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Effective field theory for graphene (Son, Khveshchenko,...)
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(i) parametrises quantum vs. classical
(ii) depends on dielectric properties of substrate

fermions live on two-dimensional “braneworld” interact with photons living in the 3d bulk

!!νµ

ie. this is not QED3
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Hypothesis: the χSB transition at e2(Nf) defines a 
Quantum Critical Point (QCP) whose universal 
properties characterise the low-energy excitations 
of graphene

Physically corresponds to a metal-insulator transition
of technological importance?

19/11/2009 17:50Physics - Figure for Pauling’s dreams for graphene
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For sufficiently large e2, or sufficiently small Nf, the Fock vacuum may 
be disrupted by a particle-hole  “excitonic” condensate 
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A particle physicist would refer to this as 
“chiral symmetry breaking” (χSB) leading to 

dynamical mass (gap) generation

A condensed matter physicist would call this 
phase a “Mott insulator”

spontaneously breaks U(4) ➞ U(2)⊗U(2)

D.T. Son, Phys. Rev. B75 (2007) 235423
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local, non-covariant field theory in d=2+1
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coincides with Coulombic model as Nf →" , or e2,g2→"
but long-range interaction is screened for g2<"
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The proposed phase diagram
resembles that of another 2+1d QFT,

the Thirring Model 
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“conductor”

“insulator”

“Thirring-like” model for graphene (units vF =1)

Phase diagram determined
by lattice Monte Carlo simulations
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Thirring Summary
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• Chiral symmetry broken for small Nf, large g2

• Each point on phase boundary (for Nf integer) defines a UV fixed point of RG

• Distinct critical exponents <{ distinct interacting QFT 
• # increases with Nf,    #(Nfc)≈7 

S. Christofi, SJH & C.G. Strouthos, Phys. Rev. D75 (2007) 101701(R)



Numerical Lattice Approach
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single spin-component staggered fermion fields
defined at lattice sites
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auxiliary field
defined on link between x and x+0

Aµx

ηµx ≡ (−1)x0+···+xµ−1
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ensure covariant continuum limit

Chiral symmetry:   U(N)⊗U(N) → U(N)  (if m ≠ 0)

Fermion doubling: pole at p$=0, 
extra poles at p$=%/a

In weak coupling continuum limit, can show 
U(2Nf) symmetry is recovered, with Nf = 2N

flavor symmetry restoration
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Features of the simulation
• Simulate dynamical quarks using hybrid molecular dynamics   
(HMD) or hybrid Monte Carlo (HMC) algorithm

• no sign problem for undoped graphene
• code runs on a workstation on lattices up to 483, 322x64
• can simulate non-integer Nf using 

Look for spontaneous chiral symmetry breaking 
by studying                   as a function of m, g2 and Nf
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Assume symmetry breaks spontaneously (in the chiral limit m→0) 
so there is a phase transition at a fixed point g2=gc2

if       resembles magnetisation of a ferromagnet, 
then m resembles the external magnetic field
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The Continuum Limit
Since we’re on a square lattice, not a honeycomb, our 
model can only be valid in the continuum limit a→0

Near this limit the lattice kinetic term looks like

the bit we want lattice artifact which violates both Lorentz & 
flavor symmetries 
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≈
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In a non-confining Lorentz-invariant theory with 
fermions in the physical spectrum, the artifact term 

must vanish in the continuum limit

Our graphene model, however, treats the time 
direction differently - so non-covariant terms may 

survive the continuum limit......
Giedt, Skinner and Nayak, arXiv:0911.4316
Drut, Lähde and Suoranta, arXiv:1002.1273 

for the interaction term see L. Del Debbio, SJH & J.C. Mehegan, Nucl. Phys. B502 (1997) 269 



Strong coupling limit g2➞"

The lattice regularisation does not respect current conservation

Both diagrams needed to ensure transversity,   
(ie.                          )  in lattice QED                   ∑

µ
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]
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Only the left hand diagram is present for the Thirring model

<z1/Nf expansion yields additive renormalisation of g2
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<z lattice strong coupling limit as

g2→glim2(Nf)



We identify g2lim(Nf) by peak of  <&&>

Chiral symmetry unbroken for all g2 for Nf>Nfc

Cf. SDE/RG:      Nfc' 2.03 - 3.6   
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For 2nd order transition, RG equation for external field 
predicts an “equation of state”  
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where t≡g-2-gc-2,  F  is a universal scaling function valid 
near a critical point, and #, (  are critical exponents 

Taylor-expand in t to yield a power-law EoS:
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EoS results

comes from the chirally symmetric phase there may be a small systematic error in the
identification of g2

peak.
Fits to (15) favour Nfc ! 3.8−4, and p ! 0.9. These values are also favoured by the

most comprehensive FVS fit to the 96 datapoints with Nf < 5. There is no evidence
that discarding m = 0.01 data, which may be most prone to finite volume artifacts,
improves any of the fits. On the other hand, discarding Lt = 16 and perhaps Lt = 24
does have a significant effect on the fitted values of Nfc, p and νt in the FVS fits. In
these cases the fitted δ ≈ 4. Once data with extremal values of Nf is excluded, on the

assumption that they lie outside the scaling window, the fitted values of δ rise to >∼ 5.
In almost all cases the fitted value of νt exceeds 1, though often not by a statistically
significant margin.
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Figure 4: Finite volume scaling fit to (17) to data with m = 0.01 (circles), 0.02 (squares), 0.03 (dia-
monds) and 0.04 (triangles), in terms of N ′

f . Di! erent colous and and shadings represent data from
di! ering Ls, Lt

Our favourite fit, yielding the smallest χ2/dof, emerges from the 60 datapoints with
Nf ∈ [3, 5) and Lt ≥ 32. Another reason for preferring this is that the fitted Nfc is
consistent with the value (14) coming from the behaviour of g2

peak(Nf), which could thus
be regarded as an additional constraint on the global fit. The fit is plotted in Fig. 4 in

terms of the control parameter in the thermodynamic limit N ′
f = Nf + CL

− 1
νt

t , so that
data with differing Lt should collapse onto a single curve for each value of m.
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Strong coupling limit

Nfc = 4.8(2) > 2

#(Nfc) = 5.5(3)
<z graphene is an insulator for 

sufficiently strong coupling 
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Figure 2: (Color online) Fit to (9) to order parameter data taken on 242 × 48. The function in the
m → 0 limit is also shown.
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Figure 3: (Color online) Plot of m/〈χ̄χ〉δ vs. (g−2 − g−2
c )〈χ̄χ〉−1/β using the critical parameters (10).
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Physical graphene Nf =2
gc-2 = 0.609(2)
#(Nf =2) = 2.66(3)

SJH & C.G. Strouthos, Phys. Rev. B78(2008) 165423
W.  Armour, SJH & C.G. Strouthos, Phys. Rev. B81(2010) 125105

<z QCP potentially relevant for Nf = 2

So δ depends on Nf 
Cf Drut & Lähde Phys. Rev. B79(2009) 241405(R)
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Define susceptibilities longitudinal

transverse

Axial Ward 
Identity

Susceptibility ratio

EoS <z

physics we refer to as σ (parity +) and π (parity ! ). In the m " 0 limit, in the
conducting phase the two states are related by a U(1) global chiral symmetry and are
degenerate; in the insulating phase, by contrast, the symmetry is spontaneously broken
and the π-channel therefore contains a massless pole by Goldstone’s theorem. Since
χ!/χt is simply the ratio of the integrated σ-propagator to the integrated π-propagator,
we expect it to tend to unity as m " 0 in the conducting phase, and to zero in the
insulating phase. Exactly at criticality, however, the ratio is m-independent and takes
the value 1/δ [17]. Fig. 4 plots χ!/χt vs. m evaluated on a 242 # 48 lattice, including
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Figure 4: (Color online) Susceptibility ratio χ!/χt vs. m for various g−2 in the critical region. The
fitted value of δ−1 from (10) is shown as a horizontal band.

contributions from diagrams with both connected and disconnected fermion lines as de-
tailed in [11]. The data taken at g−2 = 0.60, 0.625 are approximately m-independent
and bracket the value of δ−1 obtained from the equation of state fit, strengthening our
confidence in the values of the critical parameters in (10).

3.2 Quasiparticle Dispersion

One of the main motivations for the choice of model (7) is that since it has no manifest
gauge symmetry, there is no requirement to fix a gauge in order to define or measure
a correlation function such as the fermion propagator. This has enabled us to perform
the first numerical simulation of the quasiparticle excitation spectrum in graphene.

10



Dynamical Critical Exponent
At a QCP, correlation lengths in timelike and spacelike

directions can exhibit different critical scaling

to have zero slope at the e! ective Brillouin zone edge at p = π
2 ; this flattening is a

discretisation artifact with no physical interpretation. To proceed we parametrise the
dispersion relation using

E(p) = A sinh−1(
√

sin2 p + M2), (13)

where for A = 1 and M = m the exact result for non-interacting lattice fermions
is recovered. Two sample fits are shown in Fig. 5. For small M we can interpret
E(0) ≡ " ≈ AM as the quasiparticle mass (or gap), and for small p in the limit M → 0
then dE/dp ≈ A is the physical Fermi velocity vFR. Results for A and M as functions
of m are shown in Figs. 6,7.

The results for M are broadly consistent with our identification of the critical cou-
pling. For g−2 < g−2

c $ 0.6, Fig. 6 supports limm→0 M %= 0, signalling the generation
of a gap via spontaneous chiral symmetry breaking. For weaker couplings the data can
be plausibly extrapolated in the same limit to M = 0, signalling a chirally symmetric,
conducting phase. Note that throughout the critical region " & m, indicating large
mass renormalisation due to strong interactions even in the symmetric phase. In Sec. 3.3
below we will present further results for M for a range of m in the critical region.

Fig. 7 shows that despite some noise in the data the parameter A, and hence the
physical Fermi velocity vFR, is both m- and g−2-independent in the critical region,
taking a numerical value ≈ 0.7. We interpret this as being due to a renormalisation of
the bare Fermi velocity vF ≡ 1 due to quantum e! ects. This in principle needs be taken
into account when we attempt to assign a physical value to the critical coupling g−2

c in
Sec. 4. This result is intersting because analytic calculations based on weak-coupling
and/or large-Nf predict that vFR > vF [18].

3.3 Dynamical Critical Exponent

In this section we take a closer look at correlations in the critical system, both via a high
statistics study (typically several thousand HMC trajectories) at g−2 = 0.6, close to the
critical value reported in (10), and a refined study of the quasiparticle mass parameter
M in the critical region. All results are from 242 × 48. Because the model (7) treats
space and time di! erently, correlation lengths defined in spatial and temporal directions
can exhibit di! erent critical scaling, leading to two distinct exponents defined via [16]

ξs ∝ |t|−νs; ξt ∝ |t|−νt. (14)

Our goal in this section is to constrain the value of the dynamical critical exponent
z ≡ νt/νs relating spacelike to timelike correlations.

Fig. 8 shows data for both the order parameter 〈χ̄χ〉 and mass parameter M defined
by (13) as a function of m on a log-log plot. The linear nature of the plots supports a
power-law scaling:

〈χ̄χ〉 ∝ m
1

δ ; M ∝ m! ∝ m
νt
δβ , (15)
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Quasiparticle Dispersion

The fermion excitation spectrum of the model is accessed via analysis of the Euclidean
timeslice propagator Cf(!p, t) defined by

Cf(!p, t) =
∑

!x even

〈χ(!0, 0)χ̄(!x, t)〉e−i!p.!x, (11)

where “even” refers to sites with spatial coordinate !x obeying (−1)x1 = (−1)x2 = 1,
and the components of !p take values 2πn/Ls, with n = 0, 1, . . . , Ls/4. This restriction
improves the signal to noise ratio, and originates in the observation that the action
(7) is invariant only under translations by an even number of lattice spacings. Cf is
straightforward to measure in our model since there is no local gauge symmetry. The
energy E(!p) is then extracted by a fit of the form

Cf(!p, t) = B(e−Et + e−E(Lt−t)), (12)

where in this case only data with t odd were used, since this yielded the best fits across
the whole range of g−2 (it can be shown that limm→0 Cf = 0 for even t in the conducting
phase).

We measured E(!p) for !p = (p1, 0) on 322 × 48 for g−2 = 0.55, 0.6, 0.7, 0.8, and
additionally on 483 for g−2 = 0.8, 0.9, using m ranging from 0.005 to 0.03. The resulting
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Figure 5: (Color online) Dispersion relation E(p) as measured on a 483 lattice with m = 0.005.

dispersions for the latter two systems at m = 0.005 are shown in Fig. 5. For small p
and m the dispersion starts out linear to good approximation, and then flattens out
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Linear relation E∝p as p→0
to have zero slope at the effective Brillouin zone edge at p = π

2 ; this flattening is a
discretisation artifact with no physical interpretation. To proceed we parametrise the
dispersion relation using

E(p) = A sinh−1(
√

sin2 p + M2), (13)

where for A = 1 and M = m the exact result for non-interacting lattice fermions
is recovered. Two sample fits are shown in Fig. 5. For small M we can interpret
E(0) ≡ ∆ ≈ AM as the quasiparticle mass (or gap), and for small p in the limit M → 0
then dE/dp ≈ A is the physical Fermi velocity vFR. Results for A and M as functions
of m are shown in Figs. 6,7.

The results for M are broadly consistent with our identification of the critical cou-
pling. For g−2 < g−2

c $ 0.6, Fig. 6 supports limm→0 M %= 0, signalling the generation
of a gap via spontaneous chiral symmetry breaking. For weaker couplings the data can
be plausibly extrapolated in the same limit to M = 0, signalling a chirally symmetric,
conducting phase. Note that throughout the critical region ∆ & m, indicating large
mass renormalisation due to strong interactions even in the symmetric phase. In Sec. 3.3
below we will present further results for M for a range of m in the critical region.

Fig. 7 shows that despite some noise in the data the parameter A, and hence the
physical Fermi velocity vFR, is both m- and g−2-independent in the critical region,
taking a numerical value ≈ 0.7. We interpret this as being due to a renormalisation of
the bare Fermi velocity vF ≡ 1 due to quantum effects. This in principle needs be taken
into account when we attempt to assign a physical value to the critical coupling g−2

c in
Sec. 4. This result is intersting because analytic calculations based on weak-coupling
and/or large-Nf predict that vFR > vF [18].

3.3 Dynamical Critical Exponent

In this section we take a closer look at correlations in the critical system, both via a high
statistics study (typically several thousand HMC trajectories) at g−2 = 0.6, close to the
critical value reported in (10), and a refined study of the quasiparticle mass parameter
M in the critical region. All results are from 242 × 48. Because the model (7) treats
space and time differently, correlation lengths defined in spatial and temporal directions
can exhibit different critical scaling, leading to two distinct exponents defined via [16]

ξs ∝ |t|−νs; ξt ∝ |t|−νt. (14)

Our goal in this section is to constrain the value of the dynamical critical exponent
z ≡ νt/νs relating spacelike to timelike correlations.

Fig. 8 shows data for both the order parameter 〈χ̄χ〉 and mass parameter M defined
by (13) as a function of m on a log-log plot. The linear nature of the plots supports a
power-law scaling:

〈χ̄χ〉 ∝ m
1

δ ; M ∝ m∆ ∝ m
νt
δβ , (15)
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Figure 6: (Color online) The fitted parameter M vs. m for various g−2.
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Renormalised Fermi velocity

vFR ≈ 0.7vF

The fermion excitation spectrum of the model is accessed via analysis of the Euclidean
timeslice propagator Cf(!p, t) defined by

Cf(!p, t) =
∑

!x even

〈χ(!0, 0)χ̄(!x, t)〉e−i!p.!x, (11)

where “even” refers to sites with spatial coordinate !x obeying (−1)x1 = (−1)x2 = 1,
and the components of !p take values 2πn/Ls, with n = 0, 1, . . . , Ls/4. This restriction
improves the signal to noise ratio, and originates in the observation that the action
(7) is invariant only under translations by an even number of lattice spacings. Cf is
straightforward to measure in our model since there is no local gauge symmetry. The
energy E(!p) is then extracted by a fit of the form

Cf(!p, t) = B(e−Et + e−E(Lt−t)), (12)

where in this case only data with t odd were used, since this yielded the best fits across
the whole range of g−2 (it can be shown that limm→0 Cf = 0 for even t in the conducting
phase).

We measured E(!p) for !p = (p1, 0) on 322 × 48 for g−2 = 0.55, 0.6, 0.7, 0.8, and
additionally on 483 for g−2 = 0.8, 0.9, using m ranging from 0.005 to 0.03. The resulting
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dispersions for the latter two systems at m = 0.005 are shown in Fig. 5. For small p
and m the dispersion starts out linear to good approximation, and then flattens out
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The fermion excitation spectrum of the model is accessed via analysis of the Euclidean
timeslice propagator Cf(!p, t) defined by

Cf(!p, t) =
∑

!x even
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where “even” refers to sites with spatial coordinate !x obeying (−1)x1 = (−1)x2 = 1,
and the components of !p take values 2πn/Ls, with n = 0, 1, . . . , Ls/4. This restriction
improves the signal to noise ratio, and originates in the observation that the action
(7) is invariant only under translations by an even number of lattice spacings. Cf is
straightforward to measure in our model since there is no local gauge symmetry. The
energy E(!p) is then extracted by a fit of the form

Cf(!p, t) = B(e−Et + e−E(Lt−t)), (12)

where in this case only data with t odd were used, since this yielded the best fits across
the whole range of g−2 (it can be shown that limm→0 Cf = 0 for even t in the conducting
phase).

We measured E(!p) for !p = (p1, 0) on 322 × 48 for g−2 = 0.55, 0.6, 0.7, 0.8, and
additionally on 483 for g−2 = 0.8, 0.9, using m ranging from 0.005 to 0.03. The resulting
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ie. opposite to large-Nf



Dynamical Critical Exponent via Simulation

At a QCP, correlation lengths in timelike and spacelike
directions can exhibit different critical scaling

to have zero slope at the e! ective Brillouin zone edge at p = π
2 ; this flattening is a

discretisation artifact with no physical interpretation. To proceed we parametrise the
dispersion relation using

E(p) = A sinh−1(
√

sin2 p + M2), (13)

where for A = 1 and M = m the exact result for non-interacting lattice fermions
is recovered. Two sample fits are shown in Fig. 5. For small M we can interpret
E(0) ≡ " ≈ AM as the quasiparticle mass (or gap), and for small p in the limit M → 0
then dE/dp ≈ A is the physical Fermi velocity vFR. Results for A and M as functions
of m are shown in Figs. 6,7.

The results for M are broadly consistent with our identification of the critical cou-
pling. For g−2 < g−2

c $ 0.6, Fig. 6 supports limm→0 M %= 0, signalling the generation
of a gap via spontaneous chiral symmetry breaking. For weaker couplings the data can
be plausibly extrapolated in the same limit to M = 0, signalling a chirally symmetric,
conducting phase. Note that throughout the critical region " & m, indicating large
mass renormalisation due to strong interactions even in the symmetric phase. In Sec. 3.3
below we will present further results for M for a range of m in the critical region.

Fig. 7 shows that despite some noise in the data the parameter A, and hence the
physical Fermi velocity vFR, is both m- and g−2-independent in the critical region,
taking a numerical value ≈ 0.7. We interpret this as being due to a renormalisation of
the bare Fermi velocity vF ≡ 1 due to quantum e! ects. This in principle needs be taken
into account when we attempt to assign a physical value to the critical coupling g−2

c in
Sec. 4. This result is intersting because analytic calculations based on weak-coupling
and/or large-Nf predict that vFR > vF [18].

3.3 Dynamical Critical Exponent

In this section we take a closer look at correlations in the critical system, both via a high
statistics study (typically several thousand HMC trajectories) at g−2 = 0.6, close to the
critical value reported in (10), and a refined study of the quasiparticle mass parameter
M in the critical region. All results are from 242 × 48. Because the model (7) treats
space and time di! erently, correlation lengths defined in spatial and temporal directions
can exhibit di! erent critical scaling, leading to two distinct exponents defined via [16]

ξs ∝ |t|−νs; ξt ∝ |t|−νt. (14)

Our goal in this section is to constrain the value of the dynamical critical exponent
z ≡ νt/νs relating spacelike to timelike correlations.

Fig. 8 shows data for both the order parameter 〈χ̄χ〉 and mass parameter M defined
by (13) as a function of m on a log-log plot. The linear nature of the plots supports a
power-law scaling:

〈χ̄χ〉 ∝ m
1

δ ; M ∝ m! ∝ m
νt
δβ , (15)
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Figure 8: (Color online) 〈χ̄χ(m)〉 and M(m) at g−2 = 0.6 on 242 × 48.
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<z

where δ and β coincide with the definitions implicit in (9), and the exponent νt is the
one relevant for the extraction of spectral properties via (12) from correlations in the
Euclidean time direction. Least-squares fits (excluding m = 0.025) yield δ = 2.85(1);
∆ = 0.38(2). The agreement of the former with the value (10) extracted from the
equation of state is encouraging; we ascribe the small mismatch to the actual value of
g−2

c lying slightly above 0.6, as suggested by Fig. 4.
Fig. 9 shows results for the quasiparticle mass parameter M for a range of m and

g−2 values in the critical region. We have fitted these data with a relation inspired by
the equation of state (9):

m = AtM
βp
νt + BM

δβ
νt , (16)

which with M ∝ ξ−1
t understood recovers (14) in the limit m → 0, and is consistent

with (15) when t = 0. A fit to 33 datapoints with g−2
c fixed by (10) yields

δβ

νt

= 2.25(5);
βp

νt

= 1.16(6) (17)

with χ2 per degree of freedom of 1.0.
It is now time to discuss the possible anisotropy at g−2 = g−2

c in more detail. As
mentioned above, the ratio z = νt/νs defines the dynamical critical exponent, which is
an important characteristic of a QCP. In particular, the critical dispersion relation is
modified to be of the form E ∝ pz, which has important implications for the stability of
quasiparticles; energy and momentum conservation make it impossible, in an inelastic
collision, for a quasiparticle to decay into constituents with smaller E and p if z < 1 [6].

The results in this section permit an estimate of z via the following indirect argument.
First, we use the exponent values from (17) and δ, β from (10) to estimate

νt = 0.80(3). (18)

Next, we use a modified hyperscaling relation [19, 16]

νt + (d − 1)νs = β(δ + 1), (19)

where d = 3 is the number of spacetime dimensions, to estimate

νs = 0.89(3), (20)

leading to
z = 0.90(5). (21)

This result is tantalising, since although it hints at z < 1 it eliminates neither the value
z ≈ 0.8 based on a leading order large-Nf calculation in the strong-coupling limit [6],
nor the general result z ≡ 1 claimed for systems at a QCP with d < 4 interacting via a
Coulomb potential [20].
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Symmetry-restoring transition at T >0 (preliminary)
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At T >0 strictly there is no long-range order (Coleman-Mermin-Wagner)

Expect a BKT-type transition: correlation length ξ diverges for T<TBKT
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mass 

Measure helicity modulus Υ via
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Data taken on 242x48 suggest g-2BKT ≈0.4



Can we work out the physical value of the critical coupling?

gc-2=0.609(2) <z gcR2=3.26           using 
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Coulomb Thirring

Need to match propagators at a particular momentum point p0=0, |p|=π/2a→

λ =
g2

Rπ

4
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λc≈2.6<z

Cf. λ=3.4 for suspended graphene 

Many remaining uncertainties!



Open Questions

• Are Thirring and Coulomb models in same 
universality class for Nf < Nfc?

  Drut and Lähde find δ(Nf =2)≈2.3 in Coulomb model 

• What is the dynamical critical exponent z 
characterising QCP? Is z<1?

• Can we derive (or at least parametrise) effective 
theory from a microscopic model? 

•  Is suspended graphene (λ=3.4) an insulator? 
Drut and Lähde claim yes, our result is consistent

• Can we model transport in graphene?


