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Fluctuating Flux-Tubes

A fluctuating flux-tube of finite intrinsic thickness is formed
between a static quark and an anti-quark.
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Flux-tubes behave effectively as a string when their length is
much larger than their intrinsic thickness.
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Salient Features of Numerical Simulations

Ground state and most of the excited states are very well
described by the Nambu-Goto string in four-dimensions.

There are few excited states of closed flux-tubes which show
clear deviations from the Nambu-Goto predictions.

Details in Mike Teper’s talk.
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Deviations from the Nambu-Goto String

Evidence of fluctuating intrinsic thickness?

Can the deviation from the predictions of the Nambu-Goto
string be excited modes of intrinsic thickness?



Intrinsic Thickness

A Model for a Thick String?

To evaluate the effects of intrinsic thickness we need a model that
has intrinsic thickness as an explicit degree of freedom.

Use Holography via Gauge/Gravity Duality

Figures from Klebanov and Maldacena, Physics Today, 2009
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from three colors to a larger number of colors, N. The gluons
that mediate color forces in those theories are analogues of
photons, which mediate electromagnetic interactions. In con-
trast to uncharged photons, however, the gluons are them-
selves colored, and their number is N 2 − 1. Thus Neff is com-
parable to N 2. 

But large Neff alone is not enough to guarantee a simple
gravity description. Gravity theories do not include light par-
ticles with large spin. On the other hand, in a weakly coupled
QFT, one often has operators with large spin. The mismatch
may be removed by turning up the interaction strength g, the
QFT analogue of the electric charge e in electrodynamics. To
see that a stronger interaction simplifies the dual gravita-
tional theory, note that the curvature radius of AdS space is
proportional to (g2N)1/4 multiplied by the fundamental string-
theory length scale. Thus the spacetime in a gravitational the-
ory that is dual to a field theory with g2N! 1 is weakly
curved and one can reliably study the gravitational theory
with the methods of general relativity. Conversely, if the field
theory coupling is weak—that is, g2N" 1—then the radius
of curvature is smaller than the string length. In that regime,
general relativity is not a good approximation.

The most tractable correspondences therefore involve
strongly coupled CFTs with many color states. Luckily, the-
orists have constructed many such theories. The simplest and
most studied of them is the gauge theory in four spacetime
dimensions with the greatest possible number of supersym-
metries that pair up bosonic and fermionic fields. Although
supersymmetry is not fundamental to gauge/gravity duality,
it is a technical tool that simplifies its analysis.

Black holes and thermal field theories
A fascinating aspect of general relativity is the existence of
black holes, which are surrounded by event horizons. Any
classical object that falls through such a horizon cannot re-
turn, but Stephen Hawking demonstrated that the horizon it-
self radiates with a characteristic temperature T. Now sup-

pose that far away from the black hole—in higher dimensions
it would be a black membrane—the d + 1–dimensional space-
time looks like AdS space. One can then consider a black
membrane with a horizon located at a fixed position y0 and
extended in the d − 1 spatial dimensions, as illustrated in fig-
ure 4. The gravitational theory in the black membrane space-
time is again described by a d-dimensional QFT, but now the
QFT has been heated up—to the same temperature T as the
horizon!

The duality connecting black holes with strongly inter-
acting QFTs has many interesting implications. As shown by
Jacob Bekenstein and Hawking, a black hole has an entropy
proportional to the area of its event horizon. Computing the
finite-temperature entropy for a strongly interacting QFT is
generally difficult, since particle interactions make important
contributions to the free energy and therefore to the entropy.
Yet when the QFT has a dual gravity theory, its entropy can
be found simply through calculating the area of the horizon.

What does the “blackness” of the horizon correspond to
in the QFT? Black holes are excellent particle absorbers. Any
fluctuation of the black hole geometry decays exponentially,
since waves near the horizon are swallowed by the black hole.
In the finite-temperature QFT, that phenomenon corresponds
to the rapid thermalization of fluctuations. 

Thermodynamic and transport properties of a strongly
coupled QFT are related to properties of the black hole geom-
etry. Thus the computation of a transport coefficient, such as
the shear viscosity, becomes tractable in the gravitational for-
mulation—one has to solve a certain wave equation in the
black hole geometry. Calculations along those lines have been
used to gain intuition about complicated finite-temperature
QCD problems that can be realized experimentally. RHIC is
believed to have produced a new state of matter, which was
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Figure 3. The extra dimension in the dual gravitational
description of a conformal field theory. An object in a CFT
may be pictured as being confined to the boundary of a
higher-dimensional gravity theory. The blue and red disks
depict two objects in the CFT that differ by only a scale
transformation—that is, a uniform multiplication of all the
coordinates. In the gravity theory, the two objects are de-
scribed by the same particle at two different positions in
the extra dimension with coordinate y. The red dot, corre-
sponding to the bigger object on the boundary, is located
at smaller y.
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Figure 4. The black hole duality. A strongly interacting
quantum field theory at a finite temperature is related to a
black membrane—the higher-dimensional analogue of a
black hole—in the dual gravity system. Thermodynamic
properties of the strongly coupled QFT are related to geo-
metric properties of the horizon. For example, a long-range
fluctuation in the density of the thermal system corresponds
to a ripple on the event horizon surrounding the black
membrane. This ripple is absorbed by the black membrane;
the corresponding phenomenon in the thermal QFT is 
thermalization.
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tional well, where they retain a nonzero energy proportional
to eA(0). Note that in QCD most of the proton mass comes from
the effects of confinement; the masses of the quarks make a
relatively small contribution.

Theorists have posited that as a heavy quark–antiquark
pair separates in a confining theory, a color electric flux tube
forms with constant energy per unit length and a character-
istic thickness. That object, often called a confining string, has
been observed in numerical simulations. When such a string
is spinning, it nicely explains the masses of high-spin mesons.
(For more on how string theory is connected to QCD, see box
2.) How is the confining flux tube manifested in the dual,
string-theoretic description of the gauge theory? The answer
is unexpectedly simple: It is the fundamental string located
at the bottom of the potential-energy well shown in figure 5.
Indeed, the energy per unit length of a string at fixed y and
stretched along one of the spatial directions in the metric of
equation 2 is proportional to Ts e2A(y), where Ts is the funda-
mental-string tension. Such a string naturally falls to the bot-
tom of the gravitational potential-energy well, where it re-
tains a nonvanishing tension Ts e2A(0). Since all confining
gauge theories are expected to generate flux tubes, their dual
formulations cannot be given merely in terms of a gravita-
tional field theory—they must involve string theory.

A variety of applications
The gauge/gravity duality has found theoretical applications
to physics ranging from the highest to the lowest conceivable
energies. At the high end, theorists are exploring physics at
the Planck scale of about 1019 GeV, which necessarily involves
quantized fluctuations of spacetime geometry. Gauge theo-
ries with N colors are dual to quantum gravity in curved
spacetime, with the effective gravitational coupling being of
order 1/N. Those gauge theories have conventional quantum
mechanics, with unitary time evolution of wavefunctions.
Therefore, the duality provides the most solid argument to
date for why quantum gravity in general, and a black hole in
particular, does not destroy information.

At the low-energy end, QFTs often arise in the low-
temperature domain of condensed-matter physics. One
much-explored class of examples concerns the behavior of
systems at quantum critical points.5 The relevant zero-
temperature, scale-invariant theories are analogous to field
theories describing second-order phase transitions, but they
are formulated in d spacetime dimensions rather than in just
spatial dimensions. In quantum critical systems, one is inter-
ested in computing transport properties at zero or finite tem-
peratures. The theories with tractable dual gravity descrip-
tions can be viewed as toy models for which such
computations are feasible at strong coupling. So far, those
manageable theories don’t correspond to real-world con-
densed-matter systems, but they may capture some of those
systems’ important features. For a study of transport prop-
erties near quantum criticality in that vein, see reference 6.

Now is an exciting time in particle physics—the Large
Hadron Collider at CERN will soon reach its peak collision
energy of 14 TeV. We are confident that the current standard
model of particle physics is not the final word about nature
at high energies, and the LHC’s experiments may well shed
light on the new layer of physics. Those who build particle
models explore many different scenarios, but they are often
limited by difficulties associated with strongly coupled QFT.
The gauge/gravity duality enables them to investigate alter-
native, strongly coupled theories. And in fact, the warped
AdS-like geometries of equation 2 were also introduced for a
number of phenomenological reasons, in particular to ex-

plain why the scale of weak interactions, 250 GeV, is so much
smaller than the Planck scale.7

The gauge/gravity duality has enabled field theorists to
explore new possibilities away from weak coupling. Some
strongly coupled field theories can now be solved via their
dual curved spacetimes and provide a “hyperbolic cow” ap-
proximation to interesting physical systems. We are opti-
mistic that the future will reveal even closer connections be-
tween gauge/gravity duality and nature.
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Figure 5. A string theory of quark confinement. A long
fundamental string that has fallen to the bottom of the
gravitational potential energy well describes the so-called
color flux tube in a confining gauge theory at the boundary
of the extra dimension. Such strings explain why the poten-
tial energy between a quark and an antiquark rises linearly
with their separation and prevents the two particles from
escaping to freedom. The thickness of the string in the
gauge theory is related to the position of the fundamental
string in the y direction.
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from three colors to a larger number of colors, N. The gluons
that mediate color forces in those theories are analogues of
photons, which mediate electromagnetic interactions. In con-
trast to uncharged photons, however, the gluons are them-
selves colored, and their number is N 2 − 1. Thus Neff is com-
parable to N 2. 

But large Neff alone is not enough to guarantee a simple
gravity description. Gravity theories do not include light par-
ticles with large spin. On the other hand, in a weakly coupled
QFT, one often has operators with large spin. The mismatch
may be removed by turning up the interaction strength g, the
QFT analogue of the electric charge e in electrodynamics. To
see that a stronger interaction simplifies the dual gravita-
tional theory, note that the curvature radius of AdS space is
proportional to (g2N)1/4 multiplied by the fundamental string-
theory length scale. Thus the spacetime in a gravitational the-
ory that is dual to a field theory with g2N! 1 is weakly
curved and one can reliably study the gravitational theory
with the methods of general relativity. Conversely, if the field
theory coupling is weak—that is, g2N" 1—then the radius
of curvature is smaller than the string length. In that regime,
general relativity is not a good approximation.

The most tractable correspondences therefore involve
strongly coupled CFTs with many color states. Luckily, the-
orists have constructed many such theories. The simplest and
most studied of them is the gauge theory in four spacetime
dimensions with the greatest possible number of supersym-
metries that pair up bosonic and fermionic fields. Although
supersymmetry is not fundamental to gauge/gravity duality,
it is a technical tool that simplifies its analysis.

Black holes and thermal field theories
A fascinating aspect of general relativity is the existence of
black holes, which are surrounded by event horizons. Any
classical object that falls through such a horizon cannot re-
turn, but Stephen Hawking demonstrated that the horizon it-
self radiates with a characteristic temperature T. Now sup-

pose that far away from the black hole—in higher dimensions
it would be a black membrane—the d + 1–dimensional space-
time looks like AdS space. One can then consider a black
membrane with a horizon located at a fixed position y0 and
extended in the d − 1 spatial dimensions, as illustrated in fig-
ure 4. The gravitational theory in the black membrane space-
time is again described by a d-dimensional QFT, but now the
QFT has been heated up—to the same temperature T as the
horizon!

The duality connecting black holes with strongly inter-
acting QFTs has many interesting implications. As shown by
Jacob Bekenstein and Hawking, a black hole has an entropy
proportional to the area of its event horizon. Computing the
finite-temperature entropy for a strongly interacting QFT is
generally difficult, since particle interactions make important
contributions to the free energy and therefore to the entropy.
Yet when the QFT has a dual gravity theory, its entropy can
be found simply through calculating the area of the horizon.

What does the “blackness” of the horizon correspond to
in the QFT? Black holes are excellent particle absorbers. Any
fluctuation of the black hole geometry decays exponentially,
since waves near the horizon are swallowed by the black hole.
In the finite-temperature QFT, that phenomenon corresponds
to the rapid thermalization of fluctuations. 

Thermodynamic and transport properties of a strongly
coupled QFT are related to properties of the black hole geom-
etry. Thus the computation of a transport coefficient, such as
the shear viscosity, becomes tractable in the gravitational for-
mulation—one has to solve a certain wave equation in the
black hole geometry. Calculations along those lines have been
used to gain intuition about complicated finite-temperature
QCD problems that can be realized experimentally. RHIC is
believed to have produced a new state of matter, which was
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sponding to the bigger object on the boundary, is located
at smaller y.
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black hole—in the dual gravity system. Thermodynamic
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tional well, where they retain a nonzero energy proportional
to eA(0). Note that in QCD most of the proton mass comes from
the effects of confinement; the masses of the quarks make a
relatively small contribution.

Theorists have posited that as a heavy quark–antiquark
pair separates in a confining theory, a color electric flux tube
forms with constant energy per unit length and a character-
istic thickness. That object, often called a confining string, has
been observed in numerical simulations. When such a string
is spinning, it nicely explains the masses of high-spin mesons.
(For more on how string theory is connected to QCD, see box
2.) How is the confining flux tube manifested in the dual,
string-theoretic description of the gauge theory? The answer
is unexpectedly simple: It is the fundamental string located
at the bottom of the potential-energy well shown in figure 5.
Indeed, the energy per unit length of a string at fixed y and
stretched along one of the spatial directions in the metric of
equation 2 is proportional to Ts e2A(y), where Ts is the funda-
mental-string tension. Such a string naturally falls to the bot-
tom of the gravitational potential-energy well, where it re-
tains a nonvanishing tension Ts e2A(0). Since all confining
gauge theories are expected to generate flux tubes, their dual
formulations cannot be given merely in terms of a gravita-
tional field theory—they must involve string theory.

A variety of applications
The gauge/gravity duality has found theoretical applications
to physics ranging from the highest to the lowest conceivable
energies. At the high end, theorists are exploring physics at
the Planck scale of about 1019 GeV, which necessarily involves
quantized fluctuations of spacetime geometry. Gauge theo-
ries with N colors are dual to quantum gravity in curved
spacetime, with the effective gravitational coupling being of
order 1/N. Those gauge theories have conventional quantum
mechanics, with unitary time evolution of wavefunctions.
Therefore, the duality provides the most solid argument to
date for why quantum gravity in general, and a black hole in
particular, does not destroy information.

At the low-energy end, QFTs often arise in the low-
temperature domain of condensed-matter physics. One
much-explored class of examples concerns the behavior of
systems at quantum critical points.5 The relevant zero-
temperature, scale-invariant theories are analogous to field
theories describing second-order phase transitions, but they
are formulated in d spacetime dimensions rather than in just
spatial dimensions. In quantum critical systems, one is inter-
ested in computing transport properties at zero or finite tem-
peratures. The theories with tractable dual gravity descrip-
tions can be viewed as toy models for which such
computations are feasible at strong coupling. So far, those
manageable theories don’t correspond to real-world con-
densed-matter systems, but they may capture some of those
systems’ important features. For a study of transport prop-
erties near quantum criticality in that vein, see reference 6.

Now is an exciting time in particle physics—the Large
Hadron Collider at CERN will soon reach its peak collision
energy of 14 TeV. We are confident that the current standard
model of particle physics is not the final word about nature
at high energies, and the LHC’s experiments may well shed
light on the new layer of physics. Those who build particle
models explore many different scenarios, but they are often
limited by difficulties associated with strongly coupled QFT.
The gauge/gravity duality enables them to investigate alter-
native, strongly coupled theories. And in fact, the warped
AdS-like geometries of equation 2 were also introduced for a
number of phenomenological reasons, in particular to ex-

plain why the scale of weak interactions, 250 GeV, is so much
smaller than the Planck scale.7

The gauge/gravity duality has enabled field theorists to
explore new possibilities away from weak coupling. Some
strongly coupled field theories can now be solved via their
dual curved spacetimes and provide a “hyperbolic cow” ap-
proximation to interesting physical systems. We are opti-
mistic that the future will reveal even closer connections be-
tween gauge/gravity duality and nature.
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fundamental string that has fallen to the bottom of the
gravitational potential energy well describes the so-called
color flux tube in a confining gauge theory at the boundary
of the extra dimension. Such strings explain why the poten-
tial energy between a quark and an antiquark rises linearly
with their separation and prevents the two particles from
escaping to freedom. The thickness of the string in the
gauge theory is related to the position of the fundamental
string in the y direction.
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Confining geometry

Assumed Properties of the Warp Factor

F (y) has minimum at y = y∗

limy→0F (y)≈ R2

y2

Minimal String in Five-Dimensions Yc(x1)
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Y*

0 Lx
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Position Dependent String Tension

Action of the Minimal Surface in Static Gauge

Sc =
∫

∞

−∞

dt
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0
dxT [Yc(x)]

Position Dependent String Tension

T [Yc(x)] =
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T0F [Yc ](1+Y

′2)1/2 0≤ x ≤ l
T0F [Y ∗] l < x < L− l ,
T0F [Yc ](1+Y

′2)1/2 L− l ≤ x ≤ L



Nielsen-Olesen Vortex Line

Thickness of a Vortex Line H. Nielsen and P. Olesen. Nucl. Phys.,
B61:45–61, 1973.

50 H.B. Nielsen, P. Olesen, Dual strings 

,, i ' ~  

Fig. 1. An example of the behaviour of the fields I H I and t ¢ I for a vortex solution. 

In fig. 1 we have illustrated the behaviour of  the fields I HI  and I ~ I. It is seen that 

if ~ and k are of  the same order of  magnitude, then we have a well-defined vortex line, 

or a well defined string. The vacuum state is described by H = 0, and I q~l = v/~-~c2/c4, 

and the extension of  the string is given by ~ ~ k. The main point of  this section is 

thus that the Higgs type of  Lagrangian (2.1) allows a string-like solution. This is 

simply due to the fact that the Higgs Lagrangian is a relativistic generalization of  the 

Ginzburg-Landau Lagrangian, which is well known to have vortex solutions. 

The constant of  integration c introduced in eq. (2.15) is determined by the re- 

quirement that the flux q~(r) = 21rrlA(r) lshall go to zero for ~ < r  ,< ~. Now, for 

0 < e  I ~ l r , <  1 we have 

1 
g t ( e  I ¢ I r) ~ - -  (2.25) 

e l ¢ l r  

and consequently 

c = - e l ¢ l .  (2.26) 

3. The Nambu Lagrangian from vortex-line structure 

In the preceeding section we pointed out that the Higgs-type of  Lagrangian 

Z? = - ~F~vFaV + ! I ( 0  + ieAu)~b 12 + c 2 I ~b 12 - c 4 1¢ I 4 , (3.1) 

has solutions of  the vortex type. By a suitable choice of  parameters we can arrange 

that the width of  the vortex-line is much smaller than the radius of  curvature of  the 

vortex-line. Of course, in addition to the vortex solution, (3.1) certainly has other 

solutions. In the next section we shall discuss how to handle some of  the other 

solutions. 

In this section we shall concentrate on the vortex contribution to the Lagrangian 

(3.1), ~vortex say. We shall assume that the other solutions can be effectively de- 

coupled from the vortex solution, so that it has a meaning to separate out the special 

vortex-line in the Lagrangian. 

The string tension of this vortex-line goes as

T ∼ 1
λ 2 .



Intrinsic Thickness of a Flux-Tube

A suggestive interpretation of the position-dependent string tension

l2w (x1)∼
1

Ts [Yc(x1)]

Intrinsic thickness of the flux-tube changes with the position of the
string in the fifth-dimension

x_1

y

x_2

Consistent with the holographic interpretation.



Static Potential: Quadratic Approximation

Massless and Massive Fluctuations

Fluctuations along the Y directions, fluctuation in the intrinsic
thickness, are massive.
Fluctuations along xT are massless.

Including small fluctuations around the minimal surface gives rise to

V (L) = T0F [Y ∗]L− π

12
· 1
L
− 1

4
√

πL

√
MLexp(−2ML).

M ∼mglueball ∼ 1GeV



Need for a Non-Perturbative Approximation

The quadratic approximation is inadequate

Lattice results indicates that the data fits very well to the
Arvis’s formula

V [L] =
L
l2s

(
1− L2

c
L2

) 1
2

; L2
c =

πd l2s
12

.

Fluctuations along the Y directions are massive and are
suppressed but
the fluctuations along xT are massless, we would like to treat
them non-perturbatively.
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What is Large DT Approximation?

Fluctuations in Static Gauge

X (σ) =
{
t,x ,~φT ,Yc(x)+φy (t,x)

}
, ~φ =

{
~φT ,φy

}
.

The Large DT Expansion

Assume large number of flat transverse dimensions, DT .
Very similar in spirit to the large N analysis of O(N) model,
but with a “magnetic field” along one of the directions.
For the Nambu-Goto string in flat space gives the exact result
(Alvarez, 1981)
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Outline of the Calculation

The Large D Expansion, an Outline

1 Approximate the metric near Yc = Y ∗ as
F [Y ] = F ∗(1+ 1

2M
2φ2

Y )

2 Introduce an auxiliary field: gab = ∂a~φ .∂b~φ and a delta
functional δ (gab(σ)−∂a~φ .∂b~φ) in the functional integral.

3 Write the delta functional using Lagrangian multiplier field
Nab.

4 Integrate the fluctuations ~φ which now appear only
quadratically.

5 Minimize the effective action Seff [g ,N], which is proportional
to DT , to get the leading contribution in 1/DT expansion.
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Result

The Ground State Energy: Fixed λ , DT → ∞

V [L] =
L
l2s

(
1− L2

c
L2

) 1
2

− 1
4
√

πL
C [L]
√
MLexp{−2B(L)ML}

λ =
Lc2
2L2 L2

c = πDT l2s
12 B(L) = (1−λ )

1
2 C [L] = (1−λ)

1
4

(1−2λ)
1
2

M2 = 1
F [Y ∗]

d2F [Y ∗]
dY 2

The first term: the Arvis’s formula.
The second term: zero-point fluctuations of the thickness.
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Comparison with Effective Stings in Four Dimensions

Rigid String: Relevant and Marginal Terms

Srigid = M2
0

∫
d2

σ
√

γ +
1
2e2

∫
d2

σ
√

γ (4(γ)X µ)2

Ground State Energy of a Rigid String in Large DT Limit (Braaten,
Pisarski, and Tse, Phys. Rev. Lett. 58 (1987) 93).

Vrigid [L] = M2L− πd
24

1
L
− 1

8

(
πd
12

)2 1
M2L3 +

1
8

(
πd
12

)2(3π

10

)
1

eM3L4 + · · ·

Differs from the Arvis’s formula at O(1/L4),
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Conclusion: Flux-Tubes from Gauge/Gravity

Gauge/Gravity provides a model for the flux-tubes with intrinsic
thickness

For the assumed confining geometry, and in the large dT
limit, it implies that the effective strings that describe long
flux-tubes are just the Nambu-Goto strings. Marginal and
irrelevent terms, must be O(1/dT ).



Conclusion: Deviations from Nambu Goto

Breathing Modes

According to the present model, the leading source of the
deviations in the spectrum of flux-tube from Nambu-Goto
spectrum must be due to excited modes of intrinsic thickness -
or excited modes polarised along the curved fifth-dimension (or
their mixing.)



Conclusion:Lattice Simulations

Confining Geometries and Lattice Simulations

This conclusion may not hold for a different confining
geometry (e.g. Greensite and Olesen - 1999)
Lattice simulations that can distinguish ground state energy at
the level of O(1/L4) can delineate confining geometries.

Thank You
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