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Single particle properties in interacting many-body systems

⋆ Overlapsare well (anduniquely) defined quantities for interacting
many-body systems

χn(r1) =
∫

d3r2 . . . d
3rA Ψ

A−1
n (r2 . . . rA)†ΨA

0 (r1 . . . rA)
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⋆ In momentum space they are directly related to the spectral function,
yielding the energy-momentum probability distribution ofhole states

P(k,E) =
∑

n

|χ̂n(k)|2δ(E − En + E0)

⋆ If |ΨA−1
n 〉 is a bound stateχn carries information on single particle

dynamics

⋆ Within the mean field pictureχn → φMF
n , φMF

n being then-th single
particle orbital
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Spectroscopic factors

⋆ Thespectroscopic factorsare defined as

Zn =

∫
d3k

(2π)3
|χ̂n(k)|2
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Spectroscopic factors

⋆ Thespectroscopic factorsare defined as

Zn =

∫
d3k

(2π)3
|χ̂n(k)|2

⋆ Assuming that the ground state of the target be fully understood, the
extraction of the spectroscopic factors from nuclear crosssections

σA ∝
∣∣∣〈Ψf | Ô |ΨA

0〉
∣∣∣2

implies assumptions on the structure ofboth the operator inducing the
transition and the target final state.
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Spectroscopic factors in uniform nuclear matter

⋆ As momentum is a good quantum number, in uniform nuclear matter the
spectral function at|k| < kF exhibits only one peak
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⋆ As momentum is a good quantum number, in uniform nuclear matter the
spectral function at|k| < kF exhibits only one peak

⋆ The spectroscopic factor is defined as

Zk =
∣∣∣〈Φ1h

k |ak|Ψ0〉
∣∣∣2 ,

where|Φ1h
k 〉, is theone-hole ((A-1)-nucleon) state carrying momentumk

⋆ Note: Zk does not coincide with the occupation number of the state|Φ1h
k 〉,

n(k), given by

n(k) = 〈Ψ0|a†kak|Ψ0〉 =
∑

n

∣∣∣〈Φn
k|ak|Ψ0〉

∣∣∣2 =
∫

dE P(k,E)

where{|Φn
k〉}, is the complete set of (A-1)-nucleon states of momentumk
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Spectral function of infinite nuclear matter

⋆ Results obtained using CBF perturbation theory and the U14+TNI
hamiltonian(OB, A. Fabrocini and S.Fantoni, AD 1989)
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Momentum distribution and spectroscopic factors

⋆ The momentum distribution can be split into quasi particle (pole) and
and correlation (continuum) contributions(OB, A. Fabrocini and S.
Fantoni, AD 1990)

n(k) =
∫

dE P(k,E) = Zk +

∫
dE PB(k,E) = Zk + nB(k)
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Occupation probability and spectroscopic factor

⋆ The difference betweenZk andn(k) naturally emerges from the analysis
of the spectral function at fixed
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Occupation probability and spectroscopic factor

⋆ The difference betweenZk andn(k) naturally emerges from the analysis
of the spectral function at fixed

⊲ integration over the peak region yieldsZk

⊲ integration over the whole energy range yieldsn(k)
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The impulse approximation (IA) paradigm∗

⋆ At momentum transferq such that|q|−1 ∼< d , d being the average
nucleon-nucleon separation distance, replace

Σ
i

2 2
q,ω q,ω

i

p

∗a philosophical or theoretical framework of any kind
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The impulse approximation (IA) paradigm∗

⋆ At momentum transferq such that|q|−1 ∼< d , d being the average
nucleon-nucleon separation distance, replace

Σ
i

2 2
q,ω q,ω

i

p

⋆ As a result, the x-section for knock out of a nucleon of momentum p and
energyEp takes the simple form

σA ∝ P(p − q, ω − Ep)

∗a philosophical or theoretical framework of any kind
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Assumptions involved in the IA picture

⊲ The operator inducing the transition is written as the sum ofoperators
acting on individualnucleons

Ô =
∑

i

ôi
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Assumptions involved in the IA picture

⊲ The operator inducing the transition is written as the sum ofoperators
acting on individualnucleons

Ô =
∑

i

ôi

⊲ The final state is written in the factorized form

|Ψf 〉 = |ΨA−1
n 〉 ⊗ |p〉

⊲ Final state interactions (FSI) between the knocked out nucleon and the
spectator particles are neglected
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Momentum distribution vs spectral function

⋆ Minimal use of the underlying assumptions lead to expression of the IA
nuclear cross section in terms of the spectral function(OB, A. Fabrocini
and S. Fantoni, AD 2001)

⋆ The definition in terms of the momentum distribution involves a more
extended use of the same assumptions, leading to the disappearance of
the effect of the removal energy distribution.
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What is missing ?

⋆ Dynamical FSI. Rescattering of the knocked out nucleon, leading to
mixing of one particle-one hole and two particle-two hole final states.
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What is missing ?

⋆ Dynamical FSI. Rescattering of the knocked out nucleon, leading to
mixing of one particle-one hole and two particle-two hole final states.

⋆ Statistical FSI. Correlations induced by the antisymmetrization of the
final state.

⋆ Coupling throughmany-nucleon operators(e.g. meson exchange
currents in electromagnetic interactions).

⋆ Coupling tocollective excitationsof the target nucleus.

⋆ Current conservationis violated.
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Dynamical FSI

⋆ Consider the transition matrix element of the process

e + A→ e′ + p + (A − 1)α

Mα(p, q) = 〈Ψ(−)
αp |Ô(q)|Ψ0〉
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Dynamical FSI

⋆ Consider the transition matrix element of the process

e + A→ e′ + p + (A − 1)α

Mα(p, q) = 〈Ψ(−)
αp |Ô(q)|Ψ0〉

⋆ The target ground-state wave function satisifes the Scrödinger equation

HA|Ψ0〉 = E0|Ψ0〉

⋆ Isolate the contributions responsible for final state interactions in the
nuclear hamiltonian

HA = H0 + HFSI , H0 = T1 + HA−1

whereT1 is the kinetic energy of the struck nucleon
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Dynamical FSI (continued)

⋆ Scattering state

|Ψ(−)
αp 〉 = Ω(−)

p |Φαp〉

|Φαp〉 = |p〉 ⊗ |ϕα〉

T1|p〉 = Ep|p〉 , HA−1|ϕα〉 = Eα
A−1|ϕα〉
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Dynamical FSI (continued)

⋆ Scattering state

|Ψ(−)
αp 〉 = Ω(−)

p |Φαp〉

|Φαp〉 = |p〉 ⊗ |ϕα〉

T1|p〉 = Ep|p〉 , HA−1|ϕα〉 = Eα
A−1|ϕα〉

⋆ Distortion (Möller) operator

Ω
(−)
p = lim

t→∞
eiHA te−iH0t = lim

t→∞
T̂ e−i

∫ ∞
0

dt′HFSI (t′)

HFSI(t) = eiH0tHFSIe
−iH0t
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High energy (Glauber) approximation

(A) Eikonal approximation: the outgoing proton moves along a straight
trajectory in the direction ofp, with constant velocityv

(B) Frozen approximation: the spectator nucleons are seen as a collection of
fixed scattering centers
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High energy (Glauber) approximation

(A) Eikonal approximation: the outgoing proton moves along a straight
trajectory in the direction ofp, with constant velocityv

(B) Frozen approximation: the spectator nucleons are seen as a collection of
fixed scattering centers

⋆ Under assumptions(A) & (B), the distortion operator can be rewritten in
coordinate space as (R ≡ {r1, . . . , rA})

Ω
(−)
p (R) = Pz

1
A

A∑

i=1

1−
∑

j>i

Γp(i, j) +
∑

k>j>i

Γp(i, j)Γp(1, k) − . . .



⋆ Thez-ordering operatorPz prevents the occurrence of backward
scattering.
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High energy approximation (continued)

⋆ FSI interactions are driven by the coordinate spacet-matrixΓp, related to
the NN scattering amplitudefp through

Γp(i, j) = θ(zj − zi)γp(|bj − bi|)

γp(b) = − i
2

∫
d2kt

(2π)2
eikt ·b fp(kt)

⋆ At largep, themeasured free spacefp(kt) is generally parametrized in the
for

fp(kt) = i σ(1− iα)e−
1
2

k2
t
B

whereσ is the total NN cross section
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High energy approximation (continued)

⋆ WARNING: NN scattering in the nuclear medium expected to be
appreciably modified by, e.g., Pauli blocking and dispersive effects

⋆ Medium modificationsconsistentlycalculable(S. Pieper & V.R.
Pandharipande, AD 1992, OB & M. Valli, AD 2007)
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Local Density Approximation (LDA)

Ω
(−)
p (r) =

1
ρ(r)

∫
d3r1 . . . d

3rA|Ψ0(r1 . . . rA)|2

× 1
A

A∑

i=1

1−
∑

j>i

γp(bi − bj)θ(zi − zj) + . . .

 δ(r − ri)

g(r1, r2) =
ρ(r1, r2)
ρ(r1)ρ(r2)

≈ gNM

[
|r1 − r2|, ρA

(r1 + r2

2

)]
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Transition amplitude including FSI effects

⋆ Recall: within PWIA

Mα(p − q) =
∫

d3r1ei(p−q)·r1χα(r1)

⋆ In the presence of FSI

χα(r)→ ψαp(r) = Ω(−)
p (r)χα(r)

⋆ Zα is reduced by a transparency factorTαp

Zα → Z̃α =
∫

d3k

(2π)3

∣∣∣ψαp(k)
∣∣∣2 = TαpZα

⋆ The momentum distributions|ψαp(k)|2 is shifted with respect to|χα(k)|2
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Electron induced knock out of a p-shell proton from oxygen

⋆ |ψp
p(r)|2 vs |χp(r)|2

⋆ Spectroscopic factor and transparency

Zp =

∫
d3r |χp(r)|2 = .62 , Tp =

1
Zp

∫
d3r |ψp

p(r)|2 = .72
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Knock out of a p-shell proton from oxygen (continued)

⋆ Momentum distribution:

|ψ̂p
p(|p − q|)|2 ≈ Z̃p|χp(|p − q| + ∆p)|2
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Mainz data: Blomqvistet al, PLB 344(95)85

⋆

Z = 0.62 , Z̃p = 0.72

Omar Benhar (INFN, Roma) Reactions and Nucleon Properties in Rare Isotopes ECT* 04/10/2009 22/ 29



NIKHEF-K data: Leuschneret al, PRC 49(94)955)

⊲ solid line:χ(r) = 〈15N(3/2)− |ar |16O〉 , Z = 0.62
⊲ dashed line:χ(r) =

√
Z φWS(r) , Z = 0.56
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Nuclear transparency (no FSI→ TA ≡ 1)

⊲ Nuclear transparency obtained
from

TA =
1
A

∫
d3r ρA(r) |Ω(−)

p (r)|2

compared to MIT-Bates, SLAC
and JLab data (D. Roheet al,
Phys. Rev. C 72(05)054602)

⊲ Complicated pattern of
correlation effects, leading to a
sizable enhancement of the
transparency

Omar Benhar (INFN, Roma) Reactions and Nucleon Properties in Rare Isotopes ECT* 04/10/2009 24/ 29



How low can the proton energy be ?

⋆ Compare theory to the A-dependence of nuclear transparencyto a 200
MeV proton, measured at MIT

⋆ The high energy approximation appears to work down to surprisingly
low energy
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Implementig FSI in Monte Carlo simulations

⋆ Distribution of the primary vertex and two-nucleon densityobtained
sampling the probability distributions associated with the 16O wave
function of Pieperet al
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How far down can we go in momentum transfer ?

⋆ CompareIA (P(p,E), no FSI) tocorrelated Hartree-Fockresponse(A.
Ankowski, OB and N. Farina, AD 2010)
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Onset of collective excitations

⋆ Comparecorrelated Hartree-Fockto correlated Tamm Dancoff (OB and
N. Farina, AD 2009): (A), (B), (C) = 0.3, 1.2, 2.4 fm−1
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Summary

The IA provides a link between nuclear cross sections and single nucleon
properties.
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Summary

The IA provides a link between nuclear cross sections and single nucleon
properties.

The kinematical regime in which the assumptions underlyingthe IA
picture can be safely applied must be carefully investigated.

The IA can be seen as the zero-th order of a systematic approximation
scheme, to be improved upon,consistently including effects such as FSI,
antisymmetrization of the final state and coupling to collective
excitations.
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