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HAMILTONIAN ANALYSIS OF YM(2+1)

Collaborators: DIMITRA KARABALI, CHANJU KIM, ABHISHEK AGARWAL, ALEXANDER YELNIKOV

The key points of our analysis are:

1. Parametrization of potentials: Ay = 0 and we use complex coordinates z = x; — ix, with
1AL +iA) = —aMM ™!, 1(A; —iAy) = MT—1omT

M € SL(N, C), for gauge group SU(N). (More generally, G = G*.)

2. Wave functions are gauge-invariant (Gauss law) and depend on H = MM with the inner

product

1)2) = / du(H) exp(2 ¢4 Suzo(H)] U0,
Suwsw(H) = % / Tr(0H OH 1) + é / T (H™19,H H=10,H H™ 19, H)

dp(H) = Haar measure for H; ¢4 = N = adjoint Casimir value.

3. H e SL(N,C)/SU(N) is the basic gauge-invariant variable for the theory.
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HAMILTONIAN ANALYSIS OF YM(2+1) (cont'd.)

4. The Hamiltonian and the wave functions can be expressed as functions of the (scaled

version of the) current ] = (2/e)0H H~ .

5. The Wilson loop operator is given by

W(C) =Trpe $4 =Tr Pexp (g%])

All gauge-invariant quantities can be made from J.

6. The Hamiltonian is H = Hy + Hp with

s 2 1 s 6
Ho=m [ 1@ 5+ /w = 0P 5:(@) 5@
+ % / 9% (x) 9] (x) :

N @ 5 ¢
Hy =iefue /Zw 7(z — w) 8Ja(®) 6],(2)

where m = e?c, /2.
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AN ASIDE ON REGULARIZATION

All calculations have to be done with proper regularization.

@ We start with a regularization of the d-function

_ w2
6@ (u,w) = o(il, M, €) = 1 exp (—M)
e €

@ This is equivalent to

~ 1
Gy =
! m(x =)
- g(fay) = G(frﬁ) U(ﬁ,%G)H(uvy)H_l(%?)
u
@ This simplifies as
Gun(69) = s [ = 2 G 09
ma(X, Y w(x—y) ma ) Y,Y)lma

All results checked using regularized expressions, with a single regulator from beginning

to end.
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HAMILTONIAN ANALYSIS OF YM(2+1) (cont'd.)

7. By comparison to a resummed perturbation theory, 7 can be identified as the magnetic

mass, relevant for the QCD plasma.

8. For SU(2), this value is m = 0.32 ¢> which can be compared with other estimates:

m/e* = 035 Common factor for glueball masses (lattice, PHILIPSEN)
0.51 Max. Abelian gauge (lattice, KARSCH ET AL)
0.52 Landau gauge ( ” )
0.44 A3 = 2 gauge ( ” )
0.38 Resummation of P.T. (ALEXANIAN & VPN)
0.28 Resummation of P.T. (BUCHMULLER & PHILIPSEN,
JACKIW & P1)
0.37 Gauge-invariant lattice definition (PHILIPSEN)
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STRING TENSION

9. The vacuum wave function was found as ¥y = exp [%F (H )] ,

F) =~ [ o

1 _
nt m)] %
+2fuc [ FOGTD 1D 1@ 1 + OGY

10. This has the approximate forms

F ~ - / B#B (high momenta)
V=V
B2
it (low momenta)

11. This gave values of string tension

CACR
Vog = e -
4

in agreement with lattice values to within 1 — 3%.
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STRING TENSION (cont'd.)

Group Representations
k=1 k=2 k=3 k=2 k=3 k=3
Fund. antisym antisym sym sym mixed
su() 0.345
0.335
su@) 0.564
0.553
su@) 0.772 0.891 1196
0.759 0.883 1.110
Su(s) 0.977
0.966
Su(s) 1.180 1.493 1.583 1.784 2.318 1.985
1.167 1.484 1.569 1.727 2.251 1.921
SU(N) 0.1995 N
N=e | o1g76N

Comparison of /o /e? with lattice estimates (lower entry, in red) from LUCINI &TEPER, BRINGOLTZ

& TEPER. k is the rank of the representation.
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STRING TENSION (cont'd.)

@ String tension for SU(N) at N — oo was also calculated by Kiskis & NARAYANAN, who

obtained 0.1964 N, a deviation of ~ 1.55%

@ Analysis of theories without center such as Gy, F4, Eg: Motivated by the fact that in these

theories one expects string breaking for all representations.

@ Calculation of string tension (at distances before string breaking) done for G, for

representations 7, 14, 27, 64, 77, 77', 182, 189, giving

CR
oOR =07 X —, to 1% accuracy
c7

(GREENSITE et al, LIPTAK & OLEJNIK, WELLEGHAUSEN, WIPF & WOZAR)
@ Calculate 3207 for different values of 5 = 30, 35, 40 and find 3207 = 41.4,41.7, 38.4.

@ String breaking calculated for 7 and 14 and breaking energy agrees with 2x glue-lump

energy.
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THE WAVE FUNCTION: A DIFFERENT ARGUMENT

@ Absorb exp(2csSwzw) from the inner product into the wave function by ¥ = e—CASuwzw(H) @,

The Hamiltonian acting on ® is

H — e_CASwzw(H) H e_CASwzw(H)

@ Consider H = ¢"?" ~ 14 #9¢" 4 - - -, a small ¢ limit appropriate for a (resummed)

perturbation theory. The new Hamiltonian is

_1 62 2 2

where ¢,(K) = 1/cakk/(2mm) @q(K).

@ The vacuum wave function is

D) =~ exp [—%/cﬁ”\/ m? — V2 ¢”}
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THE WAVE FUNCTION: A DIFFERENT ARGUMENT (cont'd.)

@ Transforming back to ¥,

rcexp |- A [ (Bo ! 5957) + - -
‘Ilo~exp[ ﬂm/(aa@)[m+ mz_vz](a&p)Jr

@ The full wave function must be a functional of J. The only form consistent with the above is

o' (y) +--
Xy

Ty = ex 2m* / 9] (x) !

0= - - -

P e2ch m+/m?2— V2
since | = (ca/7)0p + O(¢?).

@ This indicates the robustness of the Gaussian term in ¥, since this argument only
presumes

1. Existence of a regulator, so that the transformation ¥ <=- & can be carried out

2. The two-dimensional anomaly calculation
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HIGHER CORRECTIONS

@ The large N limit of string tension differs from lattice value by only ~ 1% (BRINGOLTZ &

TEPER) to ~ 1.55% (KIskiS & NARAYANAN).
@ The difference is small, but considered statistically significant.
@ How can such corrections arise?

@ Higher terms in recursive solution of Schrodinger equation: The expression for ¥
can get corrections.
@ For string tension, corrections can also arise from O(J%) and higher terms in ¥y,

when the integration in [ W(C) ¥y ¥, is carried out.

@ To get parametric control on the calculation with higher terms, define an extension of the

theory with e? and m as independent parameters.

@ We set m = €?cy /2 at the end. The smallness of the corrections have to come from

numerical factors.
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A SYSTEMATIC EXPANSION

@ Two types of corrections possible

@ Corrections to coupling, numerical and R-independent = ratios o /oF unaffected.

For this, we will calculate the correction to the coefficient of 9J9] in ¥ in

a systematic expansion scheme (KARABALI, NAIR, YELNIKOV)

@ Corrections via new diagrams to Wilson line expectation value (under investigation,

related to screening and string breaking)

We do not have a calculation of the matrix element, but the energy E. at

which the string breaks can be estimated (AGARWAL, KARABALI & NAIR)
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A SYSTEMATIC EXPANSION (cont'd.)

@ Solve Schrodinger equation as a power series in e, treating m and e as independent

parameters

@ This gives ¥ ¥, = ef with
_ (2) aq ay € (3 ay ay a3
F= [ fala, (1, 22) J" (x0)]™ (32) + 2 faiaas (31, 22, %3) % (10)]"2 (42)]" (x3)
2
e
+ Zfzz(ﬁz)za3a4(xl,x2,x3,x4)]“1(xl)faz(xz)]“3(x3)]“4(x4) + -

f @, f (), etc., are determined recursively, by solving the Schrodinger equation, HWo = 0.
@ Recall that the Hamiltonian is given as H = Ho + H1,

S n g/ 1 1) S
0Ja(@) TS (z— )2 8]4 () 8]a(Z)

+3 [rorware:

N J@ 5 s
Hy =iefue /Zw 7(z — w) 8Jo(@) 6], (2)

Ho=m/21a(2>
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A SYSTEMATIC EXPANSION (cont'd.)

@ This leads to recursion rules for f’s of the form

mpf(P) + Z n(p +2— n) (n) un,la(QO)a fb(tfn n:;:2)
n=2

1
+ ZH(P +1-— 1’1) u(ln) Ay 111(91)41 ba, bf,, "D

ap—1

e [w FD @0+ LEED 04D (@, | =0

6abayé(x’ y)
—5 Bz~ y) + 3z ~ 9] Gx.y)

Sap /526(2 —x) 8:6(z—y)

(@) (x, )

(Ql )abc (x7 Y, Z)

Vab(xv y)

@ Use these to calculate f’s to the required order.
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THE RECURSIVE SOLUTION

@ Each function f(*) has a series expansion in powers of e2,

2 2 2
Fon () =2 (a,%) + E£2 (1,3) + -0
3 3 3
fo(a)lam(xhxz,m) =fo(g)1a2ﬂ3(x1,x2,x3) + ezfz(a)luza3(x17x27x3) +--

4 4 4
f(](n)l_“a“(xl""»x‘l) :f()(ﬂ)l_'.u4(xl""»x4) + 52 2(u)1...114(x1""’x4) + -

@ To the lowest order,

-
@) N ]
o i (71,%2) e |: m+ Eq X1,%2

@ We calculate corrections to order e2. For this, we need f(®) and f*) to the lowest nontrivial

order in e. For example,

a14203
P st ks) = =L @m0 + R + k) 8l o )

0 ajapaz
16 kika (ky — ko)
Eg,+ Exy+ Exy | (m + Eg)(m + Eg,)

g(3) (k1, ko, k3) = + cycl. perm.}

There is a similar, but more complicated, formula for f ),
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THE RECURSIVE SOLUTION (cont'd.)

@ The correction to f(®) from the recursive solution of the Schrédinger equation is

2 ) mo( B @ g / 2@ (g, ks — _k>
e h7 @) = E, (/ e 18 @ 7 + @,k —q, —k)

ZIZ
~ 1 (1.1308) + ...
2m

(We have set 2 = 27tm/cn.)
@ Seemingly, this is about 113% correction, but other “loop-contributions” are important.

@ Integration over s in [ W(C) ¥¢ ¥ can be expressed as the functional integral of a

two-dimensional field theory for a complex unconstrained bosonic field.
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THE TWO-DIMENSIONAL SCALAR FIELD THEORY

@ The expectation value of an observable O is
0) = [ dutess= 1) wo(1yvo(7) O0)
- / du(H) Al FOD) o))
= [00) D] [ dutr) st o4 oy

where J* = —/27 /mca 5%.

@ The remaining integral can be evaluated as

Ol
Il
=)

/ dpu(H)e2eaSeme (H) o= [ CU@HHT" / dp(H)e2en Sz (UH) ~224 Sz (U)
= e_chSwzw(u)
= /[dtpdé] o= [ #(8+0)¢
where C = U~18U and we used the Polyakov-Wiegmann identity

Swzw(H) — % / Tr(COHH ™) = Suzw (UH) — Sapze(U)
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THE TWO-DIMENSIONAL SCALAR FIELD THEORY (cont’d.)

@ The complex boson field ¢ transforms as the adjoint representation of SU(N). Use in

equation for (O) to get

() = [ lapdg) =) O(V2r e o)
where
S(p) = / (2290 + Z18Cp) — F(Z1/2m[mca ¢t )
(C can be set to 0 at this point.)
@ Notice that J* — Zy+/27/mcy @t p.

@ F(Z1+/27/mcs $t%p) contains vertices, F?) with two currents (quartic in ¢, @), F®) with

three currents, etc. For example,

F® =I5 [(@t0)x fO) (x,y)(pt70)y = >©<
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THE TWO-DIMENSIONAL SCALAR FIELD THEORY (cont'd.)

@ Evaluate loop corrections to the action in this two-dimensional field theory
@ For string tension, in particular, we need corrections to f2). We should calculate the
corrected quartic vertex, i.e., correction to F @ (like a Wilsonian RG reduction).
@ So our strategy is:
@ Obtain all loop corrections to the given order from the interaction terms
@ Numerical values of loop corrections decrease with increasing powers of 1/Ey, so
group loop corrections by powers of m/E; = m/ VK2 + m?2, calculate all
contributions to a given order in m/Ej.

@ Setm = ¢%cy /2 at the end

N 272 = = 272 = =
Uiy = exp <_me‘2c2 /8]8]+~~> = exp (—gzcz/a]au--)
A *CaA

We need g..

@ Vertices F®), F®), etc., can be treated in a perturbation series (loop expansion)

@ But we need to sum all contributions due to Féz), because it does not have e2.
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CURRENTS IN FEYNMAN DIAGRAMS

(ptop(@) pto(y) = =< >V + z@@@u +
- AT O

@ The current correlator becomes

a2k k [(m
57 —tb _ 6ab €A ik(x—y) =
(@t"p(x) ot p(y)) =] @ At
@ The effective current vertex is
Pk m
517 — ik(x—z) * 544
@ w(x)]eﬁ, 2’ E, (@t')(2)

as given by the diagram

prew],,, = o<+ A
e @) =)
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LOoOP CORRECTIONS TO F®

STRATEGY:
@ Construct loop diagrams generated by F () (3 factors of gt%¢) and F®) (4 factors of gt ).

@ They can have arbitrary insertions of F?)’s; e.g.,

This leads to a factor of m/Ey.

@ There are also renormalizations (due to F(?)) we have to take into account; eg.,

"R

@ Sumup F () insertions in all diagrams (of order €2) generated by F () and F®.
@ Classify and group these by the number of factors of m/Ej.

@ We will compute corrections of order ¢> and up to 4 powers of m/Ey.
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CORRECTIONS TO F®

Diagram Powers of m/Ey  Low momentum value

ﬁ m/Eg %(—0.58118) +oe
><@ (m/Ex)? T (-0.47835) + -

2 7 .
(m/Ey) T (0.20169) +

>

@ (m/E¢)? T (—0.23569) + - -

Red dots indicate factors of m/Ej due to resummation of F(()Z) insertions.
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CORRECTIONS TO F® (cont'd.)

There are 6 diagrams at the (m/Ey)*-order:

@x@ pog

-2
ZL(O 02083) + - L (—0.06893) + - - -
2 =2 7
L (-0.01216) +--- 1 (0.06824) +---  1(—0.1037) to (—0.166)

@ We can now sum up the contributions, including the correction from the recursion rules,

2
AP ~ Z—(l 1308) + -
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SUMMING UP CORRECTIONS

@ Let C; be the sum of corrections up to terms with (m/Ey)"

@ These partial sums are

Co = 1.13082
C1 = 0.54964
Cp = 0.27298
C3 = 0.03729
] —0.05843
') Z0.00583

@ Remarks
@ The partial sums are systematically decreasing in value
@ The corrections to this order are small, much smaller than might be expected on

parametric grounds or by computing one or two diagrams.
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CORRECTION TO STRING TENSION

@ The correction to string tension is then

o [ac | (1-002799 4 )
JoR = &, | AR
4 | (1-00029+---)

@ This correction, of the order of —2.8% to —0.03% is entirely consistent with lattice
calculations.
@ Terms of order (m/Ey)° are expected to contribute only at the level of a fraction of 1%.

@ Diagrams with two current-loops will also have powers of (11/Ey), so their contributions

might also be small.

A systematic expansion scheme is possible for YM(2 + 1), despite lack of

obvious parameters, with calculable small corrections to string tension.
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STRING BREAKING EFFECTS

@ This is due to the breaking of the string to glue-lump states. The glue-lump is made of the

external charge and a “gluon”.
@ There are two issues here:

1. The matrix element for String = Glue-lumps

2. The energy at which the string breaks (We estimate this.)

@ The bound state can arise from diagrams like this which are in the integral over ¥;¥q

g d
g q
K oV((r
o TouU o LI
g q ----
+ g + d
a oY
g TOUT
g d
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STRING BREAKING EFFECTS (cont'd.)

@ A glue-lump state is given by

X -1
fy OHH

WG = [ Exdy f(3.5) 07 @) [Pe |“x@) wo

x = Mt¢pMT~1 = A heavy scalar field of mass p

@ We obtain an eigenstate of the Hamiltonian if f(x, y) obeys the equation

\: IR R R
[+ = 32 oalf = 1) £ ~ EFED
(This equation is valid when ¢? is large, p — coand N — oc0.)

@ A variational estimate gives E. ~ 7.92 m.

@ Differs by ~ 8.8% from the lattice estimate of ~ 8.68 1 for SU(2) (DE FORCRAND &

KRATOCHVILA).

@ Will be interesting to compare the case of G, for which WeELLEGHAUSEN, WIPF & WOZzAR have

E. for representations 7 and 14.
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CONCLUSIONS, COMMENTS

@ Where are we?
@ Vacuum wave function is of the form

272 [ - 1
w—exp |55 [ 1)
A

m+/m? — V?

] )+
X,y

@ A systematic expansion scheme for which this is the lowest order result

@ String tensions: lowest order and corrections of order a few percent

@ Possibility of screening of Wk (C) via string-breaking in some representations

@ Extension to YM-CS theory (KARABALI, Kim, NAIR) and to R x S? (AGARWAL, NAIR)
@ More questions and comments

@ Use of R x S? to reorganize the expansion scheme

@ Properties of the measure and the configuration space A/G-

Glueballs

@ Calculations on the torus, deconfinement
@ More accurate calculation of higher order corrections to string tension

@ Fermions, supersymmetric cases
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PROPERTIES OF MEASURE

@ The measure has the property

/d/_b(c) = /d/,L(H) eXaSwz(H) o

This is related to the “mass gap”.

@ The Hamiltonian has the form
_1 212 22
H—Z/[eE +B/e]

[E, B] ~ p (in momentum space) => AE AB ~ p, or AE ~ p/AB

oy L[p P (AB)
e= 00~ [Pl + 5]

Minimize with respect to AB = (AB)? ~ p => & ~ p. This is the photon.

@ Forus

(H) = /du(H) exp [2 caSwzw (H)) /% [¢2E% + B%/¢?)
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PROPERTIES OF MEASURE (cont'd.)

@ Expanding the WZW action

(’H)%/dﬂ(H) exp {—%/B}%B-ﬁ-..} /% 22 + &]

Gaussian distribution for B Width (AB)? ~ 7p? /ca, very narrow for small momenta, =

mass gap ~ e2ca /2.

@ Volume factor

)\
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PROPERTIES OF MEASURE (cont'd.)

—_— —

@ Even though the total volume is finite, the configuration space has “spikes”.

@ Define length between two configurations as
L2(A,A") = Infy / x Tr(A! — AS)?

@ In SU(2) gauge theory,
n_1 (zdz — Zdz)

A = (—it) in(22) e

has s3 (A, 0) = 871, so that for n > (\2/8x), its distance from A = 0 is arbitrarily large.
c y larg

@ The spikes have zero measure, which is why a gap is possible.
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PROPERTIES OF MEASURE (cont'd.)

@ There may be a useful generalization to 3+1 dimensions. Define

(i = oyas o (- [ FZ)]

p— o0

@ This leads to

[ urus

[ AL (s 17)
v0l(Gx) oo
= (0]e P |o)]ﬂ e = / Au(C)ag \pgqfo}

™
/d,u(C)Zd exp (_2NZCA /FZ) < 00

n—00
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GLUEBALLS

@ There has been an analysis of glueball states (LEIGH, MINIC, YELNIKOV)

@ The (ansatz for the) vacuum wave function is taken to be

J2(4VL)

Uy = exp [_ﬁ /5] KL]9]]  K[L] = VLL VD)

Here L = DJ/m?, and |1, ], are Bessel functions of orders 1 and 2 respectively.

@ The kernel, despite appearances, is very close to the KKN kernel.

@ Correlators of some gauge-invariant operators can be estimated and leads to values

for glueball masses which are to within a few percent of lattice values.
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GLUEBALLS (cont'd.)

State LMY Calculation  Lattice
ot+ 4.098 4.065 + 0.055
ot+= 5.407 6.18 +0.13
ot s 6.716 7.99 +0.22
Qe 7.994 9.44 +0.38
0~ ~ 6.15 5.91 4 0.25
0~~~ 7.46 7.63 £ 0.37
0~ —** 8.77 8.96 & 0.65
2t 6.72 6.88 4 0.16
2t 7.99 8.62 + 0.38
PR 9.26 9.22 4 0.32
2+- 8.76 8.04 4 0.50
27~ 8.76 7.89 +0.35
2t= 10.04 9.97 +0.91
27— 10.04 9.46 4 0.46

Lattice values are from MEYER & TEPER and TEPER

@ A Dbetter strategy might be to extract an effective string action from our formalism
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CALCULATIONS ON THE TORUS, DECONFINEMENT

@ On the torus, the Hamiltonian has a part which is Laplacian for the zero modes,

iTa

A, =M { ] M T—MM™!

Im

@ As one of the torus directions becomes small, there is an accumulation of the eigenvalues

of the Laplacian for the zero modes.

@ This could be the signal for deconfinement.
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