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Outline !

¥! Introduction 

    - fractional charge in 1D Polyacetelene 
¥! Fractionalization in 2D Dirac fermions 

    - Kekule ordering, topological defects (vortex) and zero modes  
¥! Irrational v.s rational charge 

¥! Quantum Hall effect at charge neutral point 
    - divergence of the magnetoresistance   

¥! Deconfined  fractional charge with magnetic field 
    - Kekule order with 2D Classical Random Phase XY model  
¥! Summary 



Fractionalization in Polyacetylene !

R. Jackiw and C. Rebbi, Phys Rev. D13, 3398 (1976)!
W. P. Su, J. R. Schrieffer and A. J. Heeger, PRL 42, 1698 (1979); PRB 22, 2099 (1980)!

General Chemistry, Hill and Petrucci  
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Ingredients for fractionalization in Polyacetelene!

¥! Polyacetylene has two Fermi points. (The rule  in 1D but exceptional  in 2 D)!

¥! A perturbation couples two Fermi points, opening a single-particle gap at 
the Fermi energy and stabilizing a bond density wave ( BDW) state.!

¥! There are two degenerate BDW states:    symmetry; There is soliton that 
interpolates between them; A single-particle state appears at the Fermi energy.  

¥! The fractional charge is calculated as the difference between the local 
single-particle density of states with and without the soliton. 



 Step 1: two Fermi points !
Systems where the valence and conduction band touch at two points 
in the Brillouin zone.! Bipartite lattices A and B!

BA

A B 
Square lattice " -ßux:!

Graphene:!

Real space! Reciprocal space!
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Step II: opening single particle gap!

CDW (Staggered chemical potential): 
Does not couple two Dirac points!

G.W Semenoff, PRL 53, 2449 (1984)!
F.D.M. Haldane, PRL 61, 2015 (1988)!
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Kekule Distortions: !

Effective Hamiltonian: !



Step III: Topological defects and zero modes!

Vortex:! $ (r )= $0(")  e i % e i n &#
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0             ,  at origin  !
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For n=-1 :!
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1.! n > 0 : | n| normalizable zero modes at sub-lattice B!
2.! n < 0 : | n| normalizable zero modes at sub-lattice A!

Only one Zero mode for |n|=1 Case !

Zero modes: 



Mirror Symmetry 
respect to E=0 
(Sub-Lattice 
Symmetry)! spectrum with a n=1 vortex!

E 

Px 

spectrum without the vortex!

E 

Electron Fractionalization!

Q= 

Sub-lattice symmetry 

UnÞlled State: Charge -1/2 e!

Has 1/2 fewer Þlled state 
compared to the no-vortex 
background. 

Þlled State: Charge +1/2 e!
Has 1/2 more Þlled state 
compared to the no-vortex 
background. 



Electron Fractionalization!

?!!Half StateÉ  

1D-Polyacetylene:!

+ 

In the Torus (2D) !

Vortex! Anti-vortex  

Spin:!

E 
Degenerate!
Zero Energy!

State!
UnÞlled: Charge -e, Spin 0! Two state Þlled: + e, Spin 0 !

One state Þlled: Charge 0, Spin 1/2 !



Sub-lattice Symmetry Broken!

Shift the bound state!
Irrational fractional Charge?!

E E 

? state!

1-? state!

Stagger chemical potential : KD =

!
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Massive Dirac equation with TRS: !

Irrational vs. rational charge!

Masses!
Jackiw & Pi!
axial gauge Þeld !

µs

n = (n0, n1, n2), |n | = 1, m2 = |! |2 + µ2
s

Spatially dependent order parameters:!



Axial vector potential!Masses!

On the lattice:!



What is the induced charge for a mass twist?!

Continuously varying charge (irrational) !

if A 5 is zero!

= sin 2 α

2

cos! (! ) =
µs

m

n2 

n1 

n0 



In the presence of the axial ßux:!

Charge re-rationalizes!

Requiring axial gauge invariant and current conservation!



Numerics: the  square lattice in " -ßux phase!



Phase Diagram with competing masses !

Haldane mass!



Realization in physical system ? !



Quantum Hall Effect in Graphene 

K. S. Novoselov et. al, Nature 438, 197 (2005);  
Y. Zhang et.al , Nature 438, 201 (2005). 

B=14 T,  T=4 K 

B=45T,  
T=1.4 K 

Y. Zhang et.al , PRL 96, 136806 (2006) 

Landua Level splitting: 



Resistance divergence at charge neutral point  

J.G. Checkelsky, L. Li, N. P. Ong, PRL 100, 206801 
(2008); Phys. Rev. B 79, 115434 (2009) 

K-T transition?! 

! = a exp[b/
!

1 " h]
R ! ! 2



Warning:!

Weather the resistance diverges exponentially with respect to 
magnetic Þeld is still unsettle experimentally.!

However!

It should not stop our imagination, especially as a theoretician.!

The nature of this insulating state is still hotly debated, both 
theoretically and experimentally. In other words, how the 
symmetry is broken for the n=0 Landua level of graphene is 
still an active research topic.!



The experimental data suggest a 2D classical XY order and 
the deconfined  vortices should carry charge. 

Puzzle: Why is it that the resistivity is rather temperature 
independent at low temperature?  

2D classical random phase XY model 

+ 

Kekule ordering  K. Nomura, S. Ryu, D.-H. Lee, PRL 103, 216801 (2009) 



Kekule  distortions in magnetic Þeld  

Can Kekule distortions spontaneously form with magnetic Þeld? !

2

Bc is larger for samples with lower zero-field mobility µe.
There also appears to be a scaling regime with the scal-
ing function R(b) = c1 exp[2 ! c2(1 " b)! ! ] Ohm with
c1 = 440, c2 = 1.54, b = B / Bc(µe) < 1, and ! = 1/ 2
fitting well the magnetic field dependence of R0 for sam-
ples characterized by the mobility-dependent Bc . This
scaling is reminiscent of the Kosterlitz-Thouless (KT) di-
vergence of the correlation length in the 2D classical X Y
model.25 Finally, the temperature dependence of Rx x for
a given sample with a fixed B very close to Bc approaches
the thermally activated form exp(! a/ T ) on the interval
2 K< T < 16 K. 26

Our proposal to explain this KT scaling is closely re-
lated to the scenario proposed in Ref. 27. However, the
disorder was treated at the level of the self-consistent
Born approximation in Ref. 27, while the role of the
Coulomb interaction was emphasized. Our proposed
mechanism relies on the electron-phonon coupling to in-
duce the Kekulé instability. Moreover, we argue below
that a non-perturbative treatment of the disorder is es-
sential to explain the striking fact that Bc(µe) is inde-
pendent of T at low temperatures: it is the 2D classi-
cal random phase X Y model that describes the phase
transition observed in Ref. 11. Within this classical ran-
dom phase X Y model, vortices unbind when the mag-
netic field is below Bc , and thus deconfined fractionally
charged quasiparticles can be sustained in graphene.

A Kekulé instability is a modulation of the nearest-
neighbor hopping amplitude in graphene with the wave
vector K + " K ! .5 In the presence of a magnetic field,
the e" ective Hamiltonian for graphene reads

H = ! vF

!
k "

e
! c

A
"

á! + ! áM (3)

where the 2D wave number k has the components k1
and k2, the 2D Kekulé order parameter ! has the com-
ponents ! 1 and ! 2, the Dirac matrices are " 1 = #3 # $1
and " 2 = #3 # $2 , and the Kekulé mass matrices are
M 1 = #1 # $0 and M 2 = " #2 # $0 . The unit 2 ! 2 matri-
ces #0 and $0 together with the Pauli matrices " and #
act on the valley (K + and K ! ) and sublattice (A and B)
2-dimensional subspaces of graphene, respectively. Un-
der the assumption that the Zeeman energy is negligible,
the electron spin plays no role in this paper except for the
spin-1/2 degeneracy factor of 2 for extensive observables.
Hence, we will consider the case of spinless fermions for
notational simplicity and reinstate the spin-1/2 degener-
acy factor of 2 when necessary.

In the presence of the uniform magnetic field B =
%1A2 " %2A1 and the uniform Kekulé order parameter
! = ! 1 + i ! 2 = ! 0ei " 0 , for 0 $ ! 0 and 0 $ &0 < 2' the
single-particle spectrum is the shifted Landau spectrum

( N ,± = ±
#

(! ) c)
2 N + ! 2

0 (4)

where N = 0, 1, 2, .... (The eigenfunctions are listed in
Appendix ??.)

The mean-field value of the Kekulé gap induced by
a magnetic field and by an electron-phonon coupling in

the single-particle approximation (see also Ref. 28) is
obtained by balancing the gain in the electronic energy
against the loss in the elastic energy of the lattice:

*E % *Eelec + *Epho (5a)

where

*Eelec =2 !
A
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is the electronic gain in energy, while

*Epho =
N
2

K ! u2
0 =

N
2

K !

f 2
!

! 2
0 (5c)

is the cost in elastic energy. Here, K ! is the bond elastic
constant and f ! ties the gap ! 0 to the atomic displace-
ment u0 for the Kekulé order, which results because of
the change in hopping matrix elements from the orbital
overlaps. (The contribution to the electronic gain from
the levels N = 1, 2, . . . can be absorbed into a down-
ward renormalization of the elastic rigidity K ! / f 2

! .24)
We have assumed that the cyclotron energy is the largest
energy scale of the problem. We have also introduced
the area A and the number N = 4A/ (3

&
3 a2) of sites of

graphene (a ' 1.42 Å is the lattice spacing). The abso-
lute minimum of Eq. (5) is obtained for the mean-field
value

! 0 =
f 2

!

N K !

A
' +2

B
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3
&

3 a2

4' +2
B

f 2
!

K !
(6)

of the Kekulé single-particle gap. If, following Ref. 28, we
make the estimate f 2

! / K ! ' 6.366 eV, then the mean-
field Kekulé gap is estimated to be

! 0 ' 0.93 ! B K, (7)

in units of the Kelvin (with B measured in units of the
Tesla). This solution is self-consistent in that ! 0 $ ! ) c
up to the magnetic field B = 1.66 ! 105 T. The single-
particle electronic gap (7) overestimates by a factor of
' 2 the measured activation gaps.11,26

We now discuss the all important phase fluctuations of
the Kekulé order parameter and the e" ective action that
governs them. The complex-valued Kekulé order param-
eter ! = ! 0 ei " has a phase &(r , t) that can fluctuate in
space and in time. The dependence of the e" ective action
on this phase comes from integrating out the electronic
degrees of freedom.

In addition, we shall also account for the fluctuations
in the hopping matrix elements due to disorder or to local
curvature e" ects (tiny ripples) on the surface of graphene,

*H = " ! vF A 5 á, 5 ! . (8)

The axial vector potential A 5 encodes these disorder ef-
fects in the hopping matrix elements. Notice the , 5 =

Electron-Phonon Coupling!

Non-interacting electrons and ignoring Zeeman Energy 

H. Ajiki , T. Ando, J Phys. Soc. Jpn. 64, 260 (1995)!

Is there zero mode bound with vortex?!

yes! Vortex carries e/2 charge!
Also see, I. F. Herbut, arXiv:0910.4906!



2D Random phase XY model 

! = ! 0ei θ( r )Kekule order parameter: 

Integrating out Fermionic degrees of freedom:!

Stiffness: 

Random phase:!

g : dimensionless coupling constant 



Phase diagram-Random phase XY model  

In the absence of random phase: 

g: decrease as magnetic field increase 

(Vortex deconfined) 

The exponent that characterizes the diverging correlation length is 
still under debating. 

eb/x !
(ρ = 1/ 2 or 1)

Use Bc~ 30 T, Tp~ 3.5 K 

Disorder-controlled boundary: 
parallel to the T/J axis  

S.E.Korshunov, Physics-Uspekhi 49, 225(2006) 



Zeeman Energy 

, kekule ordering!

, no kekule ordering  !

Z. Jiang et.al , PRL 99, 106802 (2007) 

Experiment:!





Summary!

" ! Fractionalization in 2D via symmetry breaking.!

" ! Irrational charge! DeconÞnement with an axial half-vortex: 
re-rationalization charge to #  .!

" ! The Kekule ordering can possibly form in graphene with 
high magnetic Þeld; the 2D random phase XY model with 
Kekule instability can qualitativily  explain the experiment.!

" ! Statistics of the quasiparticle .!

" ! How e-e interactions alter the proposed picture is a very 
interest question.!


