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Electronic properties of bilayer and
trilayer graphene:

using a simple (tight-binding) model,
can we identify any novel features
In their low-energy electronic spectrum?

Overview

« Review of tight-binding model of monolayers and bilayers
« ABA-stacked trilayers

« ABC-stacked trilayers



Tight-binding model of graphene

sp? hybridisation:

* single 2s and two 2p
orbitals hybridise
forming three o bonds
In the x-y plane

* remaining 2p, orbital
[® orbital] exists
perpendicular to the
plane

honeycomb lattice of carbon atoms
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Tight-binding model of graphene

honeycomb lattice of carbon atoms

'g\

2 different ways of

orienting o bonds means
there are 2 different types =
of atomic sites

[but chemically the same]

sp? hybridisation:

* single 2s and two 2p
orbitals hybridise
forming three c bonds
In the x-y plane

* remaining 2p, orbital
[® orbital] exists
perpendicular to the
plane

Two coupled
“triangular”
sub-lattices



Electronic dispersion of a monolayer

Saito et al, "Physical Properties of Carbon Nanotubes"
(Imperial College Press, London, 1998)

Symmetrical Brillouin

unit cell zone

Yy

A
B
K
X
Two non-equivalent Two non-equivalent
carbon positions K-points
E «

5 V* This is the Fermi energy in clean
€ raphene.
AN, T K I
Tt

Two bands: no energy gap at the K-points



Electronic dispersion of a monolayer

Saito et al, "Physical Properties of Carbon Nanotubes"
(Imperial College Press, London, 1998)

Symmetrical Brillouin
unit cell zone
y
A
B
X
Two non-equivalent Two non-equivalent
carbon positions K-points
E «
- k
K I K
Tt

Two bands: no energy gap at the K-points

To calculate the transfer
Integral for hopping from
site A to site B we need to
determine factors like

ik.(Rg—R
o (o)
that depend on the atomic

positions R RB




Electronic dispersion of a monolayer - (4r
Saito et al, "Physical Properties of Carbon Nanotubes" Exactly at the K point:k =| —,0

(Imperial College Press, London, 1998) 3a
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Two bands: no energy gap at the K-points




Electronic dispersion of a monolayer - (4r
Saito et al, "Physical Properties of Carbon Nanotubes" Exactly at the K point:k =| —,0

(Imperial College Press, London, 1998) 3a
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Two bands: no energy gap at the K-points i




Electronic dispersion of a monolayer

Saito et al, "Physical Properties of Carbon Nanotubes"
(Imperial College Press, London, 1998)

Symmetrical Brillouin
unit cell zone
y
A
B
X

Two non-equivalent Two non-equivalent

carbon positions K-points

E «
2 evi - k
K I
T

Two bands: no energy gap at the K-points
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Near the K nt: k={—,0 |+—
ear the K poi (Sa } -

Coupling between triangular
sub-lattices occurs in linear-
In-momentum terms:

. 0 —1
H, =v | Py — 1P,
p, +1p, 0

written in a two-component
basis of A and B sites.

e ~ .




The Dirac Hamiltonian gives a
linear spectrum E = v|p| around
each K point — with no gap
between conduction and
valence bands.

|

TU

Two bands: no energy gap at the K-points

~ 4 =
Near the K point: k =(—ﬂ,oj+§

Coupling between triangular
sub-lattices occurs in linear-
In-momentum terms:

. 0 — 1|
A, :V( P py)
p, +1p, 0

written in a two-component
basis of A and B sites.




The Dirac Hamiltonian gives a
linear spectrum E = v|p| around
each K point — with no gap
between conduction and
valence bands.

TU

Two bands: no energy gap at the K-points

holes electrons

oc'V

carriers gate
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0
n (10*2cm?)
KS Novoselov et al - Science 306, 666 (2004)
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Bloch function amplitudes (e.g., in the valley K)
on the AB sites (‘pseudospin’) mimic spin components

: T of arelativistic particle.
Pseudospin and chirality P

[l/jA
W =
4

Py — Ipy

—>

-Pp=Vpo-n

Qi

=V




Bloch function amplitudes (e.g., in the valley K)
on the AB sites (‘pseudospin’) mimic spin components

: T of arelativistic particle.
Pseudospin and chirality P

[l/jA
W =
4

—

=Vo:-pP=Vpo:-n

. 0 —1
H, = v | Px — 1P,
p, +1p, 0

Chiral Dirac-type (relativistic) electrons: pseudospin of plane waves is linked to the
momentum direction, which determines unusual transport properties of graphene.

£ =1xVp conductionband Pp=(pcose, psing)
=P
@ o-n=1 .
p L ke
P | ) 1| €

«—» — = :
D valence band P Ve V2 + e_'(”/2

chiral plane wave states



Absence of backscattering

0 7Z.+ 0 e_i(p | : e—i(p/2
A )

=P, +ip,
angular scattering probability:

() w(p=0) =cos?(p/2)

¢=0 under pseudospin conservation,
chirality suppresses
backscattering in a monolayer

—

P
+}

«—

Ando, Nakanishi, and Saito, JPSJ 67, 2857 (1998);
McEuen, Bockrath, Cobden, Yoon and Louie,
PRL 83, 5098 (1999). -
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Berry’s phase it
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Observation of the integer quantum Hall effect in graphene

N R 7/
Monolaver | 4K ]2

Quantum /—[ """ *la

10 Hall effect: f|----cco Ao
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Novoselov et al, Nature 438, 197 (2005);
Zhang et al, Nature 438, 201 (2005).



Manifestation of chirality in graphene

Absence of backscattering Quantum Hall effect Photoemission
(ARPES)
10-:1.__‘2_%: n
. g (AT
a '-3 [—
Sl 141 |
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-4 -2 0
n (10'2ecm2)
Ando et al, Novoselov et al,
JPSJ 67, 2857 (1998); Nature 438, 197 (2005); Ep-145eV
McEuen et al, Zhang et al, A Bostwick et al,
PRL 83, 5098 (1999). Nature 438, 201 (2005). Nature Phys. 3, 36 (2007).
a,,» . .
«Klein tunnelling , « n-p junctions and Veselago-Pendry lens
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Katsnelson et al, Cheianov, Fal’ko, PRL 97, 226801 (2006);
Nature Phys. 2, 620 (2006). Cheianov et al, Science 315, 1252 (2007).



Bilayer [Bernal (AB) stacking]

BtoA)yand BtoA) & B A B

hopping i
givenby H= VT
T =Py - Ipy VT
VT

wolis>Slvelle s




Bilayer [Bernal (AB) stacking]

Bilayer
Hamiltonian H




AB orbitals form dimers —__ />

with energy [E| > v,

Quadratic dispersion at low energy:

E=+p —  L—"7

2m Y,
t‘ E. McCann and V.I. Fal’ko
el PRL 96, 086805 (2006)
. A B A B
AB Bilayer 0 0 0 vr\ A
JT Hamiltonian H=| 0 0 vz 0 | B
N O vikm 0 Vi | A
vt 0 Y1 O B




AB orbitals form dimers —__ />

with energy [E| > v,

Quadratic dispersion at low energy:

E=+p —  L—"7

2m
v K
X B e v : .
. (e S
- | E. McCann and V.I. Fal’ko
&l { = PRL 96, 086805 (2006)
(O x'ﬂ ARV Y

Bilayer Hamiltonian written in a 2 component basis of A and B sites

H=-1(0 (n)° _
21,1,] 2 A to B hopping
ﬂ:i ® bottom layer A —2» B (factor )
/1/ ® switch layers via dimer BA (v+ ")
mas? , ® top layer A—> B (factor 7)
m=vy,/v — '
1 T = px + |py




Bilayer graphene
Berry phase 2rt quasiparticles

1(0 <7Z'+)2 p>( 0 e?" p° e '
2m [;ﬁ 0 ] 2mie?” 0 2m 4% V2| gle




Bilayer graphene
Berry phase 2rt quasiparticles

+ ¥ 2 ~2i
H:_i 0 (77) __P O e ; E:p_2
2m| 72 0 2mie?” 0 2m

No absence of backscattering

angular scattering probability:

m (w(0)lw(9=0)) =cos*(p)
-0

>

T—— 10 suppression of

backscattering in a bilayer
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|_andau levels and QHE

Monolayer: Bilayer:

Hv&(o ?T+) H=-] (0 (ﬂ+)3)

T 0 2m\ 1w (

p=—iAV-£A, rotA=BI,

T = px"'ipy; = px_ipy
. —> lowering operator | of magnetic oscillator

In a perpendicular magnetic field B:

M+ —> raising operator eigenstates (),

We are able to determine the spectrum of discrete Landau levels

States at zero energy are determined by
monolayer: T, = 0

bilayer: ¢, = m*p, = 0




2D Landaulevels 1 ({0 (z*f .
of chiral electrons  2m| 2 ¢ &
D @
gy =g, =0 [Ooj’(()l):g:()

Formed by orbitals from A site [bottom layer] at 15t K point
and orbitals from B site [top layer] at 2" K point

f 0 (7[+ )2
7’ 0

also, two-fold real
spin degeneracy k (_ 7[)2 0




monolayer

monolayer: Slgihv T
\@ T (39+);(3>')
energy scale hv/A, &L oo
where A, =/t 12— (LH:(1,)
eB
1 _(0.+)
state at zero energy: 0.-)
¢, =0 -2 = (L)1)
_‘/Z T (23+);(29')
_JE B (33+);(35')
bilayer 1|
bilayer: e/ho,
m _A_(4s+);(49')
energy scale  ho
L /6 —(3.:5):(3.)
where ®, = €eB 7 s

m
states at zero energy.
P, =0
¢, =0

e=0 | (04019

(09');(19')
-\/j __(2>+)-(29')
-J6 =+ (3a+);(3>')

- \/1_ - (49+);(45')

4-fold degenerate zero-energy
Landau level for electrons
with Berry’s phase ©t

J. McClure, Phys. Rev. 104, 666 (1956)
F. Haldane, PRL 61, 2015 (1988)
Y. Zheng and T. Ando,
Phys. Rev. B 65, 245420 (2002)
V.P. Gusynin and S.G. Sharapov,
Phys. Rev. Lett 95, 146801 (2005)
N.M.R. Peres, F. Guinea and A.H. Castro Neto,
PRB 73, 125411 (2006)

8-fold degenerate zero-energy
Landau level for electrons
with Berry’s phase 27w

E. McCann and V.I. Fal’ko,
Phys. Rev. Lett. 96, 086805 (2006)



Three types of integer QHE

conventional IQHE

2

1

1 2

3 nh
geB

all LL at non-zero E
zero Berry phase

half-integer QHE iIn graphene

ge’
Tof)

Dirac fermions
one LL at zero E
Berry phase &
metallic at v=>0

chiral IQHE in bilayer graphene

massive chiral
fermions
two LLs at zero E
Berry phase 2n
metallic at v=>0
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Unconventional Quantum Hall Effect and Berry’s Phase of 2z in Bilayer Graphene

K.Novoselov, E.McCann, S.Morozov, V.Fal’ko, M.Katsnelson, U.Zeitler, D.Jiang, F.Schedin, A.Geim
Nature Physics 2, 177-180 (2006)



Trigonal warping in bilayer graphene

EM and V.I. Fal’ko, PRL 96, 086805 (2006)




Trigonal warping in bilayer graphene

EM and V.I. Fal’ko, PRL 96, 086805 (2006)

2
-1( 0 (x") 0 =«
=g ) + V3 N + ...
2m\ 0 7z 0
__ 3
Perturbation arising from V3 = 73617/3 [T
“skew” interlayer coupling 7 = p, + ipy

H,

Trigonal warping
2

, [ p*)  &up’

3
|

COS 3¢p+V: p°

2m)  m

Dispersion is linear inside each pocket, with
chirality corresponding to that of a monolayer
J.L. Manes, F. Guinea, and M.A. Vozmediano,
PRB 75, 155424 (2007);
G.P. Mikitik and Y. Sharlai, PRB 77, 113407 (2008).

2
Lifshitz transition: v, (V
Fermi surface separation & ~ ( j 1meV



Low-energy Hamiltonian of bilayer graphene

EM and V.I. Fal’ko, PRL 96, 086805 (2006)

2
-1( 0 (x") 0 =«
== ) + V3 N + ...
2m\ 7 0 7' 0
_ 3
Perturbation arising from V3 = 73 ay,lh
“skew” interlayer coupling 7 = p, + ipy

H,

Low-energy Hamiltonian of monolayer graphene

Ajiki and Ando, JPSJ 62, 2470 (1993)
Ando, Nakanishi, and Saito, JPSJ 67, 2857 (1998)

0 n7 0
H, =v L I 4F o
7z O (z7)° O
Perturbation arising from

higher-order in momentum
expansion



Role of ’Y4 In bilayer graphene




Role of ’Y4 In bilayer graphene

-1(0 (7 N 2vv4p2

H. =
2 2
2m\ 7z 0 /1
electron-hole asymmetry arising Vs a74
from “skew” interlayer coupling =P, t1Ip,
A2 B2
i -1
vV, T 2
Al Bl

V7T



Interlayer asymmetry gap in bilayer graphene
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Interlayer asymmetry gap in bilayer graphene

Bilayer

o[

A site; ey
lower layer « 24,
\ \\ // y;
A2 2 —2i(p/2 ‘\ N Al ,f
- - pe’/2m < W,
2,2igp N\ )
pe’’/2m A/2
Af R vp/y,
" . i~ v P
A2 02 2 'X -2!&-1 I 2
— | = B site; / )
4 (Zm] 7l N
upper layer S N
/ ,, \\ \
/ N
/ - \

EMcC and \96, 086893 (20K60; ,

EMcC, PRB!, 161403(R) (2006);

H Min, BR Sahu, SK Banerjee, and AH
MacDonald, PR& 155115 (2007);

EV Castret aj PR199, 216802 (2007)



AB-stacked bilayer
|:| (eff )

bilayer —

? 0 —ip, f

v o (p.—ip,) chirality
7/1 (px + Ipy) O

iy 0 P, +1p, v4: trigonal

| p,—ip, 0 warping

. 2vv,p?(1 O va. €-h

v, \0 1 asymmetry
Al 2P }[1 0 ) asymmetry
7 0 - gap

This isn’t an exhaustive list: e.g. next-nearest neighbours,
non-orthogonality, other on-site asymmetry terms, ....



Interlayer asymmetry gap in bilayer graphene

0.005€" 00125¢” 0.0350 e’

°"‘A \\// Wil  A\W/i
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0.2
Momentum

-0.4-
-0.6 4
-0.84
-1.0+
-1.24
-1.4

Binding Energy (eV)

011\1

T Ohta, A Bostwick, T Seyller, K Horn, E Rotenberg,
Science 313, 951 (2006)

Lawrence Berkeley National Lab. (US), Fritz-Haber-Institut and University of Erlangen-
Nuremburg (Germany).

ARPES measurements of heavily doped bilayer graphene synthesized on a
silicon carbide substrate



Gate-tunable band-gap in bilayer graphene
d

JBOostingaHBHeerscheX Liu,
AFMorpurgd-MKVandersypen
Nature Materidls151 (2007)

L 4

50 nm Au

l

40 nm Au

15 nm SiO,
graphene
285 nm SiO,

_ 41=3000cm” Vs

8k v ,=3V

oV
1.5V

-1.5V

T=47K J

0 2 ] 2 1 M 1 2 1 2 ] " 1 N [ " 1 " 1 N
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Vig (V)
monolayer

0
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-10 O
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bilayer
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Eg ~10meV



Trilayer

graphene with

perpendicular electric field

Ro(K€)

40 20 20 40

0
v, (V)

MFCraciunS Russo, M Yamamotddgtinga
AFMorpurgaand SaruchaNature Nanotedh383 (2009).



C.L. Luetal, PRB 73, 144427 (2006)
Band gap (light lines)

Theory of band structure of
ABA-stacked trilayer graphene

0.20g — : 02

o
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0.10F

Energy (eV)
[=]
[=]

0.00F

Energy [eV]

b

-0.10F

-0.2

1 1 1 ! 1 1 1
0.03 0.02 .. 0.00 0.01 0.02 .03 0.04

-0.20k K

M — K — [ T« K(1/A) K(1/A) » M
S. Latil and L. Henrard, B. Partoens and F.M. Peeters,
PRL 97, 036803 (2006) PRB 74, 075404 (2006)

Band overlap Band overlap




C.L. Luetal, PRB 73, 144427 (2006)
Band gap (light lines) for no electric field
Electric field (bold lines) causes crossing and anti-crossing

B

|
0.04 —

0.02

F. Guinea et al, PRB
73, 245426 (2006)

r Low energy bands in an
electrostatic field
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S. Latil and L. Henrard, B. Partoens and F.M. Peeters,
PRL 97, 036803 (2006) PRB 74, 075404 (2006)
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EVEN or ODD

bilayer (N=2) trilayer (N=3)
Brillouin
Inversion zone A3 B3
centre A2 B2 ,YT.\
W ....... Aj)'BZ- | .....
Y1
Al Bl ) mirror
Two non-equivalent
K-points plane
Inversion symmetry: Mirror reflection:

this swaps states at the two this doesn’t swap states at the
valleys two valleys



ABA-stacked trilayer graphene:
tight-binding model

3 layers of carbon atoms

*6 atoms in the unit cell
(Al1,B1,A2,B2,A3,B3)

*Hopping within a layer vy,

*Interlayer coupling v,,v374

‘Next-nearest layer v,,ys

A3 B3
/, \\
, ~
N
/’, Yl AN
’ \
II \\
Yo \ A2 B2 / Y5
A R4
S Yl 7
\\ ,,/



ABA-stacked trilayer graphene:
tight-binding model

3 layers of carbon atoms

*6 atoms in the unit cell
(Al1,B1,A2,B2,A3,B3)

*Hopping within a layer v,

*Interlayer coupling vy,,y374

*Next-nearest layer v,,vs

*Interlayer asymmetry U,,U,,U,

Al Bl A2 B2

(U, vz© vzt v

v U, oy vz’

G| VT 7 U, vz’
V,rt Vo voro U,

7, 0 v z°© Vw

\ 0 Vs i Vum'

A3

V2
0

+
V7T
U3

V7T

Ug—— = ===
Uz_""Yz"(\_"AZ
Uy ======
B3
0 ) Al .
7T =Py TPy
& Bl Vzgayolh
v A2
1 v3=§a7/3/h
vV,7 | B2 7
vt | A3 v, =5ay,/h
U, | B3




ABA-stacked trilayer graphene:
mirror-reflection symmetry

Introduce new basis:

¢ =(Al—A3)/\/2  odd R

#, =(B1-B3)/~/2  od _(/ .
#, = (AL+ A3)/2  even % s S

¢, = B2 even U —=====
o = A2 even

¢, =(BLl+B3)//2  even

Introduce new asymmetry parameters:
A, = (Ul _US)/ 2 odd asymmetry between outer layers

A, = (U1 -2U, +U3)/6 even central layer is at different energy
to the (average of the) outer ones

U,+U, +U, =0 average energy is zero



ABA-stacked trilayer graphene:
mirror-reflection symmetry

Monolayer block (odd)

o

Ay =7, 7/ A, 0 0 0
V7 Ay =75 0 0 0 A,
| M 0 A, +y, ~N2vr 2vat  vrt
0 0 J2v,rt =24, /4 J2v,x
0 0 J2v, 7 —2A, J2y,
. 0 A, VT \/§V472'+ \/57/1 A, + 7.
o= By Bilayer'}ilock (even)




ABA-stacked trilayer graphene:
mirror-reflection symmetry

Ay, ¥, Y5 only appear

Monolayer block (odd)

0
0 J2w. V, 7"
H =
Bk do
0 0 J2v, e Vx —2A,
. 0 A, V1 Ja2v,z* 2
T =P, +Ip, '\

on main diagonal

Bilayer block (even)




ABA-stacked trilayer graphene:
mirror-reflection symmetry

Monolayer block (odd)

b
0o A, -7, V7T
VT A, —ve




ABA-stacked trilayer graphene:

mirror-reflection symmetry

shift the

— monolayer
usual monolayer Hamiltonian bands

open agap in
the monolayer
bands

! v
o P +0,D,)

H. :V(HZ +(A2— >

Vot 7s

v* 2 2 YV, —A, )¢
Hb - \/57/1 (Gx Py py]+ 21_Izay Py py) +( 5 j I
! A
usual bilayer Hamiltonian shift the
bilayer
bands

v

{5

J{)/z +3A2j0'z
2

ik

open agap in
the bilayer
bands




ABA-stacked trilayer graphene:
next-nearest layer coupling

¥, =-0.020eV
067 Ys = +0.038eV
1A, =0 v, = -0.020eV
0.4] 0617Ys=-0.038eV,
0.2] / 9.4_: :
=, ~_vplyl .
W] = 4 06 08 1
0.2 = 0]
_ (% ]
-0.41 -0.21
separate monolayer 06 0.4;
and bilayer bands Yo, Vs Shift the 0]
(2 each _at low energy, monolayer and
plus 2 bilayer bands at bilayer bands...

+27,) to produce a gap or an overlap



ABA-stacked trilayer graphene:
mirror-reflection symmetry

Monolayer block (odd)

!

4

(A, —y, vz’ A, 0 0 0
vr A, -7 0 0 0 A,
A, 0 A, +y, ~N2vr 2vat  vrt
H =
0 0 J2v,rt =24, /4 J2v,x
0 0 J2v,x vz’ —2A, J2y,
| O A, V7T Jov,mt N2y, A+

A, is the only parameter to break Bilayer block (even)

mirror reflection symmetry so it can
appear in the off-diagonal block




ABA-stacked trilayer graphene:
mirror-reflection symmetry

v, =-0.020eV
0.677Ys=10.038eV 0.6

» A, mixes monolayer
and bilayer bands

*2 bands go to energy + A,

2 bands stay near zero
~ energy

/

0.4]

= =
. o 'S
&
=&
Il
\ L
‘ . &
¢ ¢ g
> = -2
&
i =N
o
W
%)
&
<

&/ly)|

1T B |

0.6 0.8

HINN anticrossing near
Ay £0 [ o momentum P = A, Y
sign(y,) = sign(y,) =

-sign(ys)  +Signrs)



ABA-stacked trilayer graphene:

517 = +0.038eV

v, =-0.020eV

A=0

AN

617 =-0038¢eV,
/
AYJ

-

-0.020eV
-0

=

= 0 N\
] o 4 0.6 0.8 W 1 4 0.6 0.8
-o.z-\ 0.2
0.4 0.4
| Al — O || | 06
v, =0 1, = -0.020eV
067Y:=0 0677Y;=+0.038eV
A, =0.078¢ A, =0.078eV,
0.41 0.4
0.2 02 /
=, vplvl | | = vl | | =
w 0.8 w W

z . 0.6 0.8
02 \_—ﬂf—\

mirror-reflection symmetry

» A, mixes monolayer
and bilayer bands

*2 bands go to energy + A,

2 bands stay near zero
energy with anti-crossing
at momentum p= A, /v

*size of hybridization gap
IS ~ ‘7/2 _7/5‘/2

Unlike bilayer, the gap

doesn’t grow with A,
only the position of the

anticrossing p ~ A, / v



ABA-stacked trilayer graphene:

B2

low-energy effective Hamiltonian #1

=]
o

=2 =2

= w ok

=

(0 vz*| A, O O 0 )

vi 0| 0 0 0 A

A, OO0 0 0 vz

0 0/ 0 0 vz O

0 0| 0 vt 0 2y
L0 A vz 0 2y, O |

o o

vp/il
06 0.8

Let’s simplify things by

keeping only v, ¥, and A,.



ABA-stacked trilayer graphene:
low-energy effective Hamiltonian #1

B2

(0 vz*| A, O O 0 )
vi 0| 0 0 0 A
A, 0/ 0 O 0 vz
0 0/ 0 0 vz 0

0 0|0 v @
0 A vz

([
(=]

=]

o
=2 =2
= b
=

vp/il
0.8

70 0
oo/

There are four bands near zero
energy (at e << y,) SO we can
eliminate the “high-energy” bilayer
components: g = A2

¢, = (Bl+B3)//2




ABA-stacked trilayer graphene:
low-energy effective Hamiltonian #1

(0 vz' A 0
vz 0 0o AV
\/57/1
H = “f
A, O 0o _br)
\/571
0 _ AV (V7z)2 0
\ \/57/1 \/571 J.
A3 B3 :
Effective Hamiltonian describing
= four bands near zero energy
A2 BZ (at e << yl)
Y1

Al B1




ABA-stacked trilayer graphene:
low-energy effective Hamiltonian #2: large A,

(0 vi” 0 )
ANT”
V7T 0 0 -1
V27,
2
H= Vi
o | o A
V2,
0 _ AV (V7z)2 0
\ \/57/1 \/571 J.
A3 B3
or large A, there are two bands
11 r zero energy (at e << A; << 1v,)
A2 B2 can eliminate another two

Y1

Al B1

. ¢, = (AL— A3)/~/2
¢, = (AL+ A3)/+/2



ABA-stacked trilayer graphene:
low-energy effective Hamiltonian #2: large A,

0
H=
Va7 Va7
" B 2 j(“‘ 2
A1 Al
N basis of ¢, =(B1-B3)/v2 and ¢, = B2
—igl2
chiral quasiparticles even for large asymmetry W = 1 (e
A3 B3 — \/E $ e+|¢/2
oopti=0 For large A, there are two bands
Y f '
. near zero energy (at € << A, <<1v,).
A2 f— B2

5 = YVo=Vs=Va=Vs=A,=0

i\ . vp_ (vp*-4Y)
0.4 8 ~ T
Al Bl el \/57,1 \/V2p2 +A21




Summary of ABA-trilayer

« ABA-stacked trilayer graphene:
* Interlayer asymmetry A; hybridises low-energy linear and
parabolic bands
« Two low-energy bands with an anti-crossing and gap << A,
* The bands still support chiral quasiparticles
« Density of states and minimal conductivity increase with A,

Mikito Koshino and E McCann, Phys Rev B 79, 125443 (2009).

L]0 —
' (b) W = 0.01
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ABC-stacked trilayer graphene:
tight-binding model

3 layers of carbon atoms

*6 atoms in the unit cell
(Al1,B1,A2,B2,A3,B3)
*Hopping within a layer vy,
*Interlayer coupling v,,v374
‘Next-nearest layer v,

A3 B3

Y1

o

N
<2
N

A2
:

Al Bl x)

O



ABC-stacked trilayer graphene:
tight-binding model

3 layers of carbon atoms

*6 atoms in the unit cell
(Al1,B1,A2,B2,A3,B3)

*Hopping within a layer v,

*Interlayer coupling vy,,y374

‘Next-nearest layer v,

*Interlayer asymmetry U,,U,,U,

Al Bl A2 B2 A3
(U, vzt vzt v 0
ve U, ¢y, vzt 0

+

v,z vy, U, vz vz’
+
Voo v,r vm U, 2
0 0O vz U,

7,12 0 vyr© vz vz

U3 ______
U, = = — —A2
[ ————

B3
[2) A1l
Vo
0 B1
V37Z' A2
V,7° | B2
vz | A3
U, ) B3




ABC-stacked trilayer graphene:

tight-binding model
Vo=Vs=y,=U;=U,=U;=0

elyy’ high-energy bands
created by B1A2 and

B2A3 dimers

vp/ y,} low-energy bands
created by effective

; hopping Al to B3:
x cubic generalisation of
-2 bilayer bands

F. Guinea et al, PRB 73, 245426 (2006);

S. Latil and L. Henrard, PRL 97, 036803 (2006);
C.-L. Lu et al, APL 89, 221910 (2006);

M. Aoki and H. Amawashi, SSC 142, 123 (2007).



ABC-stacked trilayer graphene:

tight-binding model
Vo=Vs=y,=U;=U,=U;=0

] high-energy bands
created by B1A2 and

B2A3 dimers

vp/ y,} low-energy bands
created by effective

> hopping Al to B3:
x cubic generalisation of
: b|Iayer bands

ICN V_ - ipy)3 chirality related to
ABC 2
71 \\Px T+ Ip

Berry's phase 3n

F. Guinea et al, PRB 73, 245426 (2006);
J.L. Manes, F. Guinea, and M.A. Vozmediano, PRB 75, 155424 (2007);
H. Min and A.H. MacDonald, PRB 77, 155416 (2008).



ABC-stacked trilayer graphene:
role of y; and v,

Even though coupling y, may be small
(| vo2| ~ 20meV?) , the y, term Is important
because it doesn’t vanish at the K point.

@

:

0

-

S. Latil and L. Henrard, PRL 97, 036803 (2006);
C.-L. Lu et al, APL 89, 221910 (2006);
M. Aoki and H. Amawashi, SSC 142, 123 (2007).
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contributes to trigonal warping 1 0

“skew” interlayer coupling v, 2vV, p* (0 1)
71

vertical, next-nearest layer coupling 72 (O 1)

v, contributes to trigonal warping ? 1 O



ABC-stacked trilayer graphene:
role of y; and v,

Even though coupling y, may be small

(| vo2| ~ 20meV?) , the y, term Is important
because it doesn’t vanish at the K point.
v, It sets the energy scale for the Lifshitz

transition: £ ~ % ~10meV

L\

-

\/“_ Y

!

2
. Vi Vs
cf. bilaver & ~~—=| —=| ~1meV
y L 4(\/)

“skew” interlayer coupling y;  2VV, p°(0 1
contributes to trigonal warping 2 1 0

vertical, next-nearest layer coupling 72 [0 1)

v, contributes to trigonal warping ? 1 O



Trigonal warping and Berry’'s phase

bilayer ABC-trilayer
Berry's phase 2n Berry's phase 3n

central pocket no central pocket

2
/4
gL z%(\\ll—?’j ~1meV &L zf ~10meV



AB-stacked bilayer ABC-stacked trilayer

A = AL -
2 0 —ip, f ’ 0 ol
_V_ - , (pX pY) Ch|ral|ty V_2 - . (px py
n\(po+in,f 0 Alpo+inf 0
0 . - 2 0 1
v, o Bty trigonal | _2VV.P" 7,
P, — 1P, 0 warping 2 2 1\1 0
L 2w, p° (1 Oj Y4 €-h L 2w, p° (1 Oj
v, (0 1 asymmetry v, \0 1
i 2vep (1 O asymmetry 1_v2p2 10
7/12 0 - gap : 7/12 0 -1

2vip? |(1 O _ vep? |1 O
+Agraphit4:l_ 2p }( j more e-h +A{1— 2p }( j
2 0 1 asymmetry 74 0 1




Summary

« Trilayers aren’t the same as monolayers or bilayers

« ABA-stacked trilayer:
* No spatial inversion symmetry
« Combination of “monolayer” and “bilayer” bands

* Interlayer asymmetry A, hybridises them
» Two low-energy bands still support chiral quasiparticles

« ABC-stacked trilayer:
» Cubic generalisation of monolayer and bilayer

* Lifshitz transition at relatively large energy ~ Y,/2 ~ 10meV
« Lifshitz transition into 3 pockets (3n) not 4 (2r) as in bilayer.

Mikito Koshino and E. McCann, Physical Review B 79, 125443 (2009).
Mikito Koshino and E. McCann, Physical Review B 80, 165409 (2009).



