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The SignProblemfor µ != 0

In Euclidean metric the QCD Lagrangian reads

L QC D = ø! (M + m)! +
1
4

Fµ! Fµ!

with M (µ) = D/ [A] + µ" 0

Straightforward to show

" 5M (µ)" 5 ! M   (" µ) # detM (µ) = (detM (" µ)) !

ie. Path integral measure is not positive deÞnitefor µ $= 0
Fundamental reason is explicit breaking of time reversal symmetry

Monte Carlo importance sampling, the mainstay of lattice
QCD, is ineffective

. – p.9/31

Tuesday, 20 July 2010



What goes wrong with the usual positive HMC measure?

detM †M
!

M describes quarks q ! 3
M † describes conjugate quarks qc ! ø3

In general " qqc gauge singlet bound states with B > 0

In QCD some qqc states degenerate with the pion
# unphysical onset of Ònuclear matterÓat µo $ 1

2m! .

Goldstone baryons: bug for QCD, feature for QC2D. . .

Calculations with the true complex measure det2M nullify
effects of qqc states for the vacuum with T = 0,
1
2m! < µ <%

1
3mN by cancellations among conÞgurations

with different signs/phases
The Silver Blaze Problem. . .

. – p.11/31
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This has been numerically veriÞed,eg. in TSMB
simulations of Two Color QCD with N = 1 adjoint
staggered quarks.

SJH,Montvay,Scorzato,Skullerud, EurPJ C22 (2001) 451

The fake transition to a superßuid phase, forbidden by the
Pauli Principle, at µoa ! 0.35 disappears once
conÞgurations with detM < 0 are included with the correct
weight.
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But first whom shall we send

In search of this new world, whom shall we find

Sufficient? Who shall tempt with wandring feet

The dark unbottomÕd infinite Abyss

And through the palpable obscure find out 

His uncouth way, or spread his aerie flight

Upborn with indefatigable wings

Over the vast abrupt, ere he arrive

The happy Ile;

MILTON, Paradise Lost
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QC2D – the large N ! 1
c limit

QCD with gauge group SU(2) and non-zero quark chemical
potential µ has a real functional measure; it remains the
simplest dense matter system with long-range interactions
amenable to study with standard LGT methods.

Since q and q̄ live in equivalent reps. of the color group,
chiral multiplets contain both qq̄ mesons and qq baryons.
For mπ ! mρ the behaviour as µ is varied can be studied
using chiral perturbation theory (! PT)

Key result: for µ " µo = 1
2mπ a baryon charge density

develops, nq > 0, along with a gauge invariant superßuid
condensate #qq$%= 0. For µ >& µo, the system is a dilute
Bose Einstein Condensate (BEC) consisting of weakly
interacting scalar qq baryons.

. – p.13/31
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Quantitatively, for µ >∼ µo ! PT predicts

! !̄ ! "
! !̄ ! "0

=
!

µo

µ

" 2

; nq = 8Nf f2
! µ

!
1 #

µ4
o

µ4

"
;

!qq"
! !̄ ! "0

=

#

1 #
!

µo

µ

" 4

[Kogut, Stephanov, Toublan, Verbaarschot & Zhitnitsky, Nucl.Phys.B582(2000)477]

conÞrmed by QC2D simulations with staggered fermions
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[SJH, I. Montvay, S.E. Morrison, M. Oevers, L. Scorzato J.I. Skullerud,

Eur.Phys.J.C17(2000)285, ibid C22(2001)451]
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Thermodynamicsat T = 0 fr om χPT

quark number density n! P T = 8Nf f 2
" µ

(
1 ! µ4

o
µ4

)
[KSTVZ]

pressure p! P T = ! Ω
V =

∫ µ
µo

nqdµ = 4Nf f 2
"

(
µ2 + µ4

o
µ2 ! 2µ2

o

)

energy density ε! P T = ! p + µnq = 4Nf f 2
"

(
µ2 ! 3µ4

o
µ2 + 2µ2

o

)

conformal anomaly

(Tµµ )! P T = ε ! 3p = 8Nf f 2
"

(
! µ2 ! 3µ4

o
µ2 + 4µ2

o

)

NB (Tµµ )! P T < 0 for µ >
"

3µo

speed of sound v! P T =
√

#p
#$ =

(
1! µ 4

o
µ 4

1+3 µ 4
o

µ 4

) 1
2
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This is to be contrasted with another paradigm for cold
dense matter, namely a degenerate system of weakly
interacting (deconÞned)quarks populating a Fermi sphere
up to some maximum momentum kF ! EF = µ

" nSB =
Nf Nc

3! 2
µ3; "SB = 3pSB =

Nf Nc

4! 2
µ4;

#SB = 0; vSB =
1

#
3

Superßuidity arises from condensation of diquark Cooper
pairs from within a layer of thickness ∆ centred on the
Fermi surface:

" $qq%& ∆µ2

. – p.16/31
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By equating free energies, we naively predict a first order
deconfining transition from BEC to quark matter;

eg. for f 2
! = Nc/ 6! 2, µd ! 2.3µo.
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Simulation Details ( Nf =2 Wilson flavors)

Coarse Lattice:  83x16 ! =1.7 " =0.178
<z a=0.230(5)fm;  m#a=0.79(1);  m#/m$=0.779(4);  T=54(1)MeV

Fine Lattice:  123x24 ! =1.9 " =0.168
<z   a=0.186(8)fm;  m#a=0.68(1);  m#/m$=0.80(1);  T=44(2)MeV

O(300) HMC trajectories of mean length 0.5 on coarse lattice  

O(500) HMC trajectories of mean length 0.5 on Þne lattice  

SJH, S. Kim and J.I Skullerud, Eur. Phys. J. C48 (2006) 193

SJH, S. Kim and J.I Skullerud, PRD81 (2010) 091502(R)

To counter IR fluctuations and maintain HMC ergodocity, 
we introduce a diquark source term

dp

dr
= !

(p + ! (p))(M (r) + 4" r3p)
r(r ! 2M )

dM

dr
= 4" r2! (r)

" # ! t ! ! s$

#qq$

(Tµµ)g = ! a
#$
#a

!
!
!
!
LCP

%
3$
Nc

Tr#! t + ! s$;

(Tµµ)q = ! a
#%
#a

!
!
!
!
LCP

%%! 1(4NfNc ! # ø&&$)

j%(&tr
2 C ' 5(2&1 ! ø&1C ' 5(2

ø&tr
2 )

1

In most results presented here ja=0.04
Have just begun µ-scan on fine lattice with ja=0.02
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Why Wilson?

retain a conserved baryon charge

chiral problems sink to bottom of Fermi Sea?

saturation artifacts postponed as Fermi Sea only Þlled
from centre of Brillouin Zone

eigenvalue spectrum governed by same
Chiral Orthogonal Ensemble as continuum QC2D

permit exact ergodic HMC algorithm
with positive real measure and Nf = 2 (no 4th roots!)

Note that Nf = 2 ensures theory is asymptotically free for
all couplings, with a controllable continuum limit, and is
conÞningfor µ = T = 0
Nf = 4 uncomfortably close to Banks-Zaks threshold NB Z

f = 34N 3
c

13N 2
c ! 3 ! 5.6

. Ðp.9/22
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Computer effort
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The number of congrad iterations required for
convergence during HMC guidance rises as µ increases
! accumulation of small eigenvalues of M .
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Quark Energy Density
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In contrast to ! PT prediction, (unrenormalised) quark
energy density " q greatly exceeds SB value as µ ! µo+

"
Energy per quark " q/n q has shallow minimum for µ > µQ

NB in Grand Canonical Ensemble p #= 0 at this minimum
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dimensional analysis &g" %4 for %<%D

No singular behaviour at %=%Q
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And Nf =4? (preliminary, w/ Phil Kenny)

Same distinct physical regimes can 
be identiÞed but much closer to 

continuum: a=0.062(2)fm
#  µQ!1.5GeV, µD!2.5GeV

lattice signiÞcantly hotter 
T=133(4)MeV
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Partial Summary
QC2D has several distinct phases as μ is increased

¥ a vacuum phase with nq≈0 for μ<μo

¥ a superßuid BEC phase described by χPT for μo<μ<μQ

¥ a superßuid conÞned quark matter phase for μQ<μ<μD

¥ deconÞned quark matter for μ>μD 

Behaviour for  μQ<μ<μD resembles the quarkyonic phase 
postulated by McLerran and Pisarski based on large-Nc 
considerations

The deconfining transition at μD appears very 
T-dependent (could even be a lattice artifact)

[L. McLerran and R.D. Pisarski Nucl. Phys. A796 (2007) 83]

NB: we are unable to determine whether the “quarkyonic” phase is chirally symmetric
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Mesonson 83 × 16 SJH, P. Sitch, J.I. Skullerud PLB662 405 (2008)
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Meson spectrum roughly constant up to onset. Then
m! ! 2µ in accordance with ! PT, while m" decreases once
nq > 0, in accordance with effective spin-1 action

[Lenaghan, Sannino & Splittorff PRD65:054002(2002)]

Cf. Hiroshima group [Muroya, Nakamura & Nonaka PLB551(2003)305]
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Diquark Spectrumon 83 × 16
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Diquark spectrum modelled by mπ,ρ ± 2µ up to onset, while
post-onset:

Splitting of ÒHiggs/GoldstoneÓdegeneracy in I = 0 0+ channel

Meson/Baryon degeneracy in I = 0 0+ and I = 1 1+ channels
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The Scalar Glueball Mass Þtted with a Vacuum Residual

The mass results from cosh Þts with a free constant to take account of any

vacuum residual are presented in Þgure 5.8. Note that all of these Þts are

performed over the ranget = [1 : 5] with the exceptions ofµ = 0.6, 0.9 which

were better Þtted by thet = [1 : 4] interval. The insets shows the Þtted

values forc. They appear to be randomly distributed around zero and are in

general an order of magnitude smaller than measured error inthe subtracted

vacuum contribution as discussed in section 5.1.2.
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Figure 5.8: 0++ masses as a function ofµ from cosh Þts with an additional constant
parameter to basicNS = 4 ! = 0 .15 operators (cyan), and diagonalised operators (violet).

The inset shows the Þtted values forc.

The modiÞcation of the Þt function has had a smoothing e! ect of the mea-

sured mass spectrum. Most notably the theµ = 0 mass has been reduced

to much closer to theµ = 0.1 point and the low mass points aroundµ = 0.5

are no longer light compared with the states mass in the vacuum. From this

data it appears that the scalar glueball has two distinct mass regimes with

some evidence for a feature around onset. It remains approximately constant

91
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Figure 5.9: 2++ masses as a function of µ from cosh fits to basic NS = 4! = 0.15 (brown),
and diagonalised (green) operators. Note that the both operators were fitted over a fixed

t interval [1:15].

heavily modiÞed by the changes in the theory for increasing chemical

potential.

¥ In order to Þt the scalar glueball, its overlap with the vacuum must

be carefully resolved. This is especially problematic in the superßuid

phase, since for the simple operator used in this study, the overlap

with the vacuum is largest and the glueball amplitude (essentially a

measure of how well the operator couples to the state) is decreasing in

this phase.

¥ The tensor mass is di! cult to resolve with simple operators in a non-

ideal system, however it does appear to be qualitatively di" erent in the

superßuid phase from the vacuum.

93

Glueballs (Peter Sitch, Ph.D. thesis)

On the same 83x16 lattice we also looked at 
scalar and tensor glueballs

¥ M0+ increases in deconfining phase
¥ M2+ increases in deconfining phase
¥       no evidence for mixing with Goldstone

Cf. Lombardo, Paciello, Petrarca & Taglienti, EPJC58(2008)68
Tuesday, 20 July 2010



Two Color Attoworld w/ Joyce Myers, Tim Hollowood
Consider theory on S3xS1, with (hyper)sphere radius R<<" QCD 

At one loop, can consistently retain 
just the gluon zero mode

<z
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this term couples chemical 
potential to Polyakov line
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Figure 1: Expectation value of the fermion number as a function of the quark chemical
potential for QCD on S1 ! S3. N = 3, Nf = 1, m = 0, ! /R = 30 (low T ). (Left): low µ.
(Right): high µ.

over the ! i . Each observable is calculated an expectation value with the form

O "

!
[d! ] e! SO

!
[d! ] e! S

##$
N =3

!
d! 1d! 2e! SO

!
d! 1d! 2e! S

(4.9)

where the integrals over! 3 drop out as ! 3 = # ! 1 # ! 2 by the SU(N ) condition.
These results will multiplied by factors of" and or V3 as needed to make them
dimensionless. In this paper we present results forNf = 1 Dirac fermion ßavour.

4.0.1 Fermion number N

The fermion number gives the number of quarks minus the number of antiquarks in
the volume ofS3, V3 = 2#2R3. From Figure 1 a stair-case level structure is apparent.
For massless quarks,m = 0, the average number is

N =
1
"

"
$ ln Z

$µ

#

=
# 1
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[d! ] e! S
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###$
! "#
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2l(l + 1)
&
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e! µ + e! i " i + ! (l+1 / 2)/R

'
,

(4.10)

where the derivative of the action (3.5) with respect to the chemical potential brings
down a factor of n" , leading to a geometric series which gets summed to give the
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Figure 2: Expectation values of Polyakov loops P 1 and P ! 1 for N = 3, Nf = 1, m = 0,

! /R = 30 (low T). (Left): low µ. (Right): high µ.
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Figure 3: P 1 and P ! 1 as a function of µR at the first transition (Left), and the fourth

(Right). N = 3, Nf = 1, m = 0, ! /R = 30 (low T).

Figure 2 shows P 1 and P ! 1 as a function of µR. Each spike in P 1 and P ! 1

corresponds to a transition in N . Even though their behaviour as a function of
µR is similar, the peaks of P ! 1 always preceeds P 1 at the start and finish of each

transition.

In Figure 3 we compare the first and fourth transitions. As µR increases the
width of the deconfined regions increases.

– 13 –

Quark density rises 
stepwise as Þnite ÒshellsÓ 
are Þlled with occupancy

NL = NcNf
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Polyakov line indicates 
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<{ partially-Þlled shell
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<z WCPT applicable
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Insight to all orders on (S1)4  from the lattice
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Qualitatively consistent, suggests deconfinement associated with
 non-vanishing density of states at Fermi energy
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Magnetic Monopolesin MAG Gauge
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We have studied the distribution of magnetic monopoles
found using the DeGrand-Toussaint procedure following
abelian projection from the MAG gauge
The monopole densities ! s and ! t are approximately equal,
and show structure both at µ ! µo and µ ! µQM

. Ðp.18/20

w/ E.M. Ilgenfritz, S. Schubert
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The Polyakov Loop is Non-Abelian?
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After abelian projection we can decompose the abelian link
Þeldsas ! µ = ! mon

µ + ! phot
µ with ! mon

µx ! " 2"
!

y(#
+ #! )! 1

xy mµy

The abelian Polyakov loop on 83 # 16 is about 25% of the
full loop, and remarkably, the signal completely vanishes in
the { ! mon} conÞguration, showing that ÒdeconÞnementÓis
NOT due to abelian monopoles in this case

. Ðp.21/22
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Topological Susceptibility preliminary, w/ Phil Kenny

Topological susceptibility shows no structure for 
Nf=2  (maybe lattice too coarse?)

but appears enhanced in quarkyonic region for Nf=4

Cf. suppression in superßuid phase for Nf=8 
B. Alles, M. DÕElia & M.P. Lombardo, NPB752(2006)124
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red points obtained using overlap Dirac 
operator hint at similar behaviour for Nf=2 

(E.M. Ilgenfritz)

We have investigated
instanton distributions
and sizes using cooling
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One-loop Debye screening:
SchŠfer & Shuryak RMP 70(1998)323 

For µo<µ<µD the mean instanton 
size %I decreases

In QCD2+1:     Enhancement of U(1)A breaking <z
first-order region of Columbia plot grows with µ?
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We can also use the EoS in the form &(p)
as input to the Tolman-Oppenheimer-Volkoff equations

dp
dr

= !
(p + ! (p))(M (r ) + 4" r 3p)

r (r ! 2M )
dM
dr

= 4" r 2! (r )

1
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We can also use the EoS in the form &(p)
as input to the Tolman-Oppenheimer-Volkoff equations

dp
dr

= !
(p + ! (p))(M (r ) + 4" r 3p)
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In this region ε(µ) is 
unexpectedly flat

<z  QC2D matter is stiff

G=c=1

p(GeVfm-3)

&(GeVfm-3)
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A Star is born?

Solution of TOV enables 
modelling of“neutron stars”

w/ James Tonkin

Mmax=0.8M'� ; R =3.3km;
εc=12GeVfm-3 (a=0.17fm)

need Karsch coefficient for definitive answer...
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Summary
★dense QC2D has three distinct transitions/crossovers  

at μo<μQ<μD:
✴ Vacuum for μ<μo

✴  BEC for μo<μ<μQ

✴   “Quarkyonic” phase for μQ<μ<μD
(are the 2-body bound states of Nc=2 special?)

✴  Deconfined phase for μ>μD 

★ It’s deconfinement, Jim!  but not as we know it?

★Attoworld suggests a link between deconfinement and 
gapless excitations at Fermi surface

★ signs of interesting  topological structure - 
abelian monopoles don’t seem to be linked to L&0 

instantons enhanced at small µ

Very temperature sensitive - or maybe a lattice artifact?
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