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Ballistic transport in a nutshell I

Beenakker & van Houten Solid State Physics 1991



Ballistic transport in a nutshell I

total current
=I GV

F l
σ=G W

L

For large
homogeneous

conductor:

σ=j E

local current density

Beenakker & van Houten Solid State Physics 1991



Ballistic transport in a nutshell II

WG
L

σ=
What happens in the limit W/L→¶?

In experiments G saturates to Gc.

1/ Gc = contact resistance



Ballistic transport in a nutshell II

WG
L

σ=
What happens in the limit W/L→¶?

In experiments G saturates to Gc.

How do we describe transport?
Landauer transport theory
→ transport as transmission

phase-coherent sample ö scattering region
(described by scattering matrix)
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Setup for ballistic transport

theoretical point of view:

experimental point of view:

Tworzydlo, BT, Titov, Rycerz & Beenakker PRL 2006

Miao et al Science 2007

related (early) theoretical work: Peres, Castro Neto & Guinea PRB 2006; Katsnelson EPJB 2006



How do we model it?

ö different boundary conditions in y directionö different boundary conditions in y-direction

ö voltage source drives current through strip

l d h i iö gate electrode changes carrier concentration



Boundary conditions

(i) armchair edge(i) armchair edge
(mixes the two valleys;

metallic or semi-conducting) Brey & Fertig PRB 2006

(ii) zigzag edge
(one valley physics;

y g

(iii) infinite mass confinement

(one valley physics;
couples kx and ky)

(iii) infinite mass confinement
(one valley physics; 

smooth on scale of lattice spacing)
B & M d P R S L d 1987Berry & Mondragon Proc. R. Soc. Lond. 1987



Underlying wave equation

( ) ( )[ ]2
x x y y zvp vp v M y xσ σ σ μ ε+ + + Ψ = Ψ( )[ ]x x y y zp p y μ+ + +

kinetic term gate voltage term
boundary term (infinite mass confinement)

g g



Underlying wave equation
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x x y y zvp vp v M y xσ σ σ μ ε+ + + Ψ = Ψ( )[ ]x x y y zp p y μ+ + +
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gate nv k qε μ= + +in graphene:



Scattering state ansatz
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Dirac equation (first order differential equation)

⎩

q ( q )

ï continuity of wave function at x=0 and x=L

ï determines tn and rn

2ï transmission Tn=|tn|2



Solution of transport problem
In the limit Nà1 (propagating modes in leads):

( ) ( )
( ) ( )

22

22 2cos
n
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E vq
T E
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−

=
−

=
=
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n nvk E vq≡ −= =

1
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Transmission coefficient (at Dirac point E=0):

( )[ ]2cosh /nT n L Wα π
=

+

h d dphase a depends on
boundary conditions
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Conductivity: influence of b.c.
metallic armchair edge 

Landauer formula:
12
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infinite mass confinement



Conductivity: influence of b.c.
metallic armchair edge 

Landauer formula:

universal limit:

12
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universal limit:
W/L à 1conductivity:

0

4
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T

W h
σ

=
= ∑

infinite mass confinement

at Dirac point (in universal regime): conductance proportional to 1/L 



Transport through evanescent modes

2 2
F x yv k kε = + y nk q= ∈

0  x nk k iqε = ⇒ = =at the Dirac point:



Transport through evanescent modes

2 2
F x yv k kε = + y nk q= ∈

0  x nk k iqε = ⇒ = =at the Dirac point:

structure of wave function in II

( ) ( ), ,
ikx ikx

n n k n n ky e y eα β −
−Χ + Χ



Transport through evanescent modes

2 2
F x yv k kε = + y nk q= ∈

0  x nk k iqε = ⇒ = =at the Dirac point:

structure of wave function in II

( ) ( ), ,
ikx ikx

n n k n n ky e y eα β −
−Χ + Χ

ï Transport through evanescent modes:

( ) ( )n nq x q xy e y eα β−Χ + Χ( ) ( ), ,n n
n nq q

n n iq n n iqy e y eα β −Χ + Χ



Conductivity: Vgate dependence
Experiment: Our theory:

Tworzydlo et al PRL 2006Novoselov et al Nature 2005

Possible explanations:
charged Coulomb impurities Nomura & MacDonald PRL 2007

( ) 2 

  g

e

e gat atee

E E n

en CV V

ν μ

μ ∝

∝ ⇒ ∝

= ⇒

strong (unitary) scatterers Ostrovsky, Gornyi & Mirlin PRB 2006



Current noise

( )I j t=Average current:

( ) ( ){ }) 0i tS( dte j t jωω
+∞

Δ Δ∫Current fluctuations: ( ) ( ){ }) , 0i tS( dte j t jωω +
−∞

= Δ Δ∫Current fluctuations:

W i d i h fWe are interested in the zero frequency
and zero temperature limit. ö shot noise



Shot noise: effect of b.c.
infinite mass confinement
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Fano factor:

universal limit:
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metallic armchair edge

Tworzydlo, BT, Titov, Rycerz & Beenakker, PRL 2006



Maximum Fano factor

unaffected by different
b d di i &boundary conditions &

scaling system size
to infinity

ï sub-Poissonian noise ö particles anti-bunchp

ï universal Fano factor 1/3 for W/L à 1

F f f di d d isame Fano factor as for disordered quantum wire
Beenakker & Büttiker, PRB 1992; Nagaev, Phys. Lett. A 1992
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Motivation



Finite temperature calculation
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Temperature dependence:Temperature dependence: 
numericsnumerics



Approximation schemeApproximation scheme
→ analytical results analytical results

restriction to propagating modes of sample
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restriction to propagating modes of sample
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average over discreteness effects
(due to finite size quantization)
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Temperature dependence:Temperature dependence:
minimum conductivityminimum conductivity

Du, Skachko, Barker & Andrei Nature Nano. 2008

Müller, Bräuninger & BT PRL 2009

alternative explanation: scattering from charged impurities 
with T-dependent screening

Hwang & DasSarma PRB 2009



Density dependence:Density dependence: 
numericsnumerics
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Scaling function
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( ),T n Tμ μ≡ �scaling function for chemical potential
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Conductivity: non-monotonic function of T and n; minimum at 1/20.7T v n≈ =



Comparison with experiment

Müller, Bräuninger & BT PRL 2009 Du, Skachko, Barker & Andrei Nature Nano. 2008



Outline
• Transport in graphene as scattering problem

• Conductance/conductivity and shot noise

• Temperature dependence of ballistic transport

• Interplay of Aharonov-Bohm effect and Klein 
tunneling in graphene ring structurestunneling in graphene ring structures

• Summary and outlookSummary and outlook



Closed graphene ring
breaks TRS

( ) ( ) zH v e V rτ τ σ=± = + ⋅ +p A σ

Recher, BT, et al PRB 2007

breaks symplectic symmetry
(TRS within a single valley)

Infinite mass confinement: V(r)→¶ outside the ring  at 
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closed bilayer ring: Zarenia et al Nano Lett. 2009



Persistent current at B=0

nmEj
τ∂

= −∑∑
,n m

j
τ

= −
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Experiments on graphene rings

Russo et al PRB 2008 Huefner et al Phys. Stat. Sol. 2009Russo et al PRB 2008 Huefner et al Phys. Stat. Sol. 2009

Conclusion: no graphene-specific experimental results



Open graphene ring

,
i ij
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nn’n junctions vs. npn junctionsj p j
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Schelter, Bohr & BT arXiv 2010

related work: Rycerz Act. Phys. Pol. A 2009; Wurm et al Semicond. Sci. Technol. 2010; Katsnelson EPL 2010



Magneto transport

based on Fisher Lee relation:

( ) ( )† h
ij ij ij lhhl

l

vS G
v

φ δ φ= − ⋅ +1 V

based on Fisher-Lee relation: frequency limit of high
pass frequency filter

used for background subtractionl

Fisher & Lee PRB 1981

used for background subtraction



Interplay of AB effectInterplay of AB effect 
and Klein tunnelingand Klein tunneling

Schelter, Bohr & BT arXiv 2010



Interesting Dirac pointInteresting Dirac point 
physics?physics?

Schelter, Bohr & BT arXiv 2010



S mmarSummary
• ballistic transport in graphene contains unexpected 

physics: conductance ∂ L-1

• conductivity has minimum at Dirac point & shot 
noise has maximum at Dirac point

• temperature dependence of ballistic transport is 
important in suspended graphene devicesimportant in suspended graphene devices

• prediction of scaling function of conductivity at p g y
finite n and T

• Interplay of AB effect and Klein tunneling can be• Interplay of AB effect and Klein tunneling can be
nicely tested in graphene rings



Outlook

König et al. Science 2007
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Bernevig, Hughes & Zhang Science 2006


