1 - _

2T =0, Z[Z—I;VLGE +2v, Gu }+0(n§)
Gt = ZG2 + NG2
E — Ep + En

Gu =ZGZ, + NG,

relativistic factors required

small corrections from
higher-order terms
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To obtain the RFG scaling scaling function one uses as effective
single-nucleon EM cross section the following

[222 ]RFG =0, %|:2—KTVLE§2E +§VTéi/| }+O(77§)
Ge = ZG?, +NG?,

Gu =ZGZ, + NG,

required relativistic factors

small corrections from

The RFG scaling function is found to be higher-order terms

fRFC — k_FRFC = 2(1 w?)0(1-y?)+0(nf)

Note that it is a function only of y, but not of g or k. (to lowest order)
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Finally, introducing a small shift in energy to correct a deficiency of the RFG
wo—>o=0-E,. ,E,.~20MeV
Ao A =a'l2m,

2 2
T =k"-A'

one can plot the dimensionless scaling function versus the dimensionless
scaling variable obtained from the RFG result above using the shift:

v'=y(k,A>A,t>7)

Doing this using data for electron scattering from a variety of nuclei, all
at the same kinematics (¢ = 3.6 GeV, 8, = 16°) yields the following:
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In the scaling region (w '<0) a universal behavior is seen, with
very little dependence on the nuclear species

!

SCALING OF THE 2nd KIND

In the region above g =0 where resonances, meson production and
the start of DIS enter the 2"d-kind scaling is not as good (see below)
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Although the amount of data separated into longitudinal (L) and transverse (T)
responses is small, one can attempt a scaling analysis with what does exist.
The inclusive cross section may be written

d’c
dQ. dw
v, :‘Qz/qz‘2
v, :%‘QZ /q2‘+tan2 0,12

=Op [VLRL(qia)) +Vr Ry (q,a))]

From which L and T scaling functions
can be defined as above

F(q,y)= R# (9, ) as can their dimensionless analogs
ALER ] T o fL () =k,F (a )
F = R; (0, ®) B ol S
(0, y) = A[ZEE:L./GMVT fT (q,Y)Ek/rFT (q’y)
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What results is the following:
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What results is the following:

fL.(¥)

| %X q=300
L O g=380

= by

fr(¥")




What results is the following:

fL.(¥)

Ao E Inelastic contributions (mainly T)

.EOq:57o %% {

H]m% ***%i% A = 40 ## [# %}
} $ X[zm]m% B O.BTA:56 $ (#) #) + —
E g$ | | iwﬁj ] . L o 3388 ¢$%#%[ﬁji¢%%ﬁn (#
N Y ¢ S R R, 080 a=T b i —
-1 0 1 2 < F >E<>H< 0
y ‘j‘é ; %%ﬁ Mﬁfﬁ%%#ﬂ a
0.4? T o % &Eﬁmm[bm ?
l st h« ;
02— o XX %‘ —
i 8
oob v vl e
-2 -1 0 1 2
|

... however, still some residual below the QE peak
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What results is the following:

fL.(¥)

| %X q=300
L O g=380

IR

X ** ‘
; A M1
S $ X[.K[im % B O.BV A = 56
! . ] Xmiﬂwﬁj ] | X =300
= 4 L O g=380
r 1 1 1 L0 Ej 1 1 ‘ 1 1 1 ‘ 1 1 1 1 B O'GTO q=570
2 -1 0 1 2 N
>
(4 0
0.4 T
02|
In contrast, the L results i
show a universal behavior 0.0 —




That is, one has:

06—

f.(¥)

02—

0.0+

i
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That is, one has:

;

04— —

f.(¥)

0’0 | I4> | | | | | | | | | | | | | | | | | | | |

which is seen to be both independent of g (scaling
of the 1st kind) and also independent of nuclear
species (scaling of the 2nd kind)

«— SUPERSCALING
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Essentially the same asymmetric function is found in what are believed
to be the best (relativistic) models:

- Relativistic Mean Field (RMF) approaches
- Semi-relativistic modeling

- BCS-inspired modeling

(see talks to follow)
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Essentially the same asymmetric function is found in what are believed
to be the best (relativistic) models:

- Relativistic Mean Field (RMF) approaches
- Semi-relativistic modeling

- BCS-inspired modeling

(see talks to follow)

... but not in other models:

- Non-relativistic modeling
- PWIA with simple spectral functions
- RFG
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Note: in the RFG one has

[fL]RFG _ [ f.l. ]RFG _ [ f ]RFG

which has been called SCALING OF THE 0t KIND

If it were not for

» contributions from resonances, meson production
and DIS (which should not scale, since they involve different
elementary cross sections, not elastic eN scattering, and since
the scaling variables constructed above are appropriate only for
QE scattering; see the discussions to follow), and for

« effects from meson-exchange currents (dominantly in T)

one might expect scaling of the 0t kind to be found.
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1p-1h MEC: at the QE peak 1p-1h MEC contributions typically interfere
destructively, reducing the cross section from the result obtained in their
absence; however, in new work a “bump” is predicted in the region where

v > 0 (see later talk). At the QE peak this is roughly a 10-15% effect (minus).
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1p-1h MEC: at the QE peak 1p-1h MEC contributions typically interfere
destructively, reducing the cross section from the result obtained in their
absence; however, in new work a “bump” is predicted in the region where

v > 0 (see later talk). At the QE peak this is roughly a 10-15% effect (minus).

RMF: here the T scaling function is found to be about 10-15% larger than
the L scaling function, breaking 0t"-kind scaling. NB: this model also
predicts the approach from above seen for 1st-kind scaling (only model?)
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1p-1h MEC: at the QE peak 1p-1h MEC contributions typically interfere
destructively, reducing the cross section from the result obtained in their
absence; however, in new work a “bump” is predicted in the region where

v > 0 (see later talk). At the QE peak this is roughly a 10-15% effect (minus).

RMF: here the T scaling function is found to be about 10-15% larger than
the L scaling function, breaking 0t"-kind scaling. NB: this model also
predicts the approach from above seen for 1st-kind scaling (only model?)

... het result: perhaps roughly compensate?

o7
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Large @’ region

3.6 GeV
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o Bl
st x Au A ‘u%ﬁ‘ *I 0 =15° .

‘ ? :K“%j 23°
¥4

; 30° Breaking of 1st and 2"d kind
i P 45° scaling at high ¢~

55°
74°

2.5 3
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In later talks these issues will be discussed in detail; here let us only
note the following:

61



In later talks these issues will be discussed in detail; here let us only
note the following:

In the region above the QE peak one certainly expects inelastic
contributions to be important in the T response, although not so
in the L response
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In later talks these issues will be discussed in detail; here let us only
note the following:

In the region above the QE peak one certainly expects inelastic
contributions to be important in the T response, although not so
in the L response

One also expects to have 2p-2h MEC contributions which add to
the response discussed above; again, these are mainly T, not L.
Typically they contribute 10-15% of the total and may be the reason
for the scaling violations in the T response seen above.
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In later talks these issues will be discussed in detail; here let us only
note the following:

In the region above the QE peak one certainly expects inelastic
contributions to be important in the T response, although not so
in the L response

One also expects to have 2p-2h MEC contributions which add to
the response discussed above; again, these are mainly T, not L.
Typically they contribute 10-15% of the total and may be the reason
for the scaling violations in the T response seen above.

As will be seen later in the week, the net result of adding together the
universal L scaling function, the inelastic contributions obtained
using this as well, and the 2p-2h MEC contributions is in reasonable
agreement with experiment.
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Just as for the electron scattering reactions in the QE and A regions, we
use the scaling functions determined above, but now multiply by the
corresponding charge-changing neutrino reaction cross sections
for the Z protons and N neutrons in the nucleus.

For the QE region we have

v, tN—>p+u
the elementary reactions s P+

Vit pPoNn+u'

V,+ P> AT+
While in the A region

v, tN—> A"+
we have

Vet p—> A+ it

Vi+tN—>A +u"

. and so on.
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Note that these reactions are isovector only, whereas electron scattering
contains both isoscalar and isovector contributions (the transverse EM
response is, in fact, predominantly isovector at high energy).

Thus, in going from electron scattering where the universal scaling function
came from the L response (essentially 50% isoscalar and 50% isovector)
to CC neutrino reactions we have had to invoke

Scaling of the 3 Kind

where the isospin nature of the scaling functions is assumed to be
universal.
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First, some basic kinematics:

incident and final leptons of masses m and m” with 3-momenta k and k”

energies
g=m*+k°
gl _ \/er + er

Energy and 3-momentum transfer carried by W+-

w=c—¢&

g=k-k'

Define Q)OE(WZ—(MX)Z)/ZMXZO

and then

a):a)0+‘Q2‘/2I\/If\
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Then the final lepton has energy and 3-momentum

k' = gzz(kcosé?kk,)+(Mf\+5)\/ —-m'%g} /512

g'= 522(I\/I2+5)+(kCOS<9kk,)\/ —m'%g} /812

where

g = \/(MA) +2M & +m? +k*sin’ g,

g, = /M (¢ —@,) +(M* +m'2) /2
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The charge-changing neutrino cross section may be written

, nuclear response function
{ do } &R /
U~ ALt - Yo
V4

dQ,, dk’ :

2
o (© c20326?C) [k’cos EM«T
T

&

tan® ékk' =
deg' — ‘Qz‘

elementary cross section

effective angle

for neutrinos and anti-neutrinos: .
y =+(-)<——v(v)
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The nuclear response function may be decomposed into a
generalization of the familiar Rosenbluth expression from
studies of electron scattering (see above):

R, = [\//\cc Rec + 2\//\C|_RC|_ +V LR | +Vr RT:|+)(|:\//\T'RT’:|

{R¥V+R£A, K =CC,CL,LL,T !
K =Y VA e changes sign in
R K=T going from neutrinos

to anti-neutrinos
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The nuclear response function may be decomposed into a
generalization of the familiar Rosenbluth expression from
studies of electron scattering (see above):

R, =[\7CCRCC + NV aR, +V iR, +\7TRT}+;([\7TRT]

{R}Q’+R,§A, K =CC,CL,LL,T !
K =Y VA e changes sign in
R K=T going from neutrinos

to anti-neutrinos

~ S with kinematic factors
Ve =1-tan %5

R 1 0 o m=m, =0
Veo=v+—tan® =<0 B
o, m —mﬂ
\7LL=v2+tan2%(l+2—‘f+p-52j-52 5Em'/\/‘Q2‘
o,
~ - ) 7 1 )7 : , v=wlq=Alk
—| 1 O | __— O 155" :
Vi =|zp+1an 2} p,tan 2(V+2,0,0 5)5 pE‘QZ‘/qzzr/ﬁzl—vz
i [ 1 2 O rog2 r ékk’/ 2 Bue
Vi = ;tan - (1—1/105) yo =tanT \/p+tan -
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The cross section is typically transverse (T, T')

R, =[\7CCRCC + NV aR, +ViR, +\7TRT}+;([\7TRT]

Re =

RY +RM, K =CC,CL,LLT
RYA, K=T'
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The cross section is typically transverse (T, T')

R [\//\CC Rec + N R.. +Wna R, +Vr R, } + )[|:\//\T'RT,:|

=

_{va +RM, K=CC,CL,LL,T

RVA, K=T' \

. and has VV, AA and VA contributions

K
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The cross section is typically transverse (T, T')

R, =[\7CCRCC + NV aR, +ViR, +\7TRT}+;([\7TRT]

K

_{va +RM, K=CC,CL,LL,T

RVA, K=T' \

. and has VV, AA and VA contributions

The VV response has the same (isovector) contributions as occur for
electron scattering, including the 2p-2h MEC contributions
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The cross section is typically transverse (T, T')

R, =[\7CCRCC + NV aR, +ViR, +\7TRT}+;([\7TRT]

K

{va +RM, K=CC,CL,LL,T

RVA, K=T' \

. and has VV, AA and VA contributions

The VV response has the same (isovector) contributions as occur for
electron scattering, including the 2p-2h MEC contributions; however,
the transverse axial-vector matrix elements have no MEC pieces in
leading order and thus the AA and VA contributions do not contain the
scaling violations from MEC
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| 10"°do/d0dk’ (fm?®/MeV/c)

k=1000 MeV/c, 6= 45°
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